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Preface 

. This handbook contains: 

Implementation notes 
Details for particular SMP installations. 

Summary 
Complete concise description of facilities available in SMP. Outline of SMP library 
providing additional facilities. 
(Available separately) . 

Primer 
Pedagogical discussion of basic features of SMP. List of common difficulties. 
Glossary of terms. 

Reference manual 
Description of facilities available in SMP, together with illustrative examples. 
Index of topics and SMP facilities. 

SMP library 
Topic and section directory. Text and description of external files in library. 

"SMP implementation guide" is also available. 

Updates to this handbook will appear periodically in the "SMP News". The next full 
edition is scheduled for December 1981. 

Documents which report work for which SMP was used should cite this document as: 
C.Cole, $.Wolfram et al., "SMP Handbook", Caltech 1981. 

SJlP as described below was developed at California Institute of Technology, and is the 
property of California Institute of Technology. 



Short history of SMP 
The original motivation for the construction of SMP came from the desire to evaluate 
complicated Feynman diagrams in theoretical high-energy physics. Experience with 
existing systems had indicated that they became inadequate for the very large 
expressions to be manipulated, and that they lacked the generality necessary to han­
dle easily the mathematical constructs required. 
In November 1979, design work on SMP was started by C.Cole and S.Wolfram. The first 
specifications for SMP were drawn up by S.Wolfram in December 1979, and it became 
clear that a very general symbolic manipulation program could be written. 
Design work continued inte ~·mittantly between January and March 1980. Design meet­
ings during this period were attended by C.Cole, G.Fox, D.Mitchell, R.Pike, 
H.Redelmeier, A.Terrano and S.Wolfrarn. The important decision that SMP should be 
written in the C language, rather than in LISP, was made at this stage. C was favoured 
primarily because of the greater flexibility in internal representation which it 
afforded, because of its potential portability and because the task of coding waR 
expected to be easier. 
In April ~980, the Caltech High-Energy Physics group obtained a VAX-111780 com­
puter (mainly through the extensive efforts of G.Fox) . C.Cole started the coding of 
SMP in C, and by the beginning of June 1980, a very basic system was operational. 
In the period June 1980 to August 1980, about 30000 lines of C code were written, and 
by the end of August a very preliminary version of S.MP was completed. In July 1981, a 
second VAX 111780 was obtained to continue SMP development and use . 
The August 1981 version of SMP contains about 80000 lines of C code, corres:ponding 
to 900000 bytes of compiled code . 
The basic structure of SMP was designed almost exclusiveJ.y by C.Cole and S.Wolfram. 
The majority of the internal code was also written by them. The top-level form of SMP 
is mostly due to S.Wolfram. A.Terrano assisted in the implementation of many of the 
basic modules (pattern matcher, substituter, domain controller) and is responsible 
for much of the mathematical functions package. L.Romans wrote Ex, Dist, 
Powd is t, G, the basic forms of F ac, Pf, Int and Pgcd, and the three-dimensional 
plotting routines . T.Shaw designed and implemented the printing routines, and con­
tributed some ideas to the basic structure of SMP. J.Greif wrote the matrix manipula­
tion and equation solving programs . G.Fox wrote an efficient univariate factorization 
program. E.Mjolsness was responsible for the series approximations package . 

Most of this handbook was written by S.Wolfram; the "Primer" was writte~ in .::olla­
boration with A.Terrano. Most of the existing external files were written by S.Wolfram; 
those in [B] are due to A.Terrano. 
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Implementation Notes 

(To be filled in separately for each installation) 

[Facilities not provided in particular installation are left blank] 

Installation: 

For assistance, contact: 

Connecting to computer /logging in: 

To initiate an SMP job: 

To terminate an SMP job: 

Input 
cnewline ::> 
ccharacter delete:> 
Cline delete:> 
ctab:> 

Special characters: 

Real-time interrupt characters [1.4]: 
cterm.ination character:> 

cquit 1:nterrupt:> 

cbrealc 1:nterrupt::> 

csta.tus interrupt::> 

Output 
To initialize terminal in SMP type: (terminal classes for ~n[l0.3) given in parentheses) 

Graphics output available on: 

To clear screen (without erasing graphics) type: 

To continue printing after end-of-page pause on video terminal type: 

External files 

Modifications to standard external file names: 

Special external files: 

Procedure for creating external files: 

Record file [1.3]: 
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Procedure for saving record file: 

Procedure for reading record file: 
(a) Outside an SMP job: 

(b) From within an SMP job: 

Procedure for printing record file: 
(a) Outside an SMP job: 

(b) From within an SMP job: 

Default "user" file directory [A.2]: 
Library file directory: 
Procedure for initiating SMP job with initialization files; 

Default Initialization file [A.4]: 

External programs _ 
Syntax for pre/post-processors on standard input/output in Run [10.5,A.3]: 

Option for compiler to include SMP I 0 library: 

Information on SMP I 0 library: 

Codes for Cons [10.9]: 

Implementation dependent features 
Tick (check) indicates available as described in Reference Manual: blank indi­
cates not available. 
monitor escape 

parallel I asynchronous processing 

binary files 

Ge 

Miscellaneous 
Procedure for initiating batch SMP job: 

Procedure for determining status of batch SMP job: 

Total number of memory blocks [10.B] available: 
Actual CPU time corresponding to one click [10.B]: 

Command interpreter invoked by monitor escape [1.6): 

Editor invoked by \e in edit mode [i.7]: 

Information and assistance 
To access central file of SMP news and information type: 

Procedure for sending message to obtain on-line assistance: 



-
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(a) Outside an SMP job: 

(b) From within an SMP job: 

Procedure for sending message to central SMP report file: 
(a) Outside an SMP job: 

(b) From within an SMP job: 

It a suspected SMP error is encountered, first consult the appendix to the SMP 
Primer, then use any on-line assistance available. If no resolution is apparent, 
fill out a copy of "Report of suspected SMP error" (given as following page of 
Handbook), or contact: · 



Report of Suspected SM:P Error 

Originator: 
Installation: 
Date: 
SMP version; 

What priority should this report be given? 

Is the suspected error reproducible, in the sense that identical input yields identical 
output? 

Try to find the simplest case under which the error occurs. 
Look in the "Common Difficulties" appendix to the SMP Primer. 

Attach a printout of record file (smp. out), with suspected error marked. 

Enclose a self-addressed envelope. 

Circle type of error: 

1. SMP INTERNAL ERROR was printed. 
Additional messages: 
Did job terminate after error? 
(If so, send tape of core dump if possible). 
Was the error recorded before, after or during printout of the /IO line? 

2. SMP apparently entered an infinite loop, 
Was a processing impasse recorded? 
Did quit interrupt stop it? 
If not, how was it stopped? 
How rapidly did memory usage (as printed after status interrupt) increase 

(a) Before quit interrupt: 
(b) After quit interrupt: 

3. A built-in projection jn SMP gaye an unexPected result. 
Give section of SMP summary in which facility used is described: 
Was result given mathematically incorrect? 
Could error be in documentation? 

4. An external tile yielded an expected result 
Give name of external file and object used: 
Enclose listing of external file, marking parts used, together with any apparent 
errors. 
If the required result could be obtained by generalization of existing definitions, 
enclose suggested additions. 

5. SMP crashed the local operating system. 
6. Other. 

Attach details. 

Further comments: 

Signature of user contact: 

1lail completed form 11I1d enclosures to; 
SllP Error Report, 452-48, Caltech, Pasadena CA 91125, USA. 
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Introduction 
This summary provides an essentially complete but concise description of the stan­
dard facilities available in SMP. The same text is given, supplemented by examples, in 
the "Reference Manual" . The "SMP primer" offers a more pedagogical but incomplete 
treatment. 
This summary describes all standard system-defined projections [2.3] in SMP. Many 
enhancements and additional facilities are provided in the "SMP Library". Directories 
of this library are given in the summary; its complete contents are given in a 
separate section. 
The procedure for initiating an SMP job should be described in the "Implementation 
Notes", together with other implementation-dependent features. 
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CONTENTS 

0. Conventions 

1. Basic system operation 
1.1 Input and output 
1.2 Global objects 
1.3 External files and job recording 

1.4 Termination and real-time interrupts 
1.5 Processing impasses 

1.6 Monitor escapes 
1.7 Edit mode 

1.8 Procedures and subsidiary mode 
1.9 Information and elaboration 

1. 10 External programs anC. program construction 
1.11 Paraliel processing 

2. Syntax 
2.1 Numbers 
2.2 Symbols 

2.3 Projections 

2.4 Lists 
2.5 Expressions 
2.6 Patterns 
2.7 Templates 
2.8 Chameleonic expressions 
2.9 Commentary input 

2.10 Input forms 
2.11 Syntax modification 
2.12 Output forms 

3. Fundamental operations 
3.1 Automatic simplificat.i on 
3.2 Assignment and deassignment 
3.3 Replacements and substitutions 
3.4 Numerical evaluation 
3. 5 Deferred simplification 
3.6 Pre-simplification 

3.7 Partial simplification 
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4. Properties 

5. Relational and logical operations 

6. Control structures 
6.1 Conditional statements 
6.2 Iteration 
6.3 Procedures and flow control 

7. Structural operations 
7.1 Projection and list generation 
7.2 Template application 
7.3 Part extraction and removal 
7.4 Structure determination 
7.5 Content determination 

7.6 Character determination 
7.7 List and projection manipulation 
7.8 Distribution and eh.rpansion 
7.9 Rational expression manipulation and simplification 

7.10 Statistical expression generation and analysis 

8. Mathematical functions 
B.1 Introduction 

8.2 Elementary arithmetic operations 
8. 3 Numeric al functions 
8.4 Mathematical constants 
B.5 Elementary transcendental functions 
B.6 Gamma, zeta and relci.ted functions 
8. 7 Confluent hyper geometric end related functions 
8.8 Hypergeometric and related functions 

8.9 Further special functions 
B.10 Number theoretical functions 

9. Mathematical operations 
9.1 Polynomial manipulation 
9.2 Evaluation of sums and products 
9.3 Solution of equations 
9.4 Differentiation and integration 
9.5 Series approximations and limits 
9.6 Matrix and explicit tensor manipulation 
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10. Non-computational operations 
10.1 Input and output operations 
10.2 Graphical output 
10.3 File input and output 

10.4 Memory management 
10.5 External operations 

10.6 Character string manipulation 
10.7 Programming aids 
10.8 System performance analysis 

10.9 Program construction 
10.10 Asynchronous and parallel operations 

Appendix External interface 
A.1 Introduction 
A.2 External operations 
A.3 Terminal characteristics 
A.4 External files 
A.5 Initialization 
A.6 System characteristics 
A. 7 External programs 

INDEX 

SMP Library 
Topic directory 
Section directory 
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0. Conventions 
Text printed in this font represents literal SMP input or output, to be typed as it 
appears. Text in italics stands for SMP input or output expressions. Arbitrary char­
acters or textual forms are given as ctextual form:> The actual characters 
corresponding to these textual forms in particular implementations should be given 
in the "Implementation Notes" . 
In descriptions of system-defined projections [2.3], the following notations for filters 
[2.3] are used 

fil.t 
fj!J 

(Jilt: val) 

/1,/2, ... 
u1. 12 •... ~ 
{tilt} 

Compulsory filter . 
Filter used in an unsimplified or partially simplified form. 
• [3.5, 3.6] 
• Nosmp [ 4] 

Optional filter assumed to have value val if omitted or given as Nu I I 
(a blank [2.10]). An optional filter may be omitted entirely only when 
it would appear after the last filter explicitly specified in a projection. 
Sequence containing any number of similar filters. 

Filter to be given as a list of expressions. 
Filter to be given either as a single expression or as a list of expres-
sions. 

V 1, /2, ... t Filter or sequence of filters to be given either as single expressions or 
as lists of expressions. 

Properties carried by projections are indicated by 
<'.prop!, prop2, ••• > 

References to sections in the text of this summary are given as [ cnumber:> Refer­
ences to additional or related material in the summary are indicated by•. References 
to external files or objects defined in them are indicated with'" 
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1. Basic system operation 

L 1 Input and output 
In standard mode the prompt for the ith input line is #l [iJ:: 
In subsidiary mode, the prompt is %1 Cil:: 

Input is terminated by a cnewline:> cdelete character:> may be used in unfinished 
input lines. All ctab:> and unnecessary [2. 10] spaces are ignored (unless they appear 
in quoted strings [2.2]). Input may be continued for several lines by placing \ 
(backslash) at the end of each intermediate line. If no text is entered before the ter­
minating newline, the input is considered null. and the prompt is reissued. 
The result generated by processing an input line is usually printed. No output is 
printed if ; (semicolon) is placed at the end of the input expression [6.3](or in gen­
eral if the output expression is Nu I I [2 .2]). 
Input of expressions with ambiguous syntax [2] yields a message on the nature of the 
ambiguity, and causes edit mode [ 1. 7] to be entered. The input text is placed in the 
edit buffer, with the cursor positioned under the point at which the ambiguity was 
detected. 
• [2.10] 
Printed output is given in a two-dimensional format based on standard mathematical 
notation. 
• [2. 12] 
• Lpr [ 10.1] 

1-2 Global objects 

x 
ill [ iJ 

NO ciJ 

#T CiJ 

The last expression (other than Nu I I [2.2]) generated. 
The ith (unsimplified) input expression. 
<Ldist> 

The ith output expression. 
<Ldist> 

The approximate time (in clicks [10.8]) required to generate #0 [iJ. 
<Ldlst> 

• Ti me [10.8] 
• CI ock [10.10] 

@i Equivalent to #0 [ il 
<Ldist> 

• %%, %1, %0, %T [1.8] 

Any values assigned [3.2] to the special symbols Pre and Post are taken as tem­
plates [2. 7] and applied respectively as a "preprocessor" on each input express~on 
and a "postprocessor" on each output expression. 

1-3 External files and job recording 
External files are input by <file 
• [ 10.3] 
All input and output expressions are entered into a record file (usually r..amed 
smp. OU t ). (Implementation dependent) 

% #I #0 #T 
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•Open, Output [10.3] 

1.4 Termination and real-time interrupts 

(Implementation dependent) 

cmput termmation character:> 

1.4 

signifies termination of the current procedure. In standard and edit mode, it 
causes termination of the present job; in subsidiary mode [ 1.8] it results in 
return to the previous mode. 
• Ret (6.3] 
• Exit [10.5] 

cquit i:nterrupt"::> 
attempts to terminate current processing or printing. Subsequent references to 
incompletely processed expressions cause their simplification to be completed. 

cbreak interrupt:> 
causes any processing to be suspended and initiates an interactive subsidiary 
procedure [1.8]. 
• Proc [6.3] 

cstatus 131.terrupt:> 
prints the status of processing, including a stack of the last few projections sim­
plified. 
• State [10.B] 
• Trace [ 4] 

1.5 Processing impasses 

If the complete processing of an input expression appears to require infinite time or 
memory space, its processing is suspended, and the user is consulted on the extent to 
which it should be continued. A response of I n f causes no further consultation. 0 
results in immediate termination. 

In implementations with finite available memory space, processing is suspended if 
only a small fraction of the memory remains. Memory is reclaimed when processing 
is complete.. 

1.6 :Monitor escapes 
(Implementation dependent) 

! cmonitor command:> 
given directly at an input prompt executes the specified monitor (shell) com­
mand; the original input prompt is then repeated. 

• Run [10.5] 

1.7 Edit mode 

In edit mode, one line of text is treated at a time. The editing of each line proceeds by 
a repetition of two steps: 
1. The present form of the line is printed. 
2. Following the prompt <edit> any editing commands for the line are entered. 

The commands are terminated by cnewline:> ctab:> and ccha:racter delete:> may 
be used for positioning in local editing. 

If no editing commands are given in step 2 (the terminating newline is entered 
directly after the <edit> prompt), then the present line is left unchanged. If further 
lines of text exist, the editor moves to the next line; otherwise, edit mode is exited, 
and the edited text is returned as an input expression. If at the exit from edit mode, 
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no editing has actually been performed, the text is discarded, leaving a null line. 
Two types of editing may be performed: 

1.7 

Local editing, in which individual characters in the edit command affect the 
characters appearing directly above them in the present line. 
Global editing, in which an edit command prefaced by \ affects the whole 
present line or the complete edit buffer. 

Local editing 

I Delete character above. 
apace:> or ctab:> Leave character(s) above unchanged . 
... cte:d:> Insert ctext:> terminated by a space or tab (not appearing between 

"" [2.2]), into the present line before the character above. 
\d Delete the remainder of the present line. 
Cother character:> Replace character above by character given. 

Global editing 

\p 

\q 

\n 

\u 

Print the complete text in the edit buffer; then return to the 
present line. 

Exit from edit mode, discarding the edited expression. 
Leave the present line unaltered, and move n lines forward. \­
and \+ move one line forward and backward respectively. 
Undo the changes effected in the present line by the previous edit 
command. 

\ ! cmonitor comm.and:> 
Execute specified monitor command [1.6] 

\hi Display levels of parentheses, braces and brackets in the present 
line. 

\hlg Display levels of parentheses, braces and brackets in the complete 
text. 

\s/ceJ:>/ce2:> Textually substitute ce2:> for the character string eel:> 
throughout the present line. (The delimiter here given as I may be 
replaced by any character.) 

\an/ Ce 1:>1 ce2:> Textually substitute for the first n occurrences of ce 1:> on or fol­
lowing the present line. 

\sg/ eel:>/ ce2:> Textually substitute force 1:> throughout the text. 
\e Invoke external editor on complete text, and return modified text. 

(Implementation dependent) 

• Ed, Edh [10.6] 

1-8 Procedures and subsidi~y mode 
Procedures consist of sequences of expressions ("segments") to be simplified in turn. 
Segments in procedures may either be provided as successive filters of a Proc projec­
tion [6.3], or may be entered "interactively" on successive input lines. The #I[i] are 
the segments of the outermost procedure, and are entered in standard input mode. 
Interactive subsidiary procedures are initiated by cbrealc interrupt:> or Pree[] [6.3], 
and terminated with ci:nput tennina.tion cha:racter:> or Ret [] [6.3]. Their segments 
are entered in subsidiary input mode. Unless specified otherwise [6.3], all 
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expressions may be accessed and affected in any procedure. Objects local to a single 
subsidiary procedure are 
ll The last expression (other than Nu I I [2.2]) generated. The last value 

assigned to %% in a procedure i.s used as the value of the complete pro­
cedure. 

XI [ il The it.h (unsimplified) segment. 
<Ldlst> 

lO Cil The value of the ith segment. 
<Ldist> 

lT Cil The approximate time (in clicks [10.8]) required to generate %0 CiJ. 
<Ldist> 

1.9 Information and elaboration 
?name or Info [name] 

prints any information on name given in this summary. 

? or Info{] 
initiates interactive information mode. 

Elaborations provide commentary and interactive assistance. Eac!l elaboration 
printed is assigned a unique name of the form #nCname=>( [i,j, . .l ). The integer n 
specifies the "class" of the elaboration: 
1 Prompt for respelling of unknown names. 

2 Unexpected filters or undefined operations reported. 
3 Unusual filters or operations reported. 
4 Intermediate operations described. 

On [ ~ ela.b 1. ela.b2 • ... J J 

On[] 

causes the elaborations elabl,elab2, . . to be printed when appropriate . elabi may 
be an integer corresponding to a class of elaborations. 

turns on all elaborations. 

0 ff q elab 1, ela.b2, ... p 
stops printing of elaborations or classes of elaborations specified by 
elab1,elab2, . .. 

. 0 ff [] 
turns off all elaborations. 

L 10 External programs and program construction 
(Implementation dependent} 

External programs may be run with SMP output expressions as input using Run [10.4]; 
their output may be taken as SMP input. 
External programs may be constructed from SMP expressions using Cons [10.9] and 

%% %1 %0 %T Info On Off 
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may be run in a compiled form. 

L 11 Parallel processing 

(Implementation dependent) 

1.11 

SMP operations may be performed asynchror:ously and in parallel using Fork and 
Wait [10.10]. 

Values in the list Rt i give expressions to be simplified on receipt of real-time inter­
rupts. 
Future implementations may employ automatic parallel processing: filters in projec­
tions which do not carry property Ser are then simplified in parallel rather than 
sequentially. 
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2. Syntax 

2.1 Numbers 
Numbers input with no decimal point are taken as exact integers. 
Floating point numbers may be entered in the form X*"'p representing x•l()P. 
Numbers are output if possible in integer or rational form, except when the 
corresponding input expression contains explicit floating point numbers or N projec­
tions [3.4]. Output floating point numbers are given to the precision specified in 
input N projections, or, by default, to 6 significant figures. 
Numbers are by default treated to a finite precision (fractional accuracy of order 
10 .... -13). 

Further numerical constructs (which may be used in any numerical operations) are: 
A Cz. (p: 0)1 Arbitrary magnitude number x •1QP. Floating point numbers are 

usually converted to this form when the modulus of their exponent 
exceeds 10. 

B Cnk, ...• n2, nl. nOl 
Arbitrary length integer nO + nl •104 + n2•108 + generated 
when integers with more than 10 digits are input. 

F CnJ, n2, . .. , (expt: 0), (dig: 6)1 
Floating point number 
(n 1 •10-4 + n2 •10-8 + · · · ) •10a:z:pt with d.ig significant digits. F 
projections are generated if possible when the precision specified in 
an N projection exceeds 10. Expressions involving several F projec­
tions are treated to the numerical accuracy of the least precise F 
given. 

Err Cx, d%1 Number x with one-standard-deviation error d.x ( x ± d.x ) . Errors are 
combined assuming statistical independence. 

C>< Cz, yl Complex number x + I y. Automatically generated when required. 

2.2 Symbols 

Symbols are the basic objects of SMP. They may be assigned values [3.2] and proper­
ties [ 4]. 
Symbol names may be 

Strings of arbitrary length containing only alphanumeric characters, together 
with #. S and % and not starting with numeric characters. 
Arbitrary character strings (possibly containing control characters) enclosed 
between " ". The " " a.re not included in the symbol name; they are used on 
output only when necessary . 
• [10.6] 

Symbols whose names have the following forms are taken to have special characteris­
tics (ccc represents any valid symbol name) : 
Scee Generic symbol (representing an arbitrary expression [2 .6]) 

• Gen [ 4, 2.6] 
Slccc Multi-generic symbol (representing an arbitrary sequence of expressions 

[2.6]). 
• Mgen [4] 

A 8 F Err C>< 
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##ccc Chameleonic symbol (whose name changes whenever it is evaluated [2.8]). 
•Cham[4] 

No values may be assigned to symbols of these types . 
• % [1.2] 

2.2 

The following naming conventions are used ( C denotes any upper case alphabetic 
character) : 
CCcc System-defined symbol. 
#ccc Internally-generated symbol. 
%ccc Symbol used locally within a procedure [1.8,6.3] 

Some special system-defined symbols are: 

Nu I I Input and output as a blank [2.10]. When the value assigned for a projection 
would simplify to Nu I I , the projection is left unevaluateC. [3.1]. 

Inf Infinity. Used primarily to specify indefinite continuation of a process, 
rather than as a signal for mathematical infinities . 
The imaginary unit. 

• %, #l, /ID, #T [1.2] 
• %%, %1, %0, %T [l.8] 
•Pi, E, Euler, ••• [8.4] 

2.3 Projections 

Projections specify parts of general structures. They are analogous to array sub­
scriptings or function calls. 

In for example the projection f [x, yl the symbol f is termed the "projector", and 
x, y its "filters". These filters are useC. successively or together to select a part in the 
value of f. 

The projector f in a projection is maintained in an unsimplified "held" [3.5] form; only 
its projections are simplified. 
f [x, yl is equivalent to f [x) [y] unless f carries the property Ti er [ 4]. 
• Pro j [7.3] 

Common system-defined projections may be input in special forms [2.10]. 
Filters for system-defined projections input as Nu I I [2.2] (a blank [2.10]) are taken 
to have their default values . 
[.x1,:r:2, .. .1 or NpCz1,:r:2 •.. .l 

is a special system-defined null projection representing a sequence of expres­
sions. When [xl, x2, . . .l appears as a filter in a projection, that filter is 
replaced by the set of filters xl, x2, ... Hence f [x, [y, zl, [ [i..i]]] becomes 
f [x, y, z, wl • Null projections may also be used to specify sets of entries in lists 
[2.4]. No values may be assigned [3.2] to null projections. 
• Seq, Rep I [7.1] 

'erpr or Mark[e.:z:prl 
is used in a variety of cases to designate expressions with special characteristics. 
(Prefix form is "backquote" or "grave accent" character.) 
• [2. 7] 

Nu I I Inf Np Mark 
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2.4 Lists 

Lists are indexed and ordered sets of expressions. 
Lists may be input directly in the form f [ indexJ] : value 1, [ indexZI : value 2, ... J. 
Entries with delayed rather than immediate values [3 .2] are input with : : instead of . . . 
If the expressions indexi are successive integers starting at 1, they may be omitted. 
The list may then be input as f value 1, value2, ... J. Such lists are termed "contigu­
ous". 
•List[7.1] 

t f is a zero-length list containing no entries. 
List entries may also be specified indirectly through assignments for projections 
[3.2]. 
A value in a list may be extracted by a projection [2.3] with its index as a filter. 
• Ar [7.1] 

2.5 Expressions 

Expressions are combinations of symbols, projections and lists. 
Parts of expressions are selected by projections [2 .3,7.3]. Values in a Est are speci­
fied by their indices [2.4]. Parts in projections are specified by numerical filters: .0 
specifies the projector (which is always in a "held" form [3.5]) and 1, 2, 3, . . label 
each of its filters . Numerical coefficients of symbols and projections are specified by 
the filter -1. The 0 part of a symbol is the symbol itself, without any associated. 
numerical coefficients. 
• Ne [7 .9] 
• Pos, Dis [7.3] 
The nth "level" in an expression is the set of parts which may be selected by n filters 
(when n is a positive integer). The "depth" of an expression is one plus the maximum 
number of filters necessary to specify any part [7.4]. The -nth level in an expression 
is the set of parts which have depth n. 
A domain is a set of parts in an expression. Domains may be specified by a parameter 
levspec giving the levels at which its elements may occur (ni are positive integers): 
n Levels 0 through n. 
-n Levels -1 n f through -n. 

f ±nJ 
f ±nl, ±n2J 

f-n1,n2J 

f l 1 , l2, levcrit J 

Level ±n. 

Levels ±nl through ±n2. 
Levels - I n f through -nl and 0 through n2. 

Levels specified by f ll, l2J on which application of the template 
[ 2. 7] levcrit does not yield false [ 5]. 

Domains may also be selected by requiring that application of a template [2. 7] dom­
crit to any of their parts should yield true [5]. 

Many system-defined projections may carry filters which selact particular domains. A 
repeat count rpt is usually given to specify the number of times an operation is to be 
performed successively on a particular domain (Inf causes repetition to continue 
until the domain no longer changes or a processing impasse is reached [ 1.5]). A 
parameter max is used to determine the total maximum number of operations per­
formed on any domain. The filters levspec,rpt,domcrit,max (or some subset of these) 
constitute a "domain specification" . In treatment of a domain containing positive lev­
els, larger subparts of an expression are treated first, following by their progressively 

Nul I Inf Np Mark 
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smaller subparts. In a domain containing negative levels, the smallest subparts are 
treated first. Different parts at the same level are ordered by their "positions" (the 
sequences of filters necessary to select them). When rpt is specified, the subparts 
appearing in a domain are re-determined each time the operation is performed. 

2.6 Patterns 
A "pattern" or "generic expression" is an expression containing generic symbols [2.2]. 
A pattern represents a possibly infinite set of expressions, in which arbitrary expres­
sions replace the generic symbols. Every occurrence of a particular generic symbol 
in a pattern corresponds to the same expression. 

Two patterns are considered equivalent if the sets of expressions which they 
represent are identical; they are literally equivalent if all their parts are identical. 
Determination of literal equivalence takes account of filter reordering [ 4, 7. 7] proper­
ties of projections, and of the correspondence between numerical coefficients [2.5] 
and explicit Mu I t projections. 
A pattern p2 "matches" pl if it represents a superset of the expressions represented 
by pl (so that pl may be obtained by replacing some or all of the generic symbols in 
p2). pl is then considered "more specific" thanp2. 

Match[expr2.exprll 
yields 0 if expr2 does not match expr 1, 1 if expr2 is equivalent to expr 1, or a list 
of replacements for generic symbols in expr2 necessary to obtain expr 1. 

A pattern p2 matches pl if the simplified form of p2 after replacement of generic 
symbols is literally equivalent to pl . However, for at least one occurrence of each 
generic symbol in p2 the necessary replacement must follow from literal comparison 
with pl (and must thus appear as an explicit part of pl) . 

The value t of the property [ 4]Jx(Genl restricts all occurrences of the generic sym­
bol x to match only those expressions on which application of the template t yields 
"true" [5]. 
pat --=' cond or Gen £pat, condl 

represents a pattern equivalent to pat, but restricted to match only those 
expressions for which cond is determined to be true [5] after necessary replace­
ments for generic symbols . 

Multi-generic symbols [2.2] are a special class of generic symbols which represent 
sequences of expressions, corresponding to null projectio.P.s [2 .3] of any length. In a 
projection (or list). the sequence of fil ters matched by a multi-generic symbol is ter­
minated when all subsequent filters can be otherwise matched. For projections with 
Comm or Rear [ 4] properties, all but one multi-generic symbol is required to match a 
zero-length sequence of expressions [] • In a projection from a projector f with pro­
perty FI at [ 4]. a multi-generic symbol matches a sequence of filters corresponding 
to a further projection from f: in the original projection, it is not represented by a 
single ordinary generic symbol. 

2. 7 Templates 

A template t is an expression specifying an action to be taken on a set of expressions 
~s1,s2 .... J. 
The result from an application oft depends on its structure: 

number or Nu I I t 
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The value of t obtained by replacement of generic symbols di 
occurring in it by any corresponding si. The association of si with 
di is determined by first sorting the di into canonical order. Any 
unpaired di are left unreplaced. If any of the di are multi-generic 
symbols, the first is paired with the maximal set of si. 

~u or Mark Cul u. 
other expression ttsl, s2, .. .l 
• Ap [7.2] 

2.8 Chameleonic expressions 
A chameleonic expression is an expression containing chameleonic symbols [2.2]. If a 
chameleonic expression is assigned as a delayed value (3.2], then each chameleonic 
symbol which it contains is given a unique new name whenever the value is used. 
• Make [10.6] 

2.9 Commentary input 

Any input (including newlines) between '* and *' is treated as commentary, and is 
not processed. Comments may be nested. 
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2.10 Input forms 

input form projection grouping 

I.:1 :IParenthesesJ 
1z1. :z:2, :t3. ••• J (Li st) 

[ill :z1. Ci21: :z:2, ••• I (Li stl 
:z:1*-:z:2 :z:l * 10-z2 (z1*"'z2J * .... z3 
@% IJO[z] 

J Pro]![z1 
f C.:rJ, :r2, z.'ll (projection) f C:i:1, :z:2, x3J (_.f CT i er l : 0} 

CC fC.:r1H Cz.81 ) Cx31 C HT i er l : 1) 
Cz..l.._x2.i.z31 NJ! C:z: 1_,_ :z:2.i. :r3J Cz1_,_:r2 z3J 
<:I: Il"l_l:>_ut Czl 
z!! Dfct I [z] Cz! ! } ! 
.:r! Fett C.:rJ 
:z:1.z2.:z:3 Dot Cxl, :r2, :z:31 %1.:z:2.:z:3 
:z:1•z2•:r3 Omu I t [:z:1....11.Z2.i.:r31 zl ** z2** :z:3 
:z:1-z2 Po1,.1 C:z:..l.._z21 z1-cz2":z::JJ 
-% Mu I tl-11 .:r:J 
:z:Jlx2 Div[:z:l_.._z.81 (:z:J/:r2Jl:z:3 
:rl• :z:2sz3 Mu It C:z:l....11.z2.i.:r31 zl * :z:2* :z:3lsee also below) 
zl+ z2+:z:3 PI us [:z:l. :r2, :z:31 %1 + :r:2+ :r:3 
:z:1- z2+ z3 PI us [:z:l....11. -:z:.?._:z:3J %1 + {-.:r2J + :z:3 
:z:J - :z:2 EqCz1,z21 See note below 
zl ""• :z:2 Uneq [xJ.:21 See note below 
x1 >x2 Gt £:z:1,z21 See note below 
:z:l >- z2 Ge C:z: 1, :z:21 See note below 
:z:l < z2 Gt £:z:2, zll See note below 
:z:1 < ... :r:2 Ge C:z:.?._:11 See note below 
""% Not Czl 
:r:l & z2& :z:3 And (z.l..t..:r.?._:z:31 zl & :r:2& :z:3 
:z:1 I :z:2 I z3 Or C:z:1, :z:2, z31 x1 I .:r2 I :z:3 
x1 i I :.r:2 I I z3 Xor C.z .li. z.?._ z31 %1 i1 :r:2Jl %3 
:r1->:r2 111!2[%.li_%21 :1• > C:z:2->z:Jj 
:z:1 - :z:2 Gen C:z:1_,_:z:2.1 ~1 - :r:.81 • %3 
:z:J •• :r:2 Se_g_ C:z: 1..1.. :z:21 (%1 •• :z:2J •• :z:3 
xl : :z:2 Set [x1,:z:21 %1 : (:z:2 : :z;:Jj 
.% : Set Czl 
z:1 :: :z:2 Setd C:z:1, :z:21 %1 : : (:z:2 : : :z;:Jj 
:z:J ->z2 Rep C:z:1,:z:21 %1 -> (:z:2-> :z::JJ 
x1->z:2 Repd [:z:l, z21 :z:l --> (:z:2--> x:JJ 
z:1 _; :z:2 Prset Cx1, z21 :z:1 _; (:z:2 _; :z;:Jj 
:z:l_z2 Tyset (z1,z21 :r:l - (:z:2 _:z::Jj 
:z:l :- :z:2 Sxset [:z:1,:z:21 zl : .. (.:r2: = z:Jj 
:z:1:- Sxset [:z:ll 
z:l; za :z:3 Proc C:z:l, :z:2, :z:31 :z:l; xa %3 
:z: .1_t za . . . 2:n_1_ Proc [:z:1_,_z2.i.• •• _._zn. J %1_1_ :z:2: ••• xn; 
!z: (pre-simplification) 
':z: Ho Id C:z:l 
'z: Mark(zl 
?z: Info Czl 
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Forms given in the same box have the same precedence; the boxes are in order of 
decreasing precedence. 
If@@ is a form with precedence higher than##. then xl @@ x2 ## x3 is treated as (xl 
@@ x2) ## x3, while xl ## x2@@ x3is treated as xl ## (x2@@ x3). 

The last column of the table indicates how multiple appearances of the same form are 
grouped. When no parentheses appear, the corresponding projection is FI at [ 4, 7. 7]. 
These groupings also govern the treatment of different forms with the same pre­
cedence. 
Combinations of the relational operators [5] =, "'=, >, >=, <, <= may be input 
together; if# and## represent input forms for two such operators, then xl #· x2 ## x3 
is treated as {xl # x2) & {x2 ## x3). 

Products may be input without explicit * when their terms are suitably distinguished. 
For any numbers n , symbols s and f and expressions x the following input forms are 
taken as products: 

n n s n f[x] n (x} n 
(x} s 
(x} f[x] 
C x} ( x} 

ex> Ix I 

lxln 
ixjs 
!xjf[x] 
!xl (x) 
!xl lxl 

ns s s f[x] s 
nf[x] s f[x] f [x] f[x] 
n(x} s(x} f [x] (x} 
nlxl slxl f[x] lxl 
Precedence of such forms is as when explicit * are given. 
The symbol Nu I I [2 .2] may be input as a blank vrhen it appears as the value of an 
entry in a list, or as a filter in a projection given in standard form . Hence f [] is 
equivalent to HNulll and g[,,] to g(Null,Null,Nulll. 

2.11 Syntax modification 
cc:= dd or Sxset [cc, dd, (class: 0). (prec : 8)1 

assigns the name ccc:> of the symbol cc to be replaced textually on input by 
cdd::> according to one of the following classes of transformations 

0 CCC::> __. Cdd:> 

1 CCC:> x __. cdd::> [x] 

2 x ccc:J -> c dd::> [x] 

3 xl ccc::> x2 ccc::> x3-> cdd::> [xl, x2, x3J 

4 xl ccc::>x2-> cdd::>[x1,x2l 
xl ccc::> x2 ccc::> x3-> c dd::> [xl, cdd::> [x2, x3J] 

5 x1 c cc ::> xz_. c dd::> [x1 , x2l 
xl ccc::> x2 c cc::> x3-> cdd-::; [ c dd::> [xl, xZJ , x3l 

and with precedence prec. Textual replacements are performed before 
input expressions are simplified. Input text, excluding any strings enclosed 
in " ", is scanned once only from the beginning. and at each point, textual 
replacements for the longest possible character strings a:·e made . Transfor­
mations 1 through 5 may carry precedences from 1 to 3 : 1 is the same as 
I n p u t , 2 as P I us and 3 as I n f o. 

cc:= or Sxset [cc] removes any textual replacements assigned for cc. 

Sxse t [] removes all assignments for textual replacements. 
• [10.8] 

Sxset 
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2.12 Output forms 
Most input forms are also used for output. 

Parentheses are omitted in o'J.tput when the required groupings follow the pre­
cedences of forms given in [2.10]. 
Common additional output forms: 
Mult[x1,x2,x3] xl x2 x3 

xl 
Div [xl, x2J 

x2 

x2 
Po~[xl,x2J xl 
The output form of the projection PI o t [ 10.2] is e. "plot". 

Fm t and S x are printed in a special formatted fo:m. 
Assignment of a Pr property [ 4] defines a special output form for a projection. 

The presence of special forms L.'1 an output expression i.s indicated by ll: at the begin­
ning of the output. The labelling of parts in such special cutput forms may not be 
manifest. A direct and unambig uous representation of any expression is printed by 
Lpr [10.1]. 
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3. Fundamental operations 

3.1 Automatic simplification 
Any input expression is automatically "simplified" to the maximum extent possible. 
Unless further assignments are made, the resulting output expression can be simpli­
fied no further; if it is input again, it will be output unchanged. 
Even if part of an expression is apparently meaningless, no message is printed; that 
part is merely returned without further simplification. Processing impasses occur if 
simplification apparently requires infinite time or memory space [ 1.5]. 
The simplification of expressions proceeds as follows: 
Numbers Ordinary numbers remain unchanged. 
Symbols A symbol is replaced by the simplified form of any value assigned [3.2] 

to it. 
Projections 

1. Unless the projector carries the property Nasmp [ 4], each filter is 
simplified in turn. If any filter is found to be extedned [ 4] with 
respect to the projector, then the projection is replaced or 
encased as specified in the relevant property list [ 4]. 

2. Projections with FI at or Rear properties [ 4,7.7] are cast into 
canonical form. Built-in simplification routines are invoked for 
system-defined projections. 

3. If a value v has been assigned for the projector, then the filters of 
the projection are used in an attempt to select a part of v . If the 
required part is present, any necessary replacements for generic 
symbols [2.2] are performed, and the projecticm is replaced by the 
simplified value of the part. When v is a list, its entries are 
scanned sequentially until one is found whose indices match [2.6] 
the filters of the projection (and whose value is not Nu I I ) . FI at 
and Rear properties are accounted for in this matching process. 

Lists Immediate values [3.2] for entries of a list are simplified in turn. 

Whenever an expression to which an immediate value has been assigned (through 
[3.2]) is simplified, the old value is replaced by the new simplified form. Delayed 
values (assigned by : : [3.2]) are simplified whenever they are required, but are not 
replaced by the resulting simplified forms. 
When the value of a projection involves further projections from the same projector 
(recursion), these further projections are not immediately simplified; after one pass 
through the whole expression, further passes are made until the projections are com­
pletely simplified. 
"Static" (manifestly non-terminating) recursive assignments in which the literal form 
of an expression appears in its simplified value are evaluated to one level only. 
Smp C~, (n: lnf)l 

simplifies expr making at most n passes. 

Smp 
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3.2 Assignment and deassignment 

Assignment is used to define a value for an expression. Simplification [3.1] replaces 
an expression by any value assigned to it. 
Values for expressions come in two types: 

Immediate The value is simplified when it is assigned, and is maintained in a simpli­
fied form, being updated, if necessary, whenever it is used. 

Delayed The value is maintained in an unsimplified form: a new simplified form 
is obtained whenever it is used. 

~: expr2 or Set [e.zprl. ezpr2J 
assigns e:r:pr2 to be the immediate value of the expression e:r:pr 1. 

~:: ~or Setd Cezprl, e.zpr2J _ 
assigns e:r:pr2 to be the delayed value of the expression expr 1. 

Values e:r:pr2 are assigned to expressions expr 1 of different types as follows: 

Numbers 

Symbols 

Projections 

Lists 

No assignment is made. 
expr2 replaces any value previously assigned to exprl. No assignment 
is made for generic and chameleonic symbols [2.2]. 
First, the filters of exprl are simplified in turn, and any FI at or Rear 
properties [ 4] of its projector fare used. Then the specified part in the 
simplified form v off is assigned the value expr2. The actions of the 
assignment for various types of v are as follows: 
Symbols The value off becomes a list (or nested set of lists) with 

one entry whose indices give the filters of e:r:pr 1 and 
whose value is expr2. 

Lists It the indices of an existing entry of v are equivalent [2.6] 
to the filters of expr 1, then the value of that entry is 
replaced by expr2. If no such entry is present, then an 
additional entry with indices given by the filters of expr 1 
and with value expr2 is introduced. New entries are posi­
tioned in the list immediately after any entries with more 
specific [2.6] indices. 

Projections Unless the relevant filter of expr 1 is an integer, no assign­
ment is made. If the filter corresponds to an existing 
part of v, this part is replaced by the expression expr2; 
otherwise, additional Nu I I filters are introduced so as to 
include the specified part. 

Jf expr2 is a list, then each entry in expr 1 is assigned (in parallel) the 
value of the corresponding expr2 entry (or Nu I I if no such entry 
exists): otherwise, all entries in expr 1 are assigned the value expr2. 

Any overall numerical coefficient in expr 1 is divided into expr2 before assignment. 

e:rpr: orexpr:Nul I or SetCexprJ or Set[expr,Nul 11 
removes any values assigned for the literal expression e:rpr. If filters in projec­
tions are removed, the projections are correspondingly shortened. "Removal" of 
a projector results in its replacement by Np [2.3]. If expr is a list, values for 
each entry are removed. _ffi.Jmb: removes properties [ 4] assigned to the sym­
bol symb (restoring any initial properties if sym.b is system-defined). 
• De I [7.3] 

Set [J 

removes values assigned to all expressions . 

Set Setd 
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Inc C~, (step: 1 )1 
increments the value of e:r:pr by step. 
• Do [6.2] 

Dec[~, (step :l)J 
decrements the value of e:r:pr by step. 

Assignment and deassignment projections have the special capability to effect per­
manent changes on their filters; all other projections must leave their filters 
unchanged. 

3.3 Replacements and substitutions 

Values assigned for expressions [3.2] are used whenever they are applicable. More 
controlled evaluation is provided by the use of substitution projections. 
ezprl -> e:z:pr2or Rep Ce:z:prl, e:z:pr2, (levspec: Inf), (rpt: Inf), (max: lnf)J 

is a purely syntactic construct which represents a replacement of e:r:pr 1 by 
e:r:pr2. The replacement is specified to be active when used in S projection sub­
stitutions on an expression e:r:pr only for the first max occurrences of e:r:pr 1 
appearing at or below level lev in e:r:pr, and during the first rpt passes through 
e:r:pr. e:r:pr 1->e:r:pr2- >e:r:pr3 is equivalent to e:r:pr 1- >e:r:pr3. 

ezpr1--> e:z:pr2 or Re pd Cezpr 1, e.zpr2, (levspec : Inf), (ryt: Inf), (maz : I nf)l 
represents a replacement in which e:r:pr2 is maintained in an unsimplified form; a 
new simplified form is obtained whenever the replacement is performed. 

S Cezpr,{repl, rep2, . .. }, (ryt: 1 ), (levspec: Inf), (domcrit : 1 )l 
performs substitutions in e:r:pr specified by the replacements repl,rep2,. .. in the 
domain defined by levspec and domcrit [2.5]. Each successive subpart of e:r:pr is 
compared with the left members of each active replacement repi in turn; if a 
match [2.6] is found, then the part is replaced by the corresponding right 
member, with any necessary substitutions for generic symbols made. The result­
ing complete expression is scanned until no further replacements can be used, 
or at most rpt times. ( rpt may be Inf ). When a replacement is used, the 
resulting subexpression is not scanned for possible further substitutions until it 
is reached on at least the next pass through the complete expression. 

Many relations involving mathematical functions are given in external files [ 1.3] in the 
form of replacements, to be applied using S. 

Si [ezpr 1,{repl, rep2, .. . }, (levspec : Inf). (damcrit : 1 )1 
is equivalent to S [e:r:pr,{repl, rep2, . . . t, Inf , (levspec : Inf), (domcrit : 1 )J 
; the repi are repeatedly used in e:tpr until the result no longer changes. 

Arep C{repl, rep2, . . . }1 
performs explicit assignments using Set or Setd projections [3.2] on the Rep 
or Repd replacements repi. 

I rep C{repl. rep2, .. . tJ 
yields a list of "inverted" replacements . 

3.4 Numerical evaluation 

N Ce:z:pr, (ace :6), (trunc: 18*"' - 12)1 
<Ldii;t> 

yields the numerical value of e:r:pr in terms of real or complex decimal numbers, 
maintaining if possible an accuracy of ace significant figures, and setting all 
numerical coefficients smaller than trunc to zero . 

Inc Dec Rep Repd S Si Arep Irep N 
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A , F and Cx projections [2.1] are generated when required. 
Numerical values for arbitrary expressions may be defined by assignments [3.2] for 
the corresponding N [e:r:prl or N [e:r:pr, n]. 

Neq [e.zpr 1, e.zpr2, (ace : 1*'"' -8), (n :2), (ra.nge : i-1.0, 10 J)J 
tests for numerical equality of expr 1 and e:r:pr2 within fractional accuracy ace by 
evaluating them at least n times with random numerical choices (in the specified 
range) for all symbolic parameters appearing in them. 
• Eq [5] 

• D, Int [9.4] 
• Sum, Prod [9.2] 

3.5 Deferred simplification 

'~or Hold[~] 
yields an expression entirely equivalent to expr but all of whose parts are "held" 
in an unsimplified form, until "released" by Re I. 
(Prefix form is "forward-quote" or "acute accent" character.) 

Re I [e.zprl 
releases all "held" parts of expr for simplification. 

• Ev (3 .7] 
Projectors in simplified projections are maintained in "held" form. 
Nos mp [ 4] filters in projections are converted to "held" form. 

3.6 Pre-simplification 

! e:r:pr 
represents the simplified form of e:r:pr regardless of its environment. 

Simplifications indicated by ! are performed during input. 
! may be used to insert simplified forms as filters in Nos mp [ 4] projections . 

3. 7 Partial simplification 

Ev C~, (k: l)l 
yields the result of k partial evaluations on the held [3.5] form of e:r:pr. In each 
partial evaluation, symbols and projections are replaced by· the held forms of any 
values assigned t o them. 

Neq Hold Rel Ev 
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4. Properties 
Jl11111.b or Prop [symbl 

is a list giving properties of the symbol syrnb used to specify treatment of syrnb 
or its projections. 

The operations of projection [2.3,7.3], assignment [3.2] and deassignment [3.2] may 
be applied to _syrnb just as to symbols. 
JVmb: causes the properties of a system-defined symbol sym..b to revert to their ini­
tial form [3.2]. 
A symbol is considered to "carry" a particular property p if the value of _symb [pl is 
not "false" [5]. 
Properties such as F I at which affect treatment of assignments for projections must 
be defined before the projections are assigned. 
The following are system-defined properties for a symbol s : 

Prop 
Comm 

Sys System-defined symbol [2.2]. 
Gen Generic symbol [2.2], representing the class of expressions on which 

application of the template J[Genl yields a non-zero number [2.6]. 
Mgen Multi-generic symbol [2.2]. 
Cham Chameleonic symbol [2.2]. 
lni t 

Tier 

Nos•p 

Pr 

Trace 

Flat 

Re or 

Co•11 

Dist 

Poudist 

Sys 
Di st 

Any value assigned for J [I n i t J is simplified, and then removed, 
whens next appears as a projector. 
The projections s [x] [yl and s [x,y] are distinguished [2.3]. 
The ith filter in a projection from sis automatically simplified [3.1) if 
J [No smpl [ iJ is not "false", and is otherwise placed in a "held" form 
[3.5]. 
The value of _s [Pr J is used as the print form for s and its projections. 
• Fmt, Sx [10.1] 
If the value of Jnracel is "true", then any projections from s are 
printed before evaluation. Any other values are applied as templates to 
projections from s . 
• [10. 7] 
All projections from s are flattened [7.7], so that s is treated as an 
"associative n-ary function". 
Filters of projections from s are placed in canonical order, by reorder­
ing them using permutation symmetries given as the value of 
JCReor] [7.7]. 
Equivalent to J[ReorJ: Sym [7.7). Causes filters of projections from s 
to be placed in canonical order, so that s represents a "commutative 
function''. 
JCOi st]: :{g1,g(h1 :g1),(k1:f1),(pspec1:I nf}H defines f to be distribu­
tive over projections from gi appearing as its filters in positions speci­
fied by pspeci, yielding projections of hi and ki. The definitions are 
used as defaults in Ex [7.8]. 
JCP01-1d i st]: :lgl,(hl :P I us)» defines projections of f to be "power 
expandable" over projections of g·l appearing as their first filters, and 
yielding projections from hi. The definitions are used as defaults in Ex 
(7.8]. 

Gen Mgen 
Poi..id i st 

Cham In it Tier Nos mp Pr Trace Flat Re or 
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Projections from s are "distributed" over the entries of lists appeari::lg 
as filters in projections from s [1 . 7]. 
s is treated as a numerical constant. 
The projector f of a projection containing s (as an isolated symbol or 
as a projector) in its filters is replaced by a template given as the 
value of J[Extr,JJ (see below). 
The value of J [Ex tel is applied as a template to any projection 
whose filters involve s (as an isolated symbol or as a projector), and for 
whose projector f no entry J[Extr,JJ exists (see below) . Exte is 
also effective for entries in lists . 
s is treated as carrying the additional properties assigned to a symbol 
given as the value of JCTypel. These additional properties are con­
sidered only if properties given directly for s are inadequate. Any 
number of Type indirection levels may be used. 

• Ser [ 1.11] 
• Cons [10.9] 
Some additional properties used for special purposes are described below. 
All system-defined symbols carry the property Ti er. 

~ _J p or Prset Csym.b,p1 
is equivalent to _,,~b Cpl : 1 and assigns the property p to the symbol symb. 

~ _st or Tyset Csymb. st] 
is equivalent to ~b CType]:: st and assigns the symbol symb to have the type 
of the symbol st. 

Entries _s [Ext r J and J CEx t e J in the property list of a symbol s allow for "type 
extension" . Standard projections may be replaced by special projections if some of 
their filters are of some special extended type. Hence, for example, a product may 
be entered as a projection of Mu It, but is replaced by a projection of Psmu I t if one 
or more of its filters is a power series (Ps projection [9.5]). Projedions reached by 
type extension are usually not described separately in this manual. 

Ldist Const Extr Exte Type Prset Tyset 
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5. Relational and logical operations 

An expression is treated as "false" if it is zero, and "true" if it is any non-zero number. 
P Ce.zprl 

yields 1 if e:r:pr is "true", and 0 otherwise. 
The relational and logical projections described below yield 0 or 1 if their "truth" or 
"falsity" can be determined (by syntactic comparison or linear elimination of sym­
bolic parameters); otherwise they yield simplified forms of undetermined truth value . 
When only one filter is given, the relational projections defined below yield as images 
that filter. When more than two filters are given, they yield the conjunction of results 
for each successive pair of filters . 

e.zprl "" expr2or Eq Ce.zprl. e:z:pr2J 
<Com•> 

represents an equation asserting the equality of e:r:pr 1 and expr2. Equations 
represented by Eq projections are used in So I [9.3]. 
• Neq [9.6] 

e.zpr1 ..,= e:z:pr2or Uneq[e:z:pr1,expr2J 
<Co11111 > 

asserts the inequality of expr 1 and e:r:pr2. 

e.zpr1 > expr2or Gt Ce.zpr1. expr2J 
asserts that e:r:pr 1 is numerically larger than e:r:pr2. 

e.zpr 1 >= e:z:pr2 or Ge Cexpr 1. e.zpr2J 
asserts that erpr 1 is numerically larger than or equal to erpr2. 

e.zpr 1 < e.zpr2 
is equivalent to e:r:pr2 > e:r:pr 1 

e.zpr1 <= e.zpr2 
is equivalent to erpr2 >-= erpr 1. 

The assignment [3.2] exprl > expr2 1 defines the expression exprl to be 
greater than expr2. The projection Ge tests for assignments of relevant Gt projec­
tions. 
If# and## represent special input forms for relational projections then expr 1 # expr2 
## erpr3is converted to {exprl # e:r:pr2) & {expr2## e:r:pr3) [2.10]. 

,...e.zpr or Not Ce.zprl 
yields 1 if e:r:pr is 0 and 0 if e:r:pr is "true". 

e.zprl & e.zpr2 & e.zpr3 ... or And Cexprl. expr2, expr3, .. .1 
<Co••, Flat> 

forms the conjunction of the erpri. 

e.zpr1 I expr2 I e.zpr3 ... or Or Cexprl, expr2, expr3, ... 
<Co••,Flat> 

forms the inclusive disjunction of the e:rpri. 

e.zpr1 11 e:z:pr2 11 ezpr3 .. . or Xor Ce.zpr1, e:r:pr2, expr3 •.. J 
<Co11111,Flat> 

forms the exclusive disjunction of the expri. 

e:t:prl => e:z:pr2or Imp Ce.zprl, e.zpr2J 
represents the logical implication "if erpr 1 then e:r:pr2 ". 

P Eq Uneq Gt Ge Not And Or Xor Imp 
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Is [ezprl 
yields 1 if e:rpr represents a logical tautology "true" regardless of the "truth" or 
"falsity'' of any symbols appearing in it, and yields 0 otherwise. 
• Neq [9.6] 

•If [6.1] 
• I ntp, •• [7.6] 

Ord Ce.zpr 1, ezpr2J 
yields +1 if exprl is lexically [10.6] ordered before expr2, -1 if expr 1 is lexi­
cally ordered after e:r:pr2 and 0 if they are literally equivalent [2.6]. 
• Re or [7. 7] 
• Sort [7.7] 

Is Ord 
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6. Control Structures 

6.1 Conditional statements 

If lpred, (ezpr 1 :Nu I I), (expr2 : Nu 11 ), (expr3: Nu I I )1 
yields expr 1 if the predicate expression pred is determined to be "true" [5]: 
e:r:pr2 if it is determined to be "false", and expr3 if its truth or falsity cannot be 
determined [5]: Only the expri selected by evaluation of pred is simplified. 

Swtch Cpredl, e:rpr 1,pred2, e:i:pr2, .. .1 
tests predl, pred2, . . . in turn, selecting the expri associated with the first one 
determined to be "true" [5] (Nu I I if none are "true"). Only the predi tested and 
the expri selected are simplified. 

6.2 Iteration 

Rpt C~, (n : 1)1 
simplifies expr n times , yielding the last value found. 

Loop C(precond : 1), ~· (postcond : 1 )l 
repeatedly simplifies precond, expr and postcond in turn, yielding the last value 
of e:r:pr found before precond or postcond ceases to be "true" [5]. 

For Cinit, test, next,~1 
first simplifies init, and then repeatedly simplifies expr and next in turn until 
test fails to be "true" (according to the sequence init <test expr next>), yield­
ing the last form of expr found . 

Do C~, (start : 1 ). end, (step : 1 ), ~l 
first sets var to start and then repeatedly evaluates e:r:pr, successively incre­
menting the value of var by step until it reaches the value end : the image is the 
last form of expr found. 

• Inc, Dec [3.2] 
• Rat, Jmp [6.3] 

6_3 Procedures and flow control 

~; ~; ... or Proc Cezprl, e:rpr2, ... , exprn] 
represents a procedure [ 1.8] in which the expressions e;:;pri are simplified in 
turn. yielding finally the value of e:r:prn. 
In the form exprl; expr2; ••• ; exprk; the last filter of Proc is taken to be 
Nu 11 [1.1]. 
The value of %% [1.8] is reassigned at each segment in a Proc to be the la.st 
non-Nu I I expri simplified. 
The unsimplified form of each expri is maintained throughout the execution of a 
Pr oc, so as to allow resimplification if required by a control transfer. 

Proc Cl initiates an interactive procedure [1.8]. 

Le I [sJ, s2, .. .l 
declares the symbols sl,s2,... to be "local variables" in the current Pree (and 
any nested within it); the original values and properties of the si are removed, to 
be restored upon exit from the Proc. 

Local variables are conventionally given names beginning with the character % 
[2.2]. 

If Swtch Rpt Loop For Do Proc Lei 
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Le I may be used in interactive procedures [ 1.8]. 

Lbl C~l 
represents a "label" within a Pree ; its "identifier" expr is resimplified when a 
Jmp might transfer control to its position. 

Jmp Ce.:cprl 
causes "control" to be "transferred" to the nearest label which matches 
Lb I [exprl The current Pree, and then any successive enclosing Pree are 
scanned to find a suitable Lb I . After Jmp has acted, the remaining segments of 
the Pree containing the Lb I are (re)simplified. For positive integer n, Jmp [n] 

transfers control to the nth segment in the current procedure. Jmp may be used 
in interactive procedures: if the specified Lb I is not present, input lines are 
read without simplification until it is encountered. 

Ret[e.:cpr,(n :l)l 
exits at most n nested control structures, yielding expr as the value of the outer­
most one. Ret is effective in Proc, Rpt, For and Do. It may be used to exit 
interactive subsidiary procedures [1. 8]. Ret Cexpr, Inf] returns from any 
number of nested procedures to standard input mode [ 1.8]. 

• (10 .7] 

Lbl Jmp Ret 
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7. Structural operations 

7.1 Projection and list generation 
z . • y or Seq (z, y1 

yields if possible a null projection [2.3] consisting of a sequence of expressions 
whose integer parameters form linear progressions between those in x and y. 
For two integers m and n, (withn > m) m •. n yields [m,m+l,m+2, .. . ,n-1,nl. 
Similarly, /[ml, m21 •• f [ nl, n2J yields 
C/CmJ,m2J, /Cml+l, m2+i], f [m1+2, m2+2i], ••• ,f[nl,n2J] if i = (n2-
m2)/(n1-m1) is an integer. Only the values of integer parameters may differ 
between x and y, and all such differences must be integer multiples of the smal­
lest. 

Ar [spec, (tem.p: Eq), (icrit: 1 ), (vcrit: 1 )1 
generates a list whose entries ha\7e sets of indices with ranges specified by spec, 
and whose values are obtained by application of the template temp to these 
indices. Sequences of indices at each level in the list are defined by 
n 1,2, ... n 

ts, e, (i:l) l s, s + i, s + 2i, ••• , s + Jot:i where k is the "!.argest integer such 
thats + Jot:i is not greater thane. 

t txJ,x2, .. ~ l xl, x2, ... 

and collected into a complete specification ~spec 1, spec2, •.. ! . For a contigu­
ous [2.4] list with one level, spec may be given as n. Entries with sets of indices 
on which application of the template icril would yield 0 are omitted. Entries 
whose values would yield 0 on application of the template vcrit are also omitted. 

• Outer [9.6] 
•Oim[7.4] 
• [3.6] 

Rep I [e:r:pr, (n:l)1 
yields a null projection [2.3] containing n replications of expr. 

Li st [e:r:pr 1, e:r:pr2, .. . 1 
yields the contiguous list texprl,exprZ, . . . ! 

7.2 Template application 

Ap Ctemp. le:r:prl, (e:r:pr2, .. . ))1 
applies the template temp to the expri [2. 7]. 

Map [temp, e:r:pr, (levspec: 1 ), (dom.crit: 1 ), (Uem.p :Nu I I )1 
yields the expression obtained by recursively applying the template temp at 
most max times to the parts of expr in the domain specified by levspec and dom­
crit [2.5]. Any non-Nu I I result obtained by applying the template ltemp to the 
(positive or negative) integer specifying the level in expr reached is used as a 
second expression on which to apply temp. 

Seq Ar Repl List Ap Map 
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7.3 Part extraction and removal 

f!H!!:.Cfil.tl, filt2, .. .l or Pro j Cezpr, lfiltJ,fil.t2, . .. J1 
extracts the part of expr specified by successive projections with the filters filt 1, 
filt2, ... [2.3]. 
• [2.10] 

Pas C{form.1}, erpr, (Lev.spec: Inf), (ma:.r: Inf), (domcrit: 1 )l 
gives a list of sets of filters specifying the positions of (at most max) occurrences 
of parts in expr (in the domain specified by levspec and domcrit [2.5]) matching 
any of the formi. If formi are patterns [2.6], the actual subexpressions matched 
are also given. 
• In [7.5] 

EI e• [erpr, lnl, n2, .. . J1 
extracts successively the nith values in the list expr, irrespective of their indices. 

Last Uist] 
yields the value of the last entry in list. 

Ind CList, nl 
yields the index of the nth entry in list. 

Dis [expr, (lev : 1 )l 
yields a list in which all projections in expr (below level lev) are "disassembled" 
into lists with the same parts. 

As Ce:rpr, (Lev:l)l 
yields an expression in which any suitable lists (at or below level lev) in expr are 
"assembled" into projections with the same parts. 

De I [form, e:rpr, (lev: Inf), (n: I nf)1 
yields an expression in which (at most n) parts matching form (and appee.ring at 
or below level Lev) in expr have been deleted. 
• Set [3.2] 

7.4 Structure determination 

Tree [erpr, (nlev : 1 )l 
yields a list of successive replacements specifying the construction of expr from 
its level -nlev parts . 

• Dis [7.3] 

Len [exprl 
the number of filters or entries in a projection or list expr, and 0 for a symbol 
e:r:pr. (The "length" of e:r:pr ) . 

Oep[exprJ 
the maximum number of filters necessary to specify any part of expr. (The 
"depth" of expr [2.5]). 

Dim [list, (llev : I nf)1 
gives a description of the ranges of indices at or below level llev in list (in the 
form used by Ar [7 .1]) . 

Hash [erpr, (n :2""15)1 
a positive integer less than n which provides an almost unique "hash code" for 
e:r:pr. 

Proj Pas Elem Last Ind Dis As Del Tree Len Oep Dim Hash 
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7.5 Content determination 

In £Vormlt. ezpr, (Lev: I nf)1 
yields 1 if a part matching any of the /ormi occurs in e:r:pr at or below level lev, 
and 0 other1-1ise. 

Cont [<ezpr: {all symbols}>. (crit:1)1 
yields an ordered list of the symbols in e:r:pr on which application of the template 
crit does not yield 0 (default is to omit symbols appearing as projectors). 

7.6 Character determination 

The following projections yield 1 if e:r:pr is determined to be of the specified charac­
ter, and 0 otherwise. The determination includes use of any assignments made for 
the testing projection; In tp [xJ : 1 thus defines x to be an integer. 

Symbp [e.zprl 
Numbp [e.zprl 
Rea Ip [e.zprl 

I magp [e.zprl 

lntp[e.zprl 
Natp [e.zprl 

Single symbol 
Real or complex number. 
Real number. 
Purely imaginary number. 
Integer. 
Natural number (positive integer). 

Evenp [e.zprl Even integer. 
Oddp [e.zprl Odd integer. 

Ratp [e.zpr. (ma.:i:den: 1*"'8), (ace : 1•"' -13)1 
Rational number (to within accuracy ace ) with denominator not 
greater than maxden. 

Projp [ezpr] Projection. 
L i s tp [ e.zprl List. 
Contp [e.zpr. (Lev: I nf)l 

List or list of lists contiguous [2.4] to at least level Lev. 

Fu I Ip [e.zpr, (le1.1: I nf)1 
"Full" list whose indices (and those cf its sublists at or below level 
lev ) are "contiguous" and have ranges independent of the values of 
any other indices (so that the list is "rectangular"). 

Va Ip Ce.zprl Value other than Nu I I. 
He I dp Ce.zpr] "Held" expression [3.5]. 
Po I yp [e.zpr, ({form1})1 

Polynomial in "bases" matching formi [9.1]. 

7. 7 List and projection manipulation 

Cat Clistl, list2, .. J 
<Flat> 

yields a contiguous list [2.4] obtained by concatenating the entries in listl, 
list2,... Cat ClistJ renders the indices of entries in list contiguous, -without 
affecting their values. 

SortClist, (card:Nul 1), (ord:Ord)l 
yields a list v obtained by sorting the top-level entries in list so that either the 
expressions Ap [card, ~Ent Cv, ~ip J are ~n canonical order (for i.ncreasing i), or 

In Cont Symbp Numbp Realp lmagp Intp Natp Evenp Oddp Ratp 
Projp Listp Contp Ful Ip Valp Heldp Polyp Cat Sort 
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Ap Cord, ~Ent Cv, liP ,Ent Cv, ~jp P is non-negative for i > j and is non-positive 
for i <j. 

Cyc [expr, (n: 1 )1 
gives a list or projection obtained by cycling entries or filters in expr to the left 
by n positions with respect to their first index. 

Rev Cezprl 
yields a list or projection obtained from expr by reversing the order of entries or 
filters with respect to their first index. 

Reor Cezpr. (/ : ezprC8l ). (raord :Sy111)1 
places filters of projections from f in expr in canonical order using the reorder­
ing (permutation) symmetries specified by reord. Symmetries are represented 
by the following codes (or lists of such codes applied in the order given) : 

Sy• 
Asym 

Cyclic 

Sym CiJ, i2, •• l 
Asym [il, i.8, •• J 

Completely symmetric under interchange of all filters. 

Completely antisymmetric . 
• s i g [9 .6] 
Completely cyclic . 
Symmetric with respect to interchanges of filters il , i.8, .. . 
Antisymmetric with respect to interchanges of filters il, i2, 

Cyc I i c Cil, i.8, •. l Symmetric under cyclic interchange of filters il, i2, . .. 

Grear qperml, (wtl : 1 )l, lperm.2, (wt2 : 1) } , •• ] 

Projections are multiplied by the weights obtained by appli­
cation of wti to them when their filters are permuted so that 
the jth becomes the permi[j]th. 

Projections from a symbol f are automatically reordered according to any permuta­
tion symmetries given (using the above codes) as the value of the property JrReorl 
[ 4]. 
• Comm [ 4] 
Ld i st [ezpr, (/ : ezprC01 ), (le11spec : Int), (domcrit : 1 )1 

"distributes" projections from f in the domain of expr specified by levspec and 
domcrit over lists appearing as their filters . 
f q C i 11 : v 11 , C i 2 l : v 12 , • • J , l [ i 11 : v 21 , C i 2 l : v 2 2 , • • J , a , • • l becomes 
Pill:f[vll,v21,a, .. l, Ci2l:fCv12,v22,a,..l, •• j where aisnotalist . 

Projections from symbols carrying the property Ld i st [ 4] are automatically distri­
buted over lists appearing as their filters . 
FI atCezpr, (levspec : Inf),(/ : exprC0l or), (domcrit : 1 )l 

"flattens" nested projections from f or lists in expr in the domain specified by 
levspec and domcrit [2.5]. f projections appearing as filters within f projections 
are replaced by null projections [2.3]. Sublists in lists are "unraveled". Indices 
in flattened lists are contiguous [2.4]. 

Projections from symbols carrying the property FI at are automatically "flattened" 
[ 4]. 

Un i on £list 1, list2, . . . l 
<Com11,Flat> 

yields a sorted contiguous [2.4] list of all entries appearing in listl, list2, ... 

Cyc Rev Rear Sym Asym Cyclic Ldist Flat Union 
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Inter UistJ. ListZ, .. .l 
<Co••,Flat> 

yields a sorted contiguous [2.4] list of the entries common to listl, list2, ... 

7.8 Distribution and expansion 

Ex Ce.zpr, (dlist). (ndlist: ! J), (rpt: Inf), (levspec: Inf), (tlam.crit: 1)1 
"expands" e::cpr in the domain specified by Levcrit and domcrit [2.5] using distri­
butive replacements for projections specified in dlist but not in nd I i st, per­
forming replacements on a particular level at most rpt times. The default 
replacements in dlist are standard mathematical results for Mu I t, D i v, Dot, 
Po1-1, Exp, Log, G and their extensions [4], together with any replacements 
defined by Dist or Poi.id i st properties [ 4]. 

Di st Ce%JW.U/ 1. g 1, ((h.1: g 1), (lcl :f 1)), (pspec: Inf) J, (rpt: Inf), (Levspec: Inf), 
(tlam.crit: 1 )1 

distributes occurrences of the projectors fi in expr (in the domain specified by 
levspec and domcrit [2.5]) over projections from gi appearing as their filters, 
yielding projections of hi and ki. Distributions on a particular level are performed 
at most rpt times. A distribution specified by U, g, h, k,pspec ~ corresponds to 
the replacement 
/Clll, g Lxl,x2,. .. l , H2l -> h[k [Ill, xl, H2l , k [1$1, x2, 1121 , .. .l . The possi­
ble positions at which the g projection may appear in / are specified by pspec 
according to 

i 

f ij 
i i,j ~ 
i i, j' pcrit ! 

1 through i . 

i only. 

i throughj. 
i through j and such that application of the template pcrit 
yields "true". 

Powd is tCe.zprHJpowl,fmultJ, (fplusl: PI us)J (rpt: Inf), (levspec: Inf), (tlam.crit: 1 )l 
performs a "power expansion" on projections from /powi appearing in expr (in 
the domain specified by levspec and domcrit) over projections from /plus 
appearing as their first filters, and yielding projections from qmult. Expansions 
on a particular level are performed at most rpt times. A power expansion speci­
fied by Upow,fmult,Jplusj corresponds to the replacement 
fpow[fplus[l$1], Sn_=Natp [In] l -> fmultCRep I [/plus[llll, Snl followed by 
distribution of /mult over /plus . 

• Ldi st [4,7.7] 

7.9 Rational expression manipulation and simplification 

Ne Ce.zprl 
gives the overall numerical coefficient of e::cpr. 
• [2.5] 

Coef Cterm., B.zp7", (tem.p: PI us )l 
yields the result of applying temp to the set of coefficients of term in expr. 

Expt Cform., e:z:pr, (tem.p:Ma>e)1 
yields the result of applying temp to the set of exponents for form in expr. 

Nu11 Ce:z:prl 
numerator of expr. 

Oen [e.zprl 
denominator of e::cpr. 

Inter Ex Dist Po~dist Ne Coef Expt Num Den 
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Rat Ce.zpr, (crit: 1 ), (levspec : Inf). {domcrit: 1 )l 
combines over a common denominator terms in the domain of expr specified by 
levspec and d.omcrit [2.5], and on which application of the template crit does not 
yield 0. 

Co I Ce.zpr, (crit : 1 ), (levspec : Inf), (domcrit : 1 )l 
collects terms with the same denominator in the domain of expr specified by 
levspec and d.omcrit, but on which application of the template crit does not yield 
0. 

Cb C ezpr, {fonn1t. ( levspec : Inf), ( domcrit : 1 )1 
combines coefficients of terms matching forml, form2, .. in the domain of expr 
specified by levspec and domcrit . 

•Fae, Pf [9.1] 

7.10 Statistical expression generation and analysis 

Rex C(n : 10), (Hunit 1, (uwt1 : 1 )t, . . . I). (Htem.p1. (twtl: 1 ), (nl: 1 )}, ... J)J 
generates a pseudorandom expression containing on average n "units" selected 
from the uniti with statistical weights uwti, and combined by application of tem­
plates selected from the tempi with weights twti; each tempi a.cts on ni expres­
sions (or an average of -ni expressions for negative ni ) . Simple defaults are pro­
vided for the uniti and tempi. 
• Rand [8.3] 

Ae>< Cexpr 1, ezpr2, . . .1 
performs a simple statistical analysis on the expri and yields a held [3.5] Rex 
projection necessary to generate further expressions with the same "statistical 
properties". 

Rat Col Cb Rex Aex 
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8. Mathematical functions 

8.1 Introduction 

Reductions of mathematical functions occur through simplification or numerical 
evaluation. Simplification yields an exact transformation; numerical evaluation is per­
formed only in the absence of symbolic parameters, and may be approximate. 

Simplifications for arithmetic operations [8.2] and numerical functions [8.3] are 
automatically performed. Elementary transcendental functions [B.5] are simplified 
only when the result is a rational number or multiple of a constant [B.4]. Many addi­
tional relations and transformations are given as replacements [3.3] defined in exter­
nal files, and applied selectively by S projections [3.3]. 
Real or complex numerical values for any of the functions described below are 
obtained by N projections [3.4]. 
Whenever a mathematical "function" is used to represent solutions of an equation, it 
may take on several values for any particular set of arguments, as conventionally 
parametrized by Riemann sheets . For such multivalued "functions", numerical values 
are always taken on a single "principal" Riemann sheet; at the conventional positions 
of branch cuts, the limiting values in a counter-clockwise approach to the cut are 
given. 
Differentiation, integration [9.4] and power series expansion [9.5] of mathematical 
functions is performed where possible. 
All projections representing mathematical functions carry the property Ld is t [ 4]. 
Definitions of mathematical functions are based primarily on four references: 
AS "Handbook of Mathematical Functions", ed. M.Abramowitz and l.Stegun, NBS 

AMS 55 (1964); Dover (1965) . 
GR "Table of Integrals, Series and Products", I.Gradshteyn and l.Ryzhik, Academic 

Press (1965). 

MOS "Formulas and Theorems for the Special Functions of Mathematical Physics", 
W.Magnus, F.Oberhettinger and RP.Soni, 3rd ed, Springer-Verlag (1966) . 

BMP "Higher Transcendental Functions", Bateman Manuscript Project (A.Erdelyi et 
al.) Vols 1-3, McGraw-Hill (1953). 

Citations in which notations or conventions differ from those used here are indicated 
by t. 

8.2 Elementary arithmetic operations 

erpr 1 + erpr2 + ... , e:r:pr 1 - e:rpr2 + ... , or PI us [e.:i:pr 1, expr2, .. J 
<Co•11,Flat> 

erpr 1 * erpr2 * .... or Mu It £erpr 1, erpr2, . . .l 
<CoM111,Flat> 

erpr1/erpr2or Div Cexprl, erpr2J 

erpr 1-.e:rpr2 or Pow Cerpr 1. erpr2J 

Sqrt [erprl 

erpr 1 • s:rpr2 • . .. or Dot Cexpr 1, e:r:pr2, .. .1 
<Flat> 

forms the inner product of e:rpr l,e:r:pr2... .. For two lists >< and y the inner pro­
duct is a list obtained by summing x [ i [lJ , i C2J , ••• , i Cn-lJ , k] * 
y Ck, j C2J, ••• , j Cml] over all values of the index k for which entries are 

Plus Mult Div Pow Sqrt Dot 
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present in both x and y. 
• Inner [9.6] 

e:z:pr1 ** e:z:pr2 ** ... or Omul t Ce:xprl, erpr2, .. .1 
<Co11111,Flat> 

forms the outer product of ex:pr 1, expr2, ... 
• Outer [9.6] 

B.2 

Multiplication of an expression by a numerical coefficient does not involve an explicit 
Mu I t projection. Such products may nevertheless be matched by a pattern in which a 
generic symbol representing the coefficient appears in a Mu I t projection [2.6]. 

PI us CexprJ and Mu It Cex:pr] are taken as expr; PI us[] is 0 and Mu It[] is 1. 

• Fctl, Dfctl, Comb [8.6] 

8.3 Numerical functions 

Gint[z] 
the greatest integer not larger than the real number x 

• Mod [8.10] 
Sign Cz1 

1 or -1 if xis a positive or negative real number, and 0 if xis zero. 
Theta [z] 

Heavyside step function ~(x ) . 
De I ta [z] 

Dirac's delta function o(x) . 
Abs Cxl 

the absolute value of a real or compiex number x. 
Conj Cerpr1 

complex conjugate. 
Re [e.zpr] 

real part. 
I RI [e.zprl 

imaginary part. 
Max (zl, z2, .. .l 
<Co mm, F I at > 

the numerically largest of xl, x2, .. if this can be determined. 
Min [zl, z2, . . .l 
<Co 11111, F I at > 

the numerically smallest of xl, x2, . . if this can be determined. 
Rand C(z : 1 ), (seed.} l 

pseudorandom number uniformly distributed between 0 and x. A nember seed 
may be used to determine the sequence of numbers generated. 

8.4 Mathematical constants 

Pi 
E 

Euler 

Deg 

1T = 3.14159 .. 

e = 2.71828 .. 
Euler-Mascheroni constant "Y = 0.577216 .. [AS 6.1.3; GR 9. 73; MOS 1.1] 

rr/180 = 0.0174533 .. 

Omult Gint S i gn Theta Delta Abs Conj Re Im Max Min Rand Pi 
E Euler Deg 
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Phi Golden ratio rp = 1.61803 .. 
Cata I an Catalan's constant 0.915966 .. [AS 23.2.23; GR 9.73] 
• I, Inf [2.2] 

8_5 Elementary transcendental functions 

Exp Czl 

Log [z, (base :E)l 
logarithm with branch cut along negative real axis [AS 4.1.1 ]. 

Sin [z] Asin[z] Si nh [z] Asi nh (z] 
Cos [z] Acos (z] Co sh (z] Acosh [zl 
Tan [z] A tan [z] Tanh [z] Atanh [z] 
Csc [z] Acsc [z] Csch [z] Acsch [z] 
Sec [z] Asec [z] Sech [z] Ase ch (z] 
Cot Czl Acot Czl Coth(z] Acoth(z] 

8.4 

trigonometric and inverse trigonometric functions with arguments in radians [AS 
4.4.1-4.4.6; AS 4.6.1-4.6.6]. 

• Deg [B.4] 

Gd (z], Agd [z] 

Gudermannian functions gd(z), gd-1(z) [AS 4. 3.117]. 

8_6 Gamma, Zeta and related functions 

Gam•a Cz. (a :8)l 
Euler r function r(z) [AS 6.1.4; GR 8.310; IlOS 1.1; BMP 1. 1] and incomplete r 
function r(z,a) [AS 6.5.3; GR 8.350.2; MOS 9.1.1; BMP 6.9.2.21]. 

n! or Fct I Cnl 
factorial [AS 6.1.6]. 

n! ! or Ofct I [n] 

double factorial [AS 6.1.49 (footnote); GR p.xliii] 
Poe C:z:, nJ 

Pochhammer symbol (x)n [AS 6. 1.22; MOS 1.1]. 
Comb [n. m.[1]. (m.[2] •.. . m.[k-1]. (m.[k] : n-m[J]-m.[2]-... -m[k-1]))1 

Multinomial coefficient (n ;m[l],m [2], · · · .mlk-~].m[k]) [AS 2~.1.2]; 

Comb [n, ml gives binomial coefficient ~J [AS 6. 1.21: MOS 1.1] 

E i Czl 
Exponential integral Ei(z) ~AS 5.1. 2; GR 8.2; MOS 9.2.1; BMP 6.9 .2.(25)]. 

• Erf [8.7] 
Expi C(n:l), z] 

Exponential integrals En (z) [AS 5.1.4; MOS 9.2.1]. 
Logi (z] 

Logarithm integral function li(z) [AS 5.1. 3; GR 3.2'r; MOS 9.2.l]. 
Sin i Czl 

Sine integral function Si(z) [AS 5.2.l; GR 8.230.1; MOS 9 .2.2]. 
Cos i [z] 

Cosine integral function Ci(z) [AS 5.2.2; GR 8.230.2; MOS 9.2.2]. 
Si nh i [z] 

Hyperbolic sine integral function Shi(z) [AS 5.2.3; MOS 9.2.2]. 

Phi Catalan Exp Log Gamma Fctl Ofctl Poe Comb Ei Expi Logi 
Sini Casi Sinhi 
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Coshi CzJ 
Hyperbolic cosine integral function Chi(z) [AS 5.2.4; MOS 9 .2.2]. 

Lob [zl 
Lobachevskiy's function L(z) [GR 8.26]. 

BetaC.z,y, (o. :1)1 
Euler B function B(x,y) [AS 6.2. l; GR 8.380; MOS 1.1; BMP 1.5] and incomplete B 
function B(x ,y ,a) [AS 6.6.1; GR 6.391.; MOS 9.2.5; BMP 2.5.3). 

Psi[z,(n:l)l 
Digamma function 'ljl(z) [AS 6 .3.1; GR 8.360; MOS 1.2; BMP 1.7.1] and polygamma 
functions 1Jlfn-l)(z) [AS 6.4 . l; MOS 1.2; BMP 1.16.1). 

Ler [z, (s:2), (a:0)l 
Lerch's transcendent ~(z ,s ,ex) [GR 9.55; MOS 1.6; BMP 1.11). 

ZetaCz, (o. :1)1 
Riemann ~function <"(z) [AS 23.2; GR 9.513,9.522; MOS 1.3; BMP 1.12] and gen­
eralized<" function <"(z,cx) [GR 9.511,9.521; MOS 1.4; BMP 1.10). 

Li C(n:2),zl 
Dilogarithm (Spence's function) Li2(z) [t AS 27.7; MOS 1.6; BMP 1.11.1] and poly­
logarithm function Lln(z) [BMP 1.11.(14)]. 

Catb Cn1 
Catalan's (3 function (3(n) [AS 23.2.21). 

EpeZqgJ,g2, ... J, fhl,¥, . . . J,s,phil 
Epstein's Z function z'~i ~~ :Js)IP [BMP 17.8). 

Ber Cn, (.z :0)l 
Bernoulli numbers Bn [AS 23.1.2; GR 9 .61; MOS 1.5.1; BMP 1.13.(1)] and polynomi­
als Bn(.z) [AS 23.l.1; GR 9.62; MOS 1.5.1; BMP 1.13.(2)). 

Eu I Cn, (.z)l 
Euler numbers En [AS 23.1.2; GR 9.63; MOS 1.5.2; BMP 1.14.(1)] and Euler polyno­
mials En(x) [AS 23.1.1; MOS 1.5.2; BMP 1.14.(2)] (note relative normalization 
between numbers and polynomials) . 

8. 7 Confluent hypergeometric and related functions 

Chg Co., c, zl 
Confluent hypergeometric (Kummer) function 1F 1(a;c ;z) [AS 13.1.2; GR 9.210; 
MOS 6. 1. 1). 

KumU Ca, b, z] 
Kurnmer's U function U(a,b,z) [AS 13.1.3; GR 9.210.(2); MOS 6.1.1]. 

Wh i M Cl, m., z1 
Whittaker's M function Mi,m (z) [AS 13.1 .32; GR 9.220.(2); MOS 7.1.1]. 

Wh i I.I U, m., zJ 
Whittaker's W function Wi.m(z) [AS 13.1.33; GR 9.220.(4); MOS 7.1.1). 

Par Cp, zl 
Parabolic cylinder functions Dp(z) [t AS 19.3.7; GR 9.240; MOS 8.1.1]. 

CouF Cl, e, r] 
Regular Coulomb wave function FL (17,r) [AS 14.1.3]. 

CouG Cl, e, rl 
Irregular Coulomb wave function Gz, ( 17, r) [AS 14.1. 14]. 

BesJ Cn, zl 
Regular Bessel function Jn(z) [AS 9.1.10; GR 8.402; MOS 3.1]. 

Coshi Lob Beta Psi Ler Zeta Li Catb EpsZ Ber Eul Chg KumU 
WhiM WhiW Par CouF CouG BesJ 
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BesYCn. zl 
Irregular Bessel function (Weber's function) Yn(z) [AS 9.1.11; GR 8.403.(1); MOS 
3.1]. 

Besj en. zl 
Regular spherical Bessel function in (z) [AS 10.1.1: MOS 3.3]. 

Besy en.. zl 
Irregular spherical Bessel function Yn(z) [AS 10.1.1; MOS 3.3]. 

BesK en.. zl 
Modified Bessel function ~(z) [AS 9.6.2; GR 8.407.(1); MOS 3.1]. 

Beel en. zl 
Modified Bessel function In(z) [AS 9.6.3; GR 8.406; MOS 3.1]. 

BesHl en, z) 
Hankel function HJ1>(z) [AS 9.1.3; GR 8.405. ( 1)]. 

BesH2 en, z] 

Hankel function HJ2>(z) [AS 9.1.4; GR 8.405.(1)]. 
Ke lbe [n, zl 

Complex Kelvin functions bern (z) + i bein (z) [AS 9.9.l; GR 8.561]. 
Kelke[n,zl 

Complex Kelvin functions kern (z) + i kein (z) [AS 9. 9.2; GR B.563. (2)]. 
StrH en.. zJ 

Struve functionHn(z) [AS 12.1; GR 8.550.(1)]. 

Strl en. zl 
Modified Struve function Ln (z) [AS 12.2. l; GR 8.550. (2)]. 

AngJ en. zl 
Anger functionJn(z) [AS 12.3.1; GR 8.580.(1)]. 

lolebE Cn. zl 
Weber's function En (z) [AS 12.3.3; GR 8.580.(2)]. 

Lom Cm,n, zl 
Lommel's functionsm,n(z) [GR 8.570.(1); MOS 3.10.1]. 

AirAi Czl 
Airy's functionAi(z) [AS 10.4.2]. 

Ai rBi ezJ 
Airy's function Bi(z) [AS 10.4.3]. 

Erf (z] 
Error function erf(z) [AS 7.1.1; GR 8.250.(1)]. 

Erfc ezl 
Complementary error function erfc(z) [AS 7.1.2]. 

• Gamma, E i [8.6] 
Free Czl 

Fresnel's function C(z) [AS 7.3.1; GR 8.250.(1)]. 
FreS ezl 

Fresnel's function S(z) (AS 7.3.2; GR 8.250.(2)]. 
Lag[n, (a:l), zl 

(Generalized) Laguerre function .LJ11>(z) [AS 22.2.12; GR 8. 970]. 
Her [n, zl 

Hermite's functionHn(z) [AS 22.2.14; GR 8.950]. 
Pep [n, nu, zl 

Poisson-Charlier polynomials Pn(v,z) [AS 13.6.11; MOS 6.7.2]. 

BesY Besj Besy BesK 
AngJ WebE Lom AirAi 

Beal BasHl BesH2 Kalbe Kalka StrH Strl 
AirBi Erf Erfc FreC FreS Lag Her Pep 
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Tor Cm..n, z1 
Toronto function T(m,n,z) [AS 13.6.20; MOS 6.7.2]. 

Batk Cn., zJ 
Bateman's functionk.,(z) [AS 13.6.33; MOS 6.7.2]. 

8.8 Hypergeometric and related functions 
Hg Ca, b, c, z] 

Gauss hypergeometric function 2F 1(a,b;c;z) [AS 15.1.1; GR 9.10; MOS 2 .1]. 
JacP Cn, a, b, z] 

Jacobi functions pJa.b)(z) [AS 22.2.1; GR 8.960; MOS 5.2.1]. 
Geg Cn, Z, .:r:] 

Gegenbauer {ultraspherical) functions ~,P>(x) [AS 22.2.3; GR 8.930; MOS 5.3. l]. 
CheT Cn., .:r:J 

Chebyshef function of first kind Tn (x) [AS 22.2.4; MOS 5.3.1]. 
CheU Cn, .:r:] 

Chebyshef function of second kind Un(x) [AS 22.2.5; MOS 5.3.1]. 
LegP CL, (m.:0), z1 

(Associated) Legendre functions Pr(z) [AS 8.1.2; GR 8.702; MOS 4.1.2, 5 .4 .1]. 
LegQCl, (n1. :0), z] 

6.7 

(Associated) Legendre functions of second kind Qr(z) [AS 8.1.3; GR 8.703; MOS 
4.1.2, 5.4.2]. 

• Beta [8.6] 
E 1 IK U:, (t :Pi /2)1 

· First kind elliptic integral K(k It) [t AS 17.2.6; t GR 8.111.(2); MOS 10.1] 
El IEC.I:, (t :Pi/2)1 

Second kind elliptic integral E(k It) [t AS 17.2.8; t GR 8.111.(3}; MOS 10.1] 
El IPi Ck,(t:Pi/2)1 

Third kind elliptic integralTI(k It) [t AS 17.2.14; t GR 8.111.(4); MOS 10.1] 

JacSn Cz, (m.:0)1 
JacCd Cz, (m.:0)1 
JacDc [z, (m:0)1 
JacNs [z, (m:0)1 

JacAm Cz, (m.:8)1 

JacCn [:, (m.:0)1 
JacSd Lz:, (m..:0)1 
JacNc [.:r:, (m..:0)1 
JacDs [.:r:, (m..:0)1 

JacDn [.:r:, (m.:0)1 
JacNd [z, (m.:0)1 
JacSc LoZ:, (m:0)l 
Jaccs Cz, (Tn:0)l 

Jacobian elliptic functions Sn(xim) etc. [AS 16.1; GR 8.144; MOS 10.3]. 
Jacth Ci,ul 

Jacobi 1' functions 1'i (u) [AS 16.27; GR 8.18; MOS 10.2]. 
IJeiPCul 

Weierstrass function P(u) [AS 18; GR 8.160; MOS 10.5]. 
&.lei z Cul 

Weierstrass (function ((u) (GR 8.171.(1); MOS 10.5]. 
Ueis[ul , 

Weierstrass a function a(u) [GR 8.171.(2); MOS 10.5]. 

Tor Batk Hg JacP Geg CheT CheU LegP LegQ El IK El IE Ei I Pi 
JacAm Jacth WeiP Weiz Weis 
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8. 9 Further special functions 

Ghg Cp. q, la.1, a.2, ... J, ~bl, b2, ... J. zl 
Generalized hypergeometric function [MOS 2. 9]. 

Mei [m,n,p,q, ~al, .. . ,apJ, !bl, .. . ,bqJ.zl 
Meijer G function [GR 9.30]. 

MacE Ca., b, z] 

MacRobert E function [GR 9.4; MOS 6. 7.2]. 
Ma tee Cn, :r, q1 
Matse Cn, :r, q1 

Mathieu functions cen (x ,q ),sen (x ,q) [AS 20; GR 8.61]. 

wig q;1. ml J. t;2, m.2J. 1;3. m.3P 
Wigner 3-j symbol (Clebsch-Gordan coefficient) Ui\ h~ ,h3

3) [AS 27.8.1]. 

Rae £j1,j2.j3,j4,j5,j8J 

Racah 6-j symbol ~ l ~ ~ J ~) 
8.10 Number theoretical functions 
Mod[n,ml 

the integer n modulo the integer m. 
Gcd CnJ, n2 •.. .l 

the greatest common divisor of the integers nl, n2, ... 
Divis[nJ 

a list of the integer divisors of an integer n . 
Nfac Cnl 

8.9 

a list of the prime factors of an integer or rational number n, together with their 
exponents. 

Pr i•e Cnl 
the n th prime number 

St il Cn. mJ . 
First kind Stirling numbers sJm> [AS 24.1.3]. 

St i2 Cn. mJ 
Second kind Stirling numbers s~m) [AS 24.1.4]. 

Mob C(k: 1),. nl 
Mobius µfunction µk (n) of order k [AS 24.3.1]. 

Jacsym Cp, qJ 

Jacobi symbol [~ [BMP 17.5]. 

Di vsi g C(k :1) , nl 
Divisor function a1:(n) (a0 (n)=d(n)) [AS 24.3.3]. 

ManLCnl 
Mangoldt A function [BMP 17.1.1]. 

Part [nl 
Partition function [AS 24.2.1]. 

Rrs [n] 

List containing reduced residue system modulo n. 
TotientCnl 

Euler's totient function ~(n) [AS 24.3.2]. 

Ghg Mei MacE Matce Matse Wig Rae Mod Gcd Divis Nfac Prime 
Stil Sti2 Mob Jacsym Divsig Manl Part Rrs Totient 
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Li 0 [n] 
Liouville's function 11(n) [BMP 17.1.1]. 

Jor Ck, nl 
Jordan's function Jk(n) (kth totient of n) [BMP 17.1.1]. 

• Comb [8.6] 

Lio Jor 
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9. Mathematical operations 

9.1 Polynomial manipulation 

Polynomials consist of sums of powers of "base" expressions. The bases in an expres­
sion are by default taken as the literal first filters of Po1-1 projections . 
• Po I yp [7.6.] 

Pd iv Ce%J>r 1. (e:rpr2 : 1 ). (form)J 
the polynomial quotient of expr 1 and e:r:pr2 with re~pect to the "base" form. 

P•od Ce%J>r 10 e:rpr2. (form.)1 
the remainder from division of expr 1 by e:rpr2 with respect to form (polynomial 
modulus). 
• Mod [B.10] 

Pgcd Ce:rpr 1. e:rpr2. (form.)1 
greatest common divisor of the polynomials expr 1 and expr2 with respect to 
form. 
• Gcd [B.10] 

Fae [e:rpr. (Lev : 1 ). ({forml}). (crit : 1 }, ({replm 
factors polynomials appearing at or below level le'u in erpr (and not yielding 
"false" on application of the template crit) with respect to "bases" matching 
forml, form2, . . The smallest available bases are taken as default . (The replace­
ments rep 1, rep2, .. will specify polynomial equations defining algebraic exten­
sions to the default real integer factorization field.) 

• Nfac [B.10] 
Pf Ce:rpr, (form)] 

yields a partial fraction form of expr with respect to the "base" form. 

9_2 Evaluation of sums and products 

Sum[~, var. (start :8). (end: Inf), (step : 1 ), (test : 1 )1 
sums the values of expr obtained when var takes on values from start to end with 
increment step (and such that the value of test is not 0 ) . 

Prod [~0 var, (start: 8), (end : Inf), (step : 1 ), (test : 1 )J 
forms the product of the values of e:r:pr obtained when var takes on values from 
start to end with increment step (and such that the value of test is not 0 ). 

Sums and products with infinite limits may be evaluated numerically with an N pro­
jection (3.4]. 
• Do [6.2] 

9.3 Solution of equations 

So I C{eqn1t.{form1}. ({elimlt)l 
takes the equations eqnl , .. (represented as Eq projections [6]) and yields c. list 
of simplified equations or, if possible, replacements giving solutions for forms 
matching /orml, .. after eliminating forms matching eliml, .. where possible. 
Undetermined parameters in solutions appear as indices in the resulting list. 

Solutions for classes of equations may be defined by assignments for the relevant 
So I projections [3.2]. The assignment So I [Hix] =Sy, lxJ : : So I [Ix= f i [Sy] , SxJ 
thus defines an "inverse" for the "function" f • 

• Md iv [9.6] 

Pdiv Pmod Pgcd Fae Pf Sum Prod Sol 
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9.4 Differentiation and integration 

A "variable" is an expression containing a single symbol (either on its own or in a pro­
jection; in the latter case the necessary Jacobian factors are extracted). 

D Ce.zpr,fvar 1, (n.1 : 1), (pt 1 : var 1)},fvar2, (n.2 : 1 ), (pt2 : var2)} . . .1 
forms the partial derivative of e:z:pr successively ni times with respect to the 
"variables" vari, evaluating the final result at the point vari __. pti. 

Dt [e.zpr,{var 1, (n.1 : 1 ), (pt 1: va.r 1)t,fvar2, (n2: 1 ), (pt2 : va.rZ)t . . .l 
forms the total derivative of e:r:pr with r espect to the variables vari. 

Dt Ce:r:prl 
forms the total differential of e:r:pr. 

Derivatives which cannot be performed explicitly are converted into a canonical form 
with internally-generated symbols [2.2] for the vari, and explicit values for ni andpti. 

Derivatives may be defined by assignments for the relevant 0 or D t projections. 
DCfCl><,lyJ, ~l><,l,lzP :gCSz,ly] defines the derivative of the "function" f with 
respect to its first "argument". 
In D projections, distinct symbols are assumed independen t . while in 0 t projections, 
they are assumed to be interdependent, unless the corresponding derivative has 
explicitly been assigned the value 0. Symbols or projections carrying the property 
Const [ 4] are assumed independent of all variables. 
N projections [3.4] yield when possible numerical values for derivatives with definite 
pti. 

Int [e.zpr,jvar 1, (Lower 1), (upper 1 : va.r 1)} . . .1 
forms the integral of e:z:pr successively with respect to the variables var 1, .. 
between the limits lower 1,.. and upper 1, ... If no lower limit is specified, an 
internally-generated symbol [2.2] is used. 

Integrals which cannot be performed explicitly are converted into a canonical form 
with internally-generated symbols for the vari. 
Integrals may be defined by assignments for the relevant Int projections. 

All distinct symbols are assumed independent. 
N projections [3.4] yield when possible numerical values for integrals with 
definite limits loweri and upperi. 

9.5 Series approximations and limits 

Pa C(e.zpr : 1),{vm-lt,iPtJt,l(sordl :0), ordltt. 
(ser: I [sorcll] :0, •• , [-11 :0, [9] :1, Cll :9, •• , CDT'dll :80J 

Power (Taylor-Laurent) series in var 1 .. .. about the points pt 1 .... to order ard1 ..... 
Terms proportional to va:rrj1 var2"j2 ... are given whenj1,j2,. .. lie within a sim-
plex with vertices fji :sardi), (j1 :ord1. ji:sordi), {j2:ord2, ji:sardi), .. . . ser[i] 
gives the coefficient of var ri in the power series. 

Ra [e.zpr, var,pt,fdegn, (degd : degn)t, (crit : ll=clegn&12=degcl), 
(sern : ! [0]: 1, ••• [degnl: 0 n. (serd : ~ [8]: 1, •• ' [degdl :0 J)l 

Rational (Pade) approximants in var about the point pt, to order degn in numera­
tor and degd in denominator series. All order {m, n) approximants with 
m+n<degn+degd such that application of the template crit to m,n yields "true" 
are given (in a list if necessary) . sern.[i] is the coefficient of var~i in the 
numerator series, and serd[jl of var"'"'j in the denominator. 

0 Dt Int Ps Ra 
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Cf Ce:.rpr, (var:l), (pt:8),i(sord:0), (ord:0)t, (ser: I £81 :1, £11 :9, •• , £ord1 :OJ)J 
continued fraction approximation in var about the point pt. ser [ i] gives the 
coefficient of var in the ith partial quotient of the continued fraction. 

erpr gives an overall factor for the se,ries . Input P s, Ra and Cf projections are sim­
plified so that all possible terms are transferred from erpr to coefficients in the 
series serk. 
Arithmetic and mathematical operations and substitutions (compositions) may be 
performed on series approximations: the results are taken to the highest permissible 
order. 

Ax Ce:.rprl 
yields an ordinary expression obtained by truncating all higher order terms in 
the series approximation erpr. 

If the expression erpr in P s, Ra and Cf is a series approximation, it is converted to 
the specified form, maintaining the highest permissible order. 

Series approximations may be defined by assignments for P s projections. 
Ps [exp ClxJ, Ix, 0, In]: Ps Cl, Ix, 0, Sn, ~Cl i]: l/S i ! p defines the power series for 
the exponential function around the origin. Ra and Cf use assign:nents made for 
Ps projections. 

Numerical values for series approximations are obtained using N. 

Li 11 Ce.zpr, var,pt] 
forms the limit of erpr as var tends to pt. A sequence of Ps projections of 
increasing order are formed until a definite limit is found. 

9-6 Matrix and explicit tensor manipulation 

Outer Ctemp, listl, list2, .. .1 
forms the generalized outer "product" of the lists listl, list2, .. with respect to 
the template temp. If entries in the lists t and u are specified as 
tCil,i2, .. ,ik] and uCjl,j2, .. ,jk] then Outer[f,t,u] is a list whose 
entries are given by Ap Cf, ! t Ci 1, i 2, .• , i kl , u C j 1 , j 2, .. , j kl l l 

Inner C(templ :Mu It), listJ, List2, (temp2:P I us)J 
forms the generalized inner "product" of listl and listZ with respect to the tem­
plates temp 1, temp2. 
• Dot [B.2] 

Cf Ax Lim Outer Inner 
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Trans Clist, (Le11s:2), 1 
yields a list obtained from list by transposing entries between two levels speci­
fied by levs (the ni are positive integers): 

n 1 and n 
~nl, n2~ nl and n2 

Tr Clist, (temp : P I us )1 
the generalized trace obtained by applying temp to the set of entries in list 
whose indices are all equal. 

Sig Clist, base] 
the signature of the permutation between base and list (0 if no permutation suf­
fices) . (If base is omitted, entries of list may appear directly as filters for Sig). 
• Asym [7.7] 

Det Clist1 
the determinant of a "full" list. 

Mi nvUistl 
the inverse of a non-singular matrix represented by list . 

Md iv [List 1, list2J 
yields a matrix mat such that list2. mat is equal to list 1. 

Tri ang Uistl 
gives the triangularized form of a matrix represented by list. 

E i g Clistl 

yields a list of eigenvalues and normalized eigenvectors for the matrix list. 
Si mtran Clistl 

the similarity transformation matrix necessary to diagonalize list . 

Trans Tr Sig Oet Minv Mdiv Triang Eig Simtran 
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10. Non-computational operations 

10.1 Input and out;>ut operations 
Lpr [e.zpr. (file :Nu I I )J 

prints expr to the specified file [ 10.3] (terminal as default) in a direct linear for­
mat suitable to be used as input, and in which labelling of parts is manifest 
[2.10]. It yields Nu I I as an image. 

Pr C ezpr 1. ( ez:pr 2 • ... )1 
prints expr 1, expr2, .. in turn (separated by tabs) wiL'1. standard two-dimensional 
format [2.12], a:::id yields the last expri as an image. 

Prh [e:r:pr1. (erpr2 • . . . )l 
prints the unsimplified forms of the erpri. 

Rd £(.:prompt: Nu I I), (file : Nu I I )l 
prints the expression prompt, then reads and simplifies one line of input (ter­
minated by newline) from the specified file [10.3). Default is input from sta'1dard 
input/output medium (usually terminal). A null line is read as Nu I I. 

Rdh [(:prom.pt: Nu I I ) , (file : ~u I I )J 
priats the expression prompt, then reads one line of input from file a..'ld yields its 
"held" [3.5] form. 

F 11 t C (prspec : Nu I I ). e:r:pr 1, erpr 2, .. .l 
yields a print form \\'ith the expri in a format specified by prspec: 
Nu l I expr 1 followed immediately by expr2 ... 

positive integer expr 1 followed by expr2 ... after prspec bla..'1.k spaces. 
list expri appear with ho::-izontal and vertical offsets defined by 

prspec[ iJ , according to {h.ori, veri}. e1'.'Pri with equal horizontal 
or vertical offsets are aligned. Those v.ith larger horizo:r..tal 
offsets are further to the right, and those with larger vertical 
offsets are higher up . If no entry exists in prspec for a partic­
ular expri, it appears immediately to the right of the last 
printed expression. A horizontal o:- vertical offset Inf speci­
fies a position to the right or above all other expressions. 

Sx C(g : ), lz1, x2, ... J, (class: 1), (:prec :1 )l 
yields a print form with the xi appearing in association with ccc:> with a syntax 
and precedence defined by class and prec as specified in [2.11]. 

Special output forms may be defined by assigning a suitable print form as the value of 
JCPr1 [4]. 

10.2 Graphical output 
Graph Cf(zl), yl, (z1)ff,{u, (v)f.{umin, (vm.in)},{uma.x, (vrruaz)f,{farm.11. 

~(%'11: 0), (yv : 8), {zv : Inf )},{u.pt, (vpt)f ,{({(xmin), zma.:tj ),{(ymi~). ym.a.=f, ({(zmin), zm.a.:tj)J 
generates a PI o t projection which prints as a plot of ccrves or surfaces ci.efined 
by the numerical values of xi, yi and zi as functio;:is of the parameters u and 'l.', 

between umin and uma:r: (with upt !;amples), and vmin and vmc:.....: (witb. vpt sam­
l'les) . .xv, yv, zv specify the point of observation for three-dimensional plots 
(contour plots by default). The formi define the style of curves plotted: integer 
codes give standard curve styles; other formi are printed. explicitly on the 
curves . Only points in the region bounde:i by :r:min, :r:ma.x, ymin, yma.x, zmin, 
zma.x are plotted. 

Lpr Pr Prh Rd Rdh Fmt Sx Graph 
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PI ot Cplist,{(2:11; 8), (yv; 0), (zv : In f)t, 
{({(xmin), %711a.zt),i(ymin), ym.a.zt, (~(zm.in), zma.zt)l 

prints as a plot containing points. lines, curves, surfaces and regions specified in 
plist. Ranges of coordinates default to include all forms given in plist. xmin, 
xma.x, .. . define boundaries of the region in which points are plotted. In two­
dimensional plots, forms given later in plist overwrite those given earlier when 
they overlap . In three (and higher) dimensions, explicit intersections and per­
spective are used. 
High-resolution graphics output is generated if a suitable device is available. 
PI ot Cl clears the plotting area. ([mplementationdependent) 

The list plist (whose sublists are flattened) contains; 
Pt ( ~%, y, (z) J, (form.)l 

represents a point with coordinates x, y and z, to be printed as form. When 
form does not print as a single character, the coordinates are taken to 
specify its lower left-hand corner. 

Line Cptlist, (Jorm)J 
represents a succession of straight lines between the point spzcified by Pt 
projections in the list ptlist: form specifies the style of line. 

Curve Cptlist, (Jorm.)1 
represents a smooth curve through the points specified by Pt projections in 
the list ptlist: form specifies the style of curve . 

Zone C~clist},/orm.1 
represents the interior of a region bounded by curves or lines specified in 
clist (with end points identified) to be filled with a texture or colour form. 
Infinity is taken as exterior. 

Nodeqx,y,zJ, llul,vlJ, lu2,v2J, . . . J, l(JcontJ : z), ... J, 
l(bcontl: u). (bcont2 : v), .. . p 

represents a node with coordinates x,y,z connected to nodes with parame­
ters ul,vl, u2,v2, .. in a triangular network. Contour lines with integer spac­
ing in each of the additional coordinates fconti are drawn on the front of the 
surface defined by the triangular network (and represented by a Surf pro­
jection). bconti specify contours for the back of the surface. The default 
back contour lines correspond to a square grid in the u,v parameter space. 
The front normal to a surface and the directions of increasing u and v 
respectively are taken to form a right-handed triple. 

SurfCI (uJ,1111 :nodel, Cu2,112l :nod.e2, ... J, (Jonn)l 
represents a surface spanned by a triangular network defined by Node pro­
jections nocl.ei with parameter values ui,vi, and with a texture or colour 
specified by form. 

Hu I I qpt 1, pt2 . . . J, /orm.1 
represents the surface formed by the convex hull of the points pt 1, pt2, .. . 
with a texture or colour specified by form . 

Axes q (x : Inf). (y : Inf), (z : I ntH, l(xtemp), (ytemp), (ztempH 1 
represents a labelled set of orthogonal axes intersecting at Pt (x, y, z] . 
:r:temp is a template applied to xmin and xmax to obtain a list of x 'ralues at 
which the x axis is to be labelled. ytemp and ztemp are analogous templates 
for the y and z axes . If xtemp, ytemp, ztemp are omitted, a heuristic pro­
cedure is used. 

Plot Pt Line Curve Zone Node Surf Hui I Axes 
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10.3 File input and output 
Files are specified by single symbols (with names enclosed in " "if necessary [2.2]). 
'lb.e portion of a file after the nth input line is labelled by ~filespec,nJ. ~filespec,-n~ 
specifies the portion following the nth line from the end of the file. Output is by 
default appended to files. Specification of ~file, 0 J causes new output to overwrite 
existing contents of file . The standard input/output medium (usually terminal) is 
considered as a special file denoted by the symbol Nu I I. Input and output charac­
teristics of a file are specified by a numerical code (defined in [A.3]). 
<file or Input Cfi.lel 

reads input up to the first cinput termination character-:> from the specified file . 
If ambiguous syntax [1.1,2] is encountered, a message is printed, and no further 
input occurs. If file is successfully input, the projection yields the last output 
line generated. (In some implementations [A.3], Input ,may be used to load a 
binary file into the data space of the current job.) 
• Rd, Rdh [10.1] 

Output Ce.zprl, (ezpr2, . . . ). (Jil.e :Nu 11 )l 
outputs assignments defining values give_n for the expri to the specified file in a 
form suitable for subsequent input. 

Open CfiJ.e, (code :1)1 
initiates entry of all subsequent input and output expressions into the specified 
file, in a mode defined by code [A.3]. 

CI ose CfiJ.e1,fiJ.e2, . . . J 
terminates entry of input and output expressions into the specified files. 

CI ose Cl stops the printing of any output on the standard output medium until 
Open Cl occurs. · 
• [1.3] 

10.4 Jlemor.y management 
(Implementation dependent) 

Gen 
reclaims memory not required for further processing (by "compacting garbage 
collection' '). 

10.5 External operations 

In it C(a.zpr 1, e.zpr2, ... )1 
defines various external parameters as specified in (A3]. 

E><i tC(e.zpr)J 
terminates the current job, passing the textual form of e:r:pr as an "exit code" 
[A.3] to the monitor (shell). 

Rune~. (arg1,arg2, .. . )J 
executes the textual form of e:r:pr (printed by L pr [ 10.1]) as a monitor (shell) 
program [A.2], using the textual forms of the a.rgi as input [A2]; the text of any 
output [A.2] generated is simplified and given as the image [ 1.10]. 

• (1.6] 

Input Output Open Close Ge lnit Exit Run 
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10.6 Character string manipulation 

Ed Ce.zpt"l 
enters edit mode [1.7], with the textual form of e:rpr, as printed by Lpr, in the 
edit buffer, and yields as a result the edited expression. 

EdhC~l 
enters edit mode with the text of a partially simplified form [3.5] of e:r:pr in the 
edit buffer. 
• Ev [3.7] 

Make [(start: f). (e.zpr: (ne:d integer))J 
generates a symbol with name obtained by concaten,ating the textual form of 
start with the textual form of expr, or, by default, with the smallest positive 
integer necessary to form a previously unused name. · 

E><p I Ce.zprl 
gives a list of numerical codes for each of the characters appearing in the textual 
form of e:r:pr (as printed by Lpr ). Characters are numbered from 0 to 94 in the 
order: 
0123456789abcdefghijklmnopqrstuv~xyzABCOEFGHIJKLMNOPQRSTUVWXVZ 

cspace::>! "/JI%&\' 0 *+, -. /:: <•>?@[\] .... _\'~I i'" 
I mp I qn.J. n2, n3, ... p 

generates a symbol whose name consists of the characters specified by the 
numerical codes nl, n2, nS, ... 

10. 7 Programming aids 
Step C~. (nest:l)l 

steps through the simplification of e:rpr. Each segment in procedures [6.3] or 
iteration structures [6.2] nested to depth less than nest is printed, and an 
interactive subsidiary procedure (1.8] is initiated. 

• Trace [ 4] 
• Ev [3 .7] 

Struct Ce.zpt"l 
prints a schematic picture of the internal representation of e:rpr. 

10.8 Performance analysis 

State Cl 
yields a list giving the number of memory "blocks" used (after last memory rec­
lamation, at present, and maximum so far). One block is the memory required 
to store a single symbol (usually 16 bytes [A.5]) . 

• [1.4] 
Size Ce.zprl 

yields a list whose first entry is the actual number of memory blocks occupied by 
e:rpr, and whose second entry is the number which would be occupied if all com­
mon subexpressions were stored separately. 

Ti•e r~. (n:l)l 
simplifies e:rpr n times, and yields an Err projection [2.1] giving the approxi­
mate average CPU time in "clicks" [A.5] used for each simplification. 

Ed Edh Make Expl Impl Step Struct State Size Time 
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10.9 Program construction 

(Implementation dependent) 

Cons C{f 1 •. .. t.~(Jile 1 : ) •... t. (code: 9)1 
constructs if possible an external program which obtains the values assigned to 
projections of the /i. Resulting programs are placed in the files fil ei . The 
language and treatment of the external programs is determined by code F.l. S 

specified in the implementation notes. With certain code, the external programs 
assume that all symbols take on numerical values. Non-local variables are 
assumed to have constant values . Projections whose evaluation may be carried 
out by external programs carry property Cons . 

10.10 Asynchronous and parallel operations 

(Implementation dependent) 

Some implementations allow a set of independent processes to be performed in paral­
lel. either as asynchronous jobs on a single computing unit, or as jobs in separate 
computing units. · 
Processes (including procedures within them) are specified by a unique expression 
used as a name: the basic process is Nu I I. A particular expression may be r.aodified 
by only one of a set of parallel processes. The order of operations in different 
processes is usually not determined. 
Fork C(ezpr:Nu 11 ). (na.rne : (ne:zt integer)). (pri: 1 )l 

initiates the named parallel process to simplify e:r:pr at priority pri, yielding 
name. If name is not specified, a unique integer name is assigned to the process. 
Any existing process name is terminated. Several processes competing for a sin­
gle computing unit are executed at higher priorities for lower pri. Processes on 
separate computing units are executed when possible with instruction times in 
ratios given by pri. 

Iola i t Cfnam.e 1. na.me2 • ... )l 
waits for completion of the processes namel , nam.e2, ... , yielding the resulting 
ie:rpr 1, e:rpr2, ... ) 

Para Cezpr 1, e:rpr2, .. .l 
is equivalent to Wait [~Fork CexprJJ, Fork Ce:r:pr2J, .. . p and simplifies the expri 
in parallel. yielding a list of the results. 

Fork [mess, code] may be used to transfer mess to Wait [code] in another process. 
Fork[, name] terminates the process name, possibly from within name. 

CI ock C(n.am.e: (present processJ)l 
yields a list of the total elapsed computing unit time (in clicks) and total elapsed 
real time (in seconds) since the initiation of the specified process (0 if the pro­
cess is not executing). 

Rt i [code] 
represents a real-time interrupt whose value is simplified immediately on receipt 
of the interrupt code. 
• [1.4] 

Cons Fork Wait Para Clock Rti 
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Appendix. External interface 

A.1 Introduction 
This appendix describes in general terms features of SMP affected by its external 
enviroment. Details of these features vary between different implementations of SMP. 
Information for a particular implementation should be given in the "Implementation 
Notes". Mechanisms for features under different operating systems will not be 
described; they are discussed in the "SMP Implementation Guide" (available 
separately). 

A. 2 External operations 

Typical external operations provided in SMP implementations are: 
Hard C(e:zpr). (code)] 

generates a hard copy of e:r:pr on the device specified by code. Hard[] yields a 
hard copy of all input and output expressions. Graphics output is given if possi­
ble. 

Osp C(file: smp. out)1 
prints the specified file. 

Save C(rec: smp. ou t).filel 
creates a permanent copy file of the record file rec. 

Send C(unam.e)l 
enters send mode: arbitrary text terminated by cm.put termination cha.racfar:> 
is sent to the location or user identified by unam.e. cbreak interrupt:> may be 
used to include SMP expressions. Send Cl sends the text to a centra.l SMP 
report file at each installation. 

DirCdirl 
changes the default "user" file directory [A.4] to di:r. 0 i r [) resets to the direc­
tory given at initialization. 

A. 3 Terminal characteristics 

The following are ASCII equivalents for non-alphabetic characters used in this hand­
book: ! (041) 042 () # (043) S (044) ,; (045) & (046) ' (047) ( (050) ) (051) * 
(052) + (053) , (054) - (055) • (056) I (057) : (072) ; (073) < {074) = (075) > 
(076) ? (077) @ (100) r (133) 134 () l (135) .... (136) _(137) ' (140) ~ (173) I 
(174) I (115) "'(176) 
Replacements for input text may be specified using Sxset [2.11]. 
Characteristics of a terminal or file may be specified in Open or In it as a list whose 
entries usually include 

Number of lines printed before f.ause for end of page . (Input of newline contin-
ues printing). (Inf for no pause . . 

Position of first character to be printed on left. 
Position of last character to be printed on right. 
Hardware tab spacing (0 if none). 
Type of graphics mode (0 if none). 

Hard Dsp Save Send Dir 
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Graphics mode entry code. 
Graphics mode return code. 
Screen clear/form feed code. 

Many other parameters may be provided in a particular implementation. 

A.3 

Common classes of terminals may be specified by a single integer code, as defined in 
the implementation notes. 

A.4 External files 
If no explicit file directory is specified, external files are first assumed to be in a 
default "user" directory, and failing that in a central "library" directory. The default 
directories are specified by In i t (A.5]. 
The names of external files provided with releases of SMP all begin with the letter X. 
Names of new external files should begin with letters other t han X. Files whose 
names end with SX contain syntax modifications [2.11]. 
Most external files contain SMP input lines . In some versions of SMP, external files 
may also contain direct binary forms of SMP expressions. Such files are recognized 
and treated appropriately by Input [ 10.3]. The names of binary files should usually 
end with #f3 or • B 
The record file [1.3] for each SMP job is placed in the "user" directory, and usually 
named smp. out 

A.5 Initialization 
In it [ (udir: ). (libd.ir : ), (tenn : )1 

specifies default "user" and "library" directories, and defines characteristics of 
the terminal. 

If provided, SMP jobs read an initialization file, usually named smp. in i t 

When an SMP job is initiated, it is often possible to pass "arguments" to the job, giving 
files to be read for initialization (after smp. in it). 

When an SMP job terminates, it passes by default a "successful completion" exit code 
to the monitor; other exit codes may be specified in Ex i t. 
If provided, a termination file smp. end is read before termination of an SMP job. 

A.6 System characteristics 
The "block" is the basic unit of memory used by SMP. Its physical size in terms of 
bytes may vary from one implementation to another: in most cases, one block is 16 
bytes. 
• State [10.8] 
The "click" is the basic unit of CPU time used in SMP. A "click" is defined by the time 
taken to execute certain initialization procedures; the time for operations in different 
installations should be roughly a fixed number of "clicks". On a VAX.1 11780 one "click" 
corresponds to approximately one second. 
• #T [l.2] 
• Ti me [10.B] 

In it 
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• C I ock [ 10.10] 

A. 7 External programs 
External programs may be entered explicitly or may be constructed from SMP defini­
tions using Cons [10.9]. They may be run explicitly using Run [1.10,10.9], or may be 
defined by Cons to be used automatically by SMP in simplifying particular p~ojec­
tions. Each invocation of an external program receives only one set of parameters 
from Run or its associated projection. External programs may usually return any 
number of input lines to SMP. The simplification of a projection involving an external 
program is complete when the external program terminates . 

External programs invoked by Run may comm\JI'licate with SMP by one of several 
mechanisms: 
1. Take input and output on the standard input and output media, but pass them 

through pre- and post-processors which direct them to and from SMP. 
2. Use the SMP IO library functions to obtain input directly from SMP, and pass out­

put directly to SMP. In this case, additional input and output may occur on the 
standard input I output medium. 

The SMP IO library is usually included in external programs by an option for the com­
piler used. 

For the C language the SMPIO library contains the functions fromsmp and tosmp, 
analogous to scan f and print f respectively. The following conversion characters 
may be used in the control string: 
%n Decimal number (in SMP *"'"format [2.1]). 
%s Character string. 

fromsmp and tosmp usually use the input-output channel 3. 
External programs constructed with Cons are usually linked directly as the values of 
projections in a running SMP job. 

In it 
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MaiiL 8.10 
Map 7.2 
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Matce 8.9 
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Mei 8.9 
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Mob 8.10 
Mod 8.10 
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Nul I 2.2 
Num 7.9 
Nu111bp 7.6 
Oddp 7.6 
Off 1.9 
011u It 8.2 
bn 1.9 
Open 10.3 
Or 5. 
Ord 5. 
Outer 9.6 
Output 10.3 
p 5. 
Par 8.7 

Para 10.10 
Part 8.10 
Pep 8.7 
Pdi v 9.1 
Pf 9.1 
Pgcd 9.1 
Phi 8.4 
Pi 8.4 
Plot 10.2 
Pl us 8.2 
Pmod 9.1 
P.oc 8.6 
Polyp 7.6 
Pos 7.3 
Pow 8.2 
Powdi st 4. 
Powd i st 7.8 
Pr 10. l 
Pr 4. 
Prh 10.1 
Prime 8.10 
Proc 6.3 
Prod 9.2 
Proj 7.3 
Projp 7.6 
Prop 4. 
Preet 4. 
Ps 9.5 
Psi 8.6 
Pt 10.2 
Ra 9.5 
Rae 8.9 
Rand 8.3 
Rat 7.9 
Ratp 7.6 
Rd 10.1 
Reth 10.1 
Re 8.3 
Realp 7.6 
Rel 3.5 
Reor 4. 
Reor 7.7 
Rep 3.3 
Repd 3.3 
Rep I 7.1 
Ret 6.3 
Rev 7.7 
Rex 7.10 
Rpt 6.2 
Rrs 8.10 
fHi 10.10 
Run 10.5 
s 3.3 
Save A.2 



Sec 8.5 
Sech 8.5 
Send A.2 
Seq 7.1 
Set 3.2 
Setd 3.2 
s 3.3 
s g 9.6 
S gn 8.3 
S mtran 9.6 
S n 8.5 
S nh 8.5 
S nh i 8.6 
S n i 8.6 
S ze 10.8 
Smp 3.1 
Sol 9.3 
Sort 7.7 
Sqrt 8.2 
State 10.8 
Step 10.7 
St i1 8 .10 
St i2 8.10 
StrH 8.7 
Strl 8.7 
Struct 10.7 
Sum 9.2 
SL1rf · 10.2 
Swtch 6.1 
S>< 10.1 
S>eset 2.11 
Sym 7.7 
Symbp 7.6 
Sys 4. 
Tan 8.5 
Tanh 8.5 
Theta 8.3 
Tier 4. 
Ti me 10.8 
Tor &7 
tot i ent 8.10 Tr 9.6 
Trace 4. 
Trans 9.6 
Tree 7.4 
Tr iang 9.6 
Type 4. 
Tyset 4. 
Ur.eq 5. 
Lin ion 7.7 
lisp 11.2 
Uspb 11.2 
Valp 7.6 
Jolait 10.10 
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WebE 8.7 
IJeiP 8.8 
Weis 8.8 
Wei z 8.8 
WhiM 8.7 
iJhi w 8.7 
Wig 8.9 
><or 5. 
Zeta 8.6 



SMP library topic directory 

A. Mathematics 
1. Fundamentals 

><Ack Ackermann function 
)([) i os Solution of Diophantine equations 
><Fib Fibonacci numbers 
XGr Basic graph theory 
)(1...01 Lowest common multiple 
)(Logic Elementary laws in propositional calculus 
)(l...ogic2 Elementary logic with quantifiers 
)(l...ogi c:Pr Logical truth tables 
><Sets Elementary finite set theory 
XSetsSX Set theory notation 
XTup n-tuples 

2. Algebra 
XArperm Generation of permutations 
><Base Conversion of integers in arbitrary number bases 
><Frac Fractions 
XMatl Matrix input and generation 
.XMat2 Structural matrix operations 
XMat3 Matrix character tests 
XMat4 Algebraic matrix operations 
>CPerm0 Permutations 
>CPerml Elementary operations on permuations 
>CPermC Cycle decomposition of permutations 
><Rs I t Polynomial resultants 
XSyinpo I Generate symmetric polynomials 

3. Analysis 
><Abs Extensions for Abs 
XA i r Airy and related functions 
><Ang Anger and Weber functions 
><Ber Bernoulli polynomials 
XBesl Functional relations for Bessel functions 
XBes2 Recurrence relations for Bessel functions 
><Bee3 Bessel functions of integer order 
><Bes4 Bessel functions of half odd integer order 
><BesS Special cases for half odd integer order Bessel functions 
><Beta Euler beta function 
><Che Chebychef polynomials 
><Chg Confluent hypergeometric function 
)[)Sol Series solution of differential equations 
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><Di ff Finite differences 
XOios Solution of Diophantine equations 
><Eu I Euler polynomials and numbers 
XFPow Functionals 
><Gamma Gamma function 
><Geg Gegenbauer polynomials 
><Harm Harmonic sequence 
><Her Hermite polynomials 
><Hgl Hypergeometric functions - 1 
)(Hg2 Hypergeometric functions - 2 
><Hg3 Hypergeometric functions - 3 
)(Hg4 Hypergeometric functions - 4 
><HgS Functional relations for hypergeometric functions 
Xlnt Elementary definite integrals 
XI ter General iterated forms 
><Jae Jacobi polynomials 
XKuniJ Kummer U function 
Xlag Laguerre polynomials 
><Lap Laplace transforms 
Xlatsum Lattice sums 
Xleef' Legendre polynomials 
><Levi Generate Levi-Civita tensor 
Xlom Lommel function 
><Norm Norm of a vector 
XOpl Orthogonal polynomials - 1 
XOp2 Orthogonal polynomials - 2 
XOp3 Orthogonal polynomials - 3 
XOpR Rodrigues formulae for orthogonal polynomials 
><Par Parabolic cylinder function 
XSo I Inverses of elementary transcendental functions 
XStr Struve functions 
XSum Summation of series 
XSUllFR Special output form for Sum 
XTE>< Tensor expansion 
XTrl Elementary transcendental functions - 1 
XTr21 Elementary transcendental functions - 2.1 
XTr22 Elementary transcendental functions - 2.2 
XTr23 Elementary t!'anscendental functions - 2.3 
XTr24 Elementary transcendental functions - 2.4 
XTr25 Elementary transcendental functions - 2.5 
XTr26 Elementary transcendental functions - 2.6 
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XTr27 Elementary transcendental functions - 2. 7 
XTr28 Elementary transcendental functions- 2.8 
XTr29 Elementary trancendental functions - 2.9 
XTr2a Elementary transcendental functions - 2.10 
XTr311 Elementary transcendental functions - 3.1.1 
XTr312 Elementary transcendental functions - 3.1.2 
XTr32 Elementary transcendental functions - 3.2 
XTr33 Elementary transcendental functions - 3.3 
XTr4 Elementary transcendental functions - 4 
XTrS Elementary transcendental functions - 5 
XVecan Three-dimensional vector analysis 
XJ..lh i Whittaker function 
XJ..lron Wronskian and Jacobian 
><Zeta Riemann zeta function 

4. Geometry and topology 
><Rot2 Rotations in two dimensions 
><Rot3 Rotations in three dimensions 
><Po I ar Polar graphs 
XP I ot Operations on plots 

5. Applied mathematics 
><Fit Curve fitting 
><Horn Horner representation 
XI nfo Basic information theory 
XI tp Lagrange interpolation of list values 
><LI tp Interpolation of contiguous list values 
><RandC Generation of random numbers from continuous distributions 
><RandO Generation of random numbers from discrete distributions 
><RanclL Random selection of list elements 
Xstat Statistical properties of univariate distributions 
><Turing Turing machine simulation 

B. Physical sciences 
1. Classical mechanics 

><Lor Lorentz vectors 
2. F1uid mechanics 
3. Statistical mechanics 
4. Properties of matter 
5. Electrodynamics 
6. Quantum theory 

G Dirac gamma matrix manipulation 
XF i erz Fierz transformations 
><Pauli Representation of Pauli sigma matrices 
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7. Astrophysics and gravitation 
XLev i Generate Levi-Civita tensor 

8. Chemistry 
9. Earth sciences 
10. Physical quantities 

XO i m Dimensional analysis 
XMKS MKS/SI units 
XNA T Natural units 
XPhy s Fundamental physical constants 

C. Life and social sciences 
1. Biology 
2. Medicine 
3. Sociology 
4. Economics 

D. Technology 
1. Mechanical engineering 
2. Civil engineering 
3. Hydraulic and aeronautical engineering 
4. Electrical and optical engineering 
5. Chemical engineering 
6. Systems engineering 

E. Miscellaneous 
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SMP library section directory 

1. Basic system operation 
1. Input and output 
2. Global objects 
3. External files and job recording 
4. Termination and real-time interrupts 
5. Processing impasses 
6. Monitor escapes 
7. Edit mode 
8. Procedures and subsidiary mode 
9. Information and elaboration 

X&.larn Warning messages 

10. External programs and program construction 
11. Parallel processing 

2. Syntax 
1. Numbers 

XBase Conversion of integers in arbitrary number bases 
XO i g Digit manipulation 
XFrac Fractions 

2. Symbols 
3. Projections 

XUnmark Remove Marks 

4. Lists 
5. Expressions 

XLev Isolate single level 

6. Patterns 
XGenp Test for generic symbols 

7. Templates 
8. Chameleonic expressions 
9. Commentary input 
10. Input forms 
11. Syntax modification 
12. Output forms 

XPR Special output forms 

3. Fundamental operations 
1. Automatic simplification 
2. Assignment and deassignment 

XK i I I I 0 Kill Input/Output 
XMSe t Automatic memo definition 

XSpare Remove almost all values 
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3. Replacements and substitutions 
4. Numerical evaluation 
5. Deferred simplification 
6. Pre-simplification 
7. Partial simplification 

4. Properties 

5. Relational and logical operations 
Xlog i c Elementary laws in propositional calculus 

6. Control structures 
1. Conditional statements 
2. Iteration 
3. Procedures and flow control 

7. Structural operations 
1. Projection and list generation 

XArperm Generation of permutations 
XTup n-tuples 

2. Template application 
XOap Directional app1.ication 
XNMap Multi-element generalization of Map 

3. Part extraction and removal 
XLev lsolate single level 

4. Structure determination 
XLenex Length of expanded expressions 
XLPar t List positions of all parts 

5. Content determination 
XAny Test for any elements of list satisfying condition 

6. Character determination 
XGenp Test for generic symbols 
XI n t p Additional rules for integer testing 

7. List and projection manipulation 
XCon ti g Make list contiguous 
XDap Directional application 
XI nd Manipulation of indices in lists 
XLAr i th Arithmetic operations on lists 
XL i e t0 Basic list manipulations 
XL i et 1 Operations on sublists 
XMax ind Find maximal index 
XPee I Peel away sublists 
XPro j Projection manipulation 
XUnF I at List unflattening 
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8. Distribution and expansion 
Xlene>< Length of expanded expressions 

9. Rational expression manipulation and simplification 
10. Statistical expression generation and analysis 

XI n f o Basic information theory 
XRandl Random selection of list elements 
XRpo I y Random polynomial generation 

8. Mathematical functions 
1. Introduction 
2. Elementary arithmetic operations 

XExDot Expansion of dot products 
3. Numerical functions 

XAbs Extensions for Abs 
XRandC Generation of random numbers from continuous distributions 
XRandD Generation of random numbers from discrete distributions 

4. Mathematical constants 
5. Elementary transcendental functions 

XTrl Elementary transcendental functions - 1 
XTr21 Elementary transcendental functions - 2.1 
XTr22 Elementary transcendental functions - 2.2 
XTr23 Elementary transcendental functions - 2.3 
XTr24 Elementary transcendental functions - 2.4 
XTr25 Elementary transcendental functions - 2.5 
XTr26 Elementary transcendental functions - 2.6 
XTr27 Elementary transcendental functions - 2.7 
XTr28 Elementary transcendental functions- 2.8 
XTr29 Elementary trancendental functions - 2.9 
XTr2a Elementary transcendental functions - 2.10 
XTr311 Elementary transcendental functions - 3.1.1 
XTr312 Elementary transcendental functions - 3.1.2 
XTr32 Elementary transcendental functions - 3.2 
XTr33 Elementary transcendental functions - 3.3 
XTr4 Elementary transcendental functions - 4 
XTr5 Elementary transcendental functions - 5 

6. Gamma, zeta and related functions 
XBer Bernoulli polynomials 
XBeta Euler beta function 
XEu I Euler polynomials and numbers 
XGamma Gamma function 
Xler Lerch transcendent 
XZe ta Riemann zeta function 
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7. Confluent hypergeometric and related functions 
XA i r Airy and related functions 
XAng Anger and Weber functions 
XBesl Functional relations for Bessel functions 
XBes2 Recurrence relations fer Bessel functions 
XBes3 Bessel functions of integer order 
XBes4 Bessel functions of half odd integer order 
XBes5 Special cases for half odd integer order Bessel functions 
XChg Confluent hypergeometric function 
XHer Hermite polynomials 
XKumU Kummer U function 
Xlag Laguerre polynomials 
Xlom Lommel function 
XPar Parabolic cylinder function 
XS tr Struve functions 
Xl..lh i Whittaker function 

8. Hypergeometric and related functions 
XChe Chebychef polynomials 
XGeg Gegenbauer polynomials 
XHgl Hypergeometric functions - 1 
XHg2 Hypergeometric functions - 2 
XHg3 Hypergeometric functions - 3 
XHg4 Hypergeometric functions - 4 
XHgS Functional relations for hypergeometric functions 
XJac Jacobi polynomials 
XLegP Legendre polynomials 
XOpl Orthogonal polynomials - 1 
XOp2 Orthogonal polynomials - 2 
XOp3 Orthogonal polynomials - 3 
XOpR Rodrigues formulae for orthogonal polynomials 

9. Further special functions 
10. Number theoretical functions 

XAbs Extensions for Abs 
XAck Ackermann function 
XF i b Fibonacci numbers 
XHar m Harmonic sequence 
XLCM Lowest common multiple 

9. Mathematical operations 
1. Polynomial manipulation 

XPo I y Information on polynomials 
XRs I t Polynomial resultants 
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2. Evaluation of sums and products 
XI ter General iterated forms 
XSum Summation of series 

3. Solution of equations 
XO i as Solution of Diophantine equations 
XLdEq Lists of equations 
XSo I Inverses of elementary transcendental functions 

4. Differentiation and integration 
XI nt Elementary definite integrals 
XVecan Three-dimensional vector analysis 

5. Series approximations and limits 
6. Matrix and explicit tensor manipulation 

XCon Tensor contraction 
XOap Directional application 
Xlev i Generate Levi-Civita tensor 
XMa t 1 Matrix input and generation 
XMat2 Structural matrix operations 
XMat3 Matrix character tests 
XMat4 Algebraic matrix operations 
XNor m Norm of a vector 
XTEx Tensor expan.sion 

10. Non-computational operations 
1. Input and output operations 
2. Graphical output 

XP I hi st Plot histogram 
XRot2 Rotations in two dimensions 
XRot3 Rotations in three dimensions 

3. File input and output 
XWatch Watching external file input 

4. Memory management 
XK i I I I 0 Kill Input/Output 

5. External operations 
6. Character string manipulation 

XChar Character manipulation 
XStr0 Basic character string manipulation 
XStrl Further character string manipulation 

7. Programming aids 
8. System performance analysis 
9. Program construction 
10. Asynchronous and parallel operations 
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0. Preliminaries 

This and the following sections provide a pedagogical introduction to the basic 
features of SMP. Knowledge of these features suffices for many applications of SMP. 
Reference is made when appropriate to the "SMP Reference Manual", which gives a 
complete and systematic description of the facilities in SMP. 
This primer assumes no prior experience with computer systems . A glossary of some 
technical terms used is given as an appendix. 
As with all computer systems, SMP is most effectively learned through use. The 
reader is therefore strongly encouraged to experiment on an actual SMP system. 
Many superficial features of SMP differ from one installation to another. The details 
pertinent to a particular installation should be given in the "Implementation Notes" 
section of this handbook. 
First find a suitable terminal, connect it to the computer, and log in (as described in 
the "Implementation Notes"). A video terminal will probably be much more con­
venient than a printing one; SMP always keeps a record of your work. On video termi­
nals there is usually a "cursor" (often a square or an underscore) which indicates the 
position at which the next character will appear. Under normal circumstances, any 
character typed on the terminal should appear at this position•. (If this fails to hap­
pen, check that the terminal is connected to the computer, and that it is not on 
"local". Terminals sometimes become "locked" : switching power off momentarily may 
"unlock" them. If each character is printed twice, switch the terminal or telephone 
modem from "half duplex" to "full duplex".) Next identity the characters on the ter­
minal referred to in the "Implementation Notes". "Control" characters are typed in 
direct analogy with upper-case "shifted" characters: hold down the key marked 
"CTRL" and press the required character. 

On most systems, no typed input is processed until a cnewline:> is entered. Except 
for very complicated operations, the computer should respond to any input within a 
few seconds; if an expected response is not forthcoming, the computer is probably 
waiting for cnewline. :> (An extra cnewline:> is never detrimental.) Before the cnew­
line:> is entered, text on a line may be deleted and retyped. ccharacter delete:> 
causes the last character typed to be discarded; typing two ccharacter delete:> dis­
cards the last two characters, and so on. When a character is discarded, the cursor 
usually backspaces over its position (however, on some systems, the discarded char­
acter is reprinted) . A replacement character may then be typed. cHne delete:> dis­
cards all characters typed so far on the present line. 
Characters in examples given below may be different for particular systems. Any such 
differences are listed in the "special characters" section of the "Implementation 
Notes". 
Notice that upper and lower case letters are distinguished in SMP. (If your terminal 
does not allow lower case letters, the "Implementation Notes" will give the necessary 
instructions.) 
Now, using the instructions in the "Implementation Notes", start an SMP job. 

• Except when a "password" is beinB entered. 
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1. Fundamentals 
When SMP is called, it begins by printing• 

SMP version 1 

#I [ 1] I : c 

placing the terminal cursor at the position marked a. With this prompt, the SMP job is 
ready to receive its first input. #I Cl l is the name to be assigned to this first input 
line. As a first example of an input expression, type 2+5 followed by cnewline. ::> 

/II [ 1J I I 2+5 

/IOCll: 7 

/JI ( 2] 1 : c 

SMP read the input expression 2+5, simplified it, and printed the result 7 as the first 
output expression #0 [1] . It is now ready to receive a second line of input. 

SMP simplifies any input line to which it can assign a unique meaning. If an input line 
is ambiguous or meaningless, SMP enters "edit mode" (see sect. 4 below), allowing the 
line to be modified. Typing two cnewline::> 's in succession exits the editor, discards 
the original line and causes the input prompt to be reissued. (If additional editor 
commands have unwittingly been entered, it may be necessary to type \q to exit the 
editor.) 

/f:I [1] I: 2++5 
+ unexpected 

2++5 
(ed i t > c 

2++5 
<ad it> 
/II C 1 l : : <6+6 

/IOCll: 9 

In this example, the first o marks the position of the cursor on entry to edit mode, and 
the second a its position after exit from edit mode achieved by input of two cnewline::> 
's 

SMP does assign a unique meaning to many unintended input lines; in some cases the 
input may be output again with little or no modification, in others, surprising results 
may be obtained. In most such cases, the intended input may simply be entered as 
the next input line. 

/f:I C 1 l : : 1 •• 5 + 3 • 2 

/IOCll: Cl,2,3,4,5,6,7,81 

/II C 2 l : : 1 • 5 + 3 • 2 

#0£21: 4.7 

• On some systems, there may be a wait of several seconds between the request for SMP and 
this response. 
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At all stages in an SMP job, a cquit interrupt:> terminates the computation or output. 
and issues a new input prompt. 

SMP is usually very taciturn: it prints essentially no messages. A running commen­
tary may be obtained by typing On CJ . {The commentary is switched off by 0 ff CJ) . 
Information on a particular object or topic is obtained by typing ?name. 

The appendix to this primer lists a variety of common difficulties, and should be con­
sulted if unexpected behaviour occurs . 
An SMP job is usually terminated by typing cinput termination character:> after an 
input prompt•. All input and output in an SMP job is saved in an external file for pos­
sible later use, as discussed in sect. 4. 
Most mathematical operations and functions are represented in SMP in close analogy 
with their written forms . The standard arithmetic operations are typed as: 

x+y x plus y 
x-y xminus y 
Z*y or x cspace:> y x multiplied by y 

xi y x divided by y 
x raised to the power y. 

Here x and y stand for numbers or other SMP expressions. Additional cspace:> 's may 
always be typed on either side of arithmetic operators. (Note that X**Y represents 
the "outer product" of x and y not x raised to the power y .) 

Arithmetic operations are performed in the conventional order: parenthesized 
expressions are evaluated first. followed by .... , I, *• , +. cspace:> 's or 
parentheses usually suffice to indicate multiplication: no explicit * need be typed. 
Divisions group to the left (so that 4/3/2 means {4/3) /2) but powers group to the 
right (4 ""3'''2 means 4 .... {3L) ) . 

#I Cl J : : 1+2+7 

#lJ [ l] : 18 

#I C 2 l : : l +7-15 

#lJ [2]: -7 

#I [3] I: 2•3•4 

#lJ [3]: 24 

/II C 4 l : : 2 3 4 

#lJ [4]: 24 

#I C 5 J : : -23 4 

*° [5]: -92 

#I [ 6] : I 1/2+7/3 

/llJ [6]: 17/6 

#I [ 7] I : 242/12 

• A compU.ation may usually be terminated at an intermediate stage by typing cguit inter­
rupb (Without an input prompt); the job may be terminated by cbreak interrupt~ followed 
by Exit Cl (after the prompt %1 [1]:: ). 
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#0 [7]: 121/6 

#I C Bl : : 4-6 

#0 [8]: 4896 

#I C 9 l : : (2+3) -2 

#0 [9]: 25 

#IC 181 : : 2+3 ..... 2 

#0Cl8l1 11 

#IC 1 ll : : 2+3•4 

#0Clll1 14 

#I £121 : : 3•4+2 

#0 Cl2l: 14 

#I C 13 l : : 3 4+ 2 

#-OC13l: 14 

#I C 14 l : : 3cc<4+2> 

#OC14l: 18 

#1 [ 15 l : : 3(4+2) 

#OC15l: 18 

#1Cl6] : : (1+2) (3+4) (5-6+7) 

#-OC16l: 126 

/II Cl 7 l : : 213 4 

#-OC17l: 8/3 

#I C 181 : : 2/(3 4) 

#{)Cl8l1 1/6 

#I C 19 l : : 4-3-2 

#-OC19l: 262144 

#I [ 2 8] I : <4-3) -2 

#0 C28l: 4896 

#I C2 l l : : 27 ..... ( 1/3) 

#{)C2ll1 3 

#I [2 21 : I 27 ..... (1/2) 

1/2 
#0 C22l: 27 

In lines 6 and 7 above, answers were given as rational numbers . On line 22, the answer 
could not be given as a simple rational number, and so was left in a symbolic form. In 
such cases, a decimal number result may be obtained using the SMP "projection" N. 
For any expression expr, N [ expr] yields a real or complex numerical result if this is 
possible. Note the use of square brackets around e:r:pr, to be distinguished froP-J. the 
parentheses used to indicate grouping in expressions. 
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#I C 11 : : 1/2+7/3 

/l-0 [ 11 : 17/6 

HI [ 2 l : I NC 112+7 /31 

/l-0 [2]: 2.833333 

#I [ 3 l I : 27-( 1/2) 

1/2 
/l-0 [31: 27 

/II [ 4 l I : N C27-Cl/2) l 

/l-0 (41: 5.196152 

#I C 5 l : : N C27-8. 5 l 

/l-0 [51 I 5.196152 

SMP treats a large number of mathematical functions, including all common special 
functions of mathematical physics•. A list of the fUJ.J.ctions is given in [B]. (Here, as 
throughout this primer, references to sections of the Reference Manual and Summary 
are given in square brackets.) Any of the functions listed may be evaluated numeri­
callyt by use of N. Note that all "system-defined" or "built-in" functions in SMP have 
names which begin with a capital letter. Their "arguments" are enclosed in square 
brackets (just as for N), and separated by commas. 

#I ( 11: I Exp C2l 

/l-0 [ 1l : Exp C2l 

#I C 2 l : : N CExp C2l l 

/l-OC2l: 7.389856 

#I C 3 l : : NCBesKC2,4.56ll 

/l-OC311 .888898988 

#I C 4 l : : NCBesJC8.2,1.5l S i n [ 8 • 2-31 l 

/l-0 [4]: .884834921 

In line 3, for example, BesK Cn, zl represents the modified Bessel function~ (z ). 

At all stages in an SMP job, the symbol % stands for the latest output line generated. 

HI [ 1] : : 1/2+7/3 

/1-0Cll: 17/6 

HI [ 2 l I : % 

#Cl (21 I 17/6 

#IC3l:: x-2 

/l-0 [3]: 289/36 

• Sect. B describes the procedure for defining values and characteristics of further func­
tions. 
t When branch cuts are present, all functions are evaluated on their principal Riema.TI:n 
sheets. 
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#I [ 4] I : N [ % ] 

#0 [4]: 8. 927778 

#I CS] I: %+%-3 

#fJ CSl: 525. 3797 

SMP manipulates not only numbers, but also expressiop_s containing symbolic param­
eters or "symbols" . Symbols may be used to represent quantities whose numerical 
value is undetermined. Mathematical simplifications performed on expressions hold 
for any possible values of the symbols which appear in them. 
Any sequence of letters and numbers (not starting with a number) may be used to 
denote a symbol. As throughout SMP, upper and lower case letters are distinguished. 
System-defined symbols, such as N, Pi (see below) and Exp, always begin with a cap­
ital letter. To avoid confusion, symbols introduced by the user should therefore begin 
with a lower case lEtter. 

#I C 1 l : : x 

#OC!l: x 

#I C 2 J : : x + x 

#fJ C2l: 2x 

#I C3l 1: %-3x 

#fJC3l: -x 

#I C4l:: x1+x2-3xl/4 

#fJ C4l: xl/4 + x2 

#I CSJ I: %-2-4% 

2 
#0 CSl: -xl - 4x2 + Cxl/4 + x2) 

#I C 6 l : : C x +al < x + b ) - C x + y l -<a+ bl I < 2 a+ bl 

#0 [6]: 

a + b 
- (x + yl 

2a + b 
+ Ca + xl 

#I C 7 l : : <Exp C x -2 l - ll S I n C x p h i / 4 l 

2 phi )( 
#fJ [7]: (-1 + Exp Cx l l Sin[-----] 

4 

( b + x) 

Notice that in, for example, line 3. 3x denotes 3*><. However, ><2 in line 4 is a single 
symbol. 
One use of symbols i.s to represent mathematical constants, for which numerical 
values are defined [B.4]. 

#I C 1 l : : pi -2-9 

2 
#fJC!l: -9 + Pl 

#I C2 l : : NC %1 

#fJ C2l : .8696044 
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#I C 11 : : 1/2+7/3 

#OCll: 17/6 

/II C 2 l : : NCl/2+7/31 

#0 [2]: 2.833333 

#I [ 31 : : 27""( 1/2) 

1/2 
#0 [3]: 27 

#I [ 4] I : NC27-C1/2)l 

#0 [4]: 5.196152 

#I C 51 : : N C2 7-8. 5 l 

#0 [5) I 5.196152 

SMP treats a large number of mathematical functions, including all common special 
functions of mathematical physics•. A list of the f1mctions is given in [B]. (Here, as 
throughout this primer, references to sections of the Reference Manual and Summary 
are given in square brackets.) Any of the functions listed may be evaluated numeri­
callyt by use of N. Note that all "system-defined" or "built-in" functions in SMP have 
names which begin with a capital letter. Their "arguments" are enclosed in square 
brackets (just as for N), and separated by commas. 

#I ( 11: I Exp C2l 

#QCll: Exp C2l 

#I C 2 l : : N CExp [21 l 

#QC2l: 7.389856 

#I C 3 l : : N CBesK [2, 4. 561 l 

#0 [3] I .888898988 

#I C 41 : : NCBesJC8.2,1.5l S i n [ 8 • 2 ""3 l l 

#QC41: .884834921 

In line 3, for example, BesK [n, z] represents the modified Bessel function ~(z). 

At all stages in an SMP job, the symbol % stands for the latest output line generated. 

/II [ 1] I : 1/2+7/3 

#OC11: 17/6 

/II [ 2] I I % 

#QC211 17/6 

#IC3l:: %""2 

#QC3l: 289/36 

• Sect. 8 describes the procedure for defining values and characteristics of further func­
tions. 
t When branch cut s are present, all functions are evaluated on their principal Riema.TI:n 
sheets. 
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/II [ 4] I : N [ % ] 

#0 [41; 8. 827778 

#I [5] I: %+%-3 

#0 [5] I 525. 3797 

SMP manipulates not only numbers, but also expressions containing symbolic param­
eters or "symbols". Symbols may be used to represent quantities whose numerical 
value is undetermined. Mathematical simplifications performed on expressions hold 
for any possible values of the symbols which appear in them. 
Any sequence of letters and numbers (not starting with a number) may be used to 
denote a symbol. As throughout SMP, upper and lower case letters are distinguished. 
System-defined symbols, such as N, Pi (see below) and Exp, always begin with a cap­
ital letter. To avoid confusion, symbols introduced by the user should therefore begin 
with a lower case 1€ tter. 

/II C 1 l : : >< 

#OC11: >< 

#IC21:1 ><+>< 

#IJC21: 2x 

/II C 31 : : %-3 >< 

#IJC31: ->< 

/II C 41 : : ><l + >< 2 - 3 x 1 / 4 

#0 [41: xl/4 + x2 

#I [51 I: %-2-4% 

2 
#0 [51: -xl - 4x2 + Cxl/4 + x2) 

#1 C 61 : : < x +a) < x + b) - ( x + y > - Ca+ b) I ( 2 a+ bl 

#0 [6]: 

a + b 
- (x + yl 

2a + b 
+ (a + x > 

#I [ 7 1 1 : (Exp [ x -2 1 - ll S I n [ x p h i / 4 l 

2 phi x 
#0 [7]: C-1 + Exp [x 1) Sin[-----] 

4 

( b + )() 

Notice that in, for example, line 3. 3>< denotes 3*><. However, x2 in line 4 is a single 
symbol. 
One use of symbols is to represent mathematical constants, for which numerical 
values are defined [B.4]. 

#I C 11 : : P i -2 - 9 

2 
#IJCll: -9 +Pi 

#I C 21 : : N C % l 

#0 [2]: • 8696844 
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#I C3l : : SinCPi/21 

#-0 [3] I 1 

/II [ 4 l : : Sin[45Dagl 

#-0 [4] I Sin[45Degl 

#I C 5 l : : NC Xl 

#-0 [5]: .7871868 

#I C 61 : : ExpCEularl-1 

l/-0 [6] I -1 + Exp CEu I a,.] 

#I [ 7 l : : N CXJ 

#-0 [7]: .7818724 

The argument of the trigonometric function Sin in line 4 is in radians; Deg is a con­
stant with value Pi /180. Eu I er is the Euler-Mascheroni constant y=0 .5772 .. 

Some mathematical operations which rna.y be performed on symbolic expressions o.re 
described in [9]. Examples are 
Ex Cexpr] "Expand" expr by using distributive rules for various functions . 
Fae [expr] Factor expr. 
0 Cexpr, var] 

Int [expr, var] 

Form the partial derivative of expr with respect to var. 

Form the integral of expr with respect to var. 

#I C 11 : 1 < x + 1 > < x +a > C x + b > 

/1-0Cll: Cl + x) Ca + x) (b + x) 

#I [ 2] I : E )( [ % l 

2 2 2 3 
#-0 C2l: a b + a x + a x + b x + b x + a b x + x + x 

#I C 31 : : Fa c C X 1 

#0 [3] : <1 + x> Ca + x> (b + x> 

/II C 4 l : : S i n C x 1 I C 1 + x + x -2 > 

S i n Ciel 
#{JC4l: 

2 
1 + )( + )( 

#I C 5 l : : D C X , x l 

<1 + 2x) SinCxl 
Cos Ciel 

2 
1 + )( + )( 

l/-0 [5]: 
2 

1 + )( + )( 

#I C 6 l : : Ex C X l 

Cos [ xl 2x Sin[x] S i n [ >: l 
l/-0 [6] : 

2 2 3 4 2 3 4 
1 + )( + )( 1 + 2x + 3 x + 2 x + x 1 + 2x + 3 x + 2 x + x 
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#I [ 7 ] I I x I (1 - 4x + x -2 ) 

fOC7l1 
2 

1 - 4x + x 

#I C8l i: Int C%, xl 

1/2 
-4 + 2 #1 - 12 

-2LogC----------------l 
1/2 

-4 + 2 /11 + 12 

1/2 
-4 + 2x - 12 

2LogC---------------l 
l /2 2 

-4 + 2 x + 12 Lo 9 C 1 - 4 #1 + #1 l 
#-0 [8] I + --------------------- - ------------------

1/2 
12 

2 
LogCl - 4x + x l 

+ ----------------
2 

1/2 
12 

2 

In line B, the symbol #1 was introduced as a constant of integration. 

A symbol may be assigned an expression as a value . symb: e:r:pr assigns the expres­
sion erpr to be the value of the symbol sym.b [3.2]. After this assignment, the symbol 
sym.b becomes essentially just a short notation for its value e:r:pr. Whenever symb 
appears, it is replaced by e:r:pr. 

#I [ 1] : : x 

#lJCllt x 

/II C 2 l : : x:a+b 

/llJ C2l I a + b 

#I [ 3] I : )( 

/llJ [3] I a + b 

#I C 4 l : : x-2 + )( 

2 
#0 C4l: a + b + (a + b) 

#I [ 5] I I y I X+l 

#0 [5] I 1 + a + b 

#I [ 6] I I x-y 

fOCSl: -1 

#I [ 7] I : y 

#IJC7l: 1 + a + b 

#I C 8 l : : x 

#0 [8]: a + b 

Note that symb: e:r:pr performs the specified assignment, and then yields the result 
e:r:pr. Thus the output from the assignment on line 2 was the assigned value a+b . 

a: b: c assigns the value c to both a and b . 
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If an assignment is made for a symbol which already carries a value, the newly 
assigned value replaces the old one. 

#I C 1 l : : x:2 

#{JC1l1 2 

#I C 2 l : : x-2 

/llJ [2] I 4 

#I [ 3] I I x:3 

/l-0 [3]: 3 

#I C 4 l : : x-2 

/l-0 [4]: 9 

Once an assignment for a symbol, say ><, has been made, it continues to be used 
throughout the SMP job. A common source of unexpected results is the use of symbols 
for which a value has been assigned much earlier in the job. symb: removes any 
value assigned to symb. 

#I C 1 l : : x:2 

/l-0 [ 1l : 2 

#I [ 2] : I x-2+x 

/l-0[21: 6 

#I C 3 l : : x: 

II [ 4] : : x-2+x 

2 
/l-0 C4l: x + x 

Assignment of a value for a symbol causes the symbol to be replaced by that value 
whenever it appears. Substitutions for a symbol in a particular expression may also 
be made. S [expr, symb->subst] substitutes the value subst for the symbol symb in 
the expression expr. The "arrow'' is typed as - followed by >. 

#I C 1 l : : x-2+x 

2 
/l-0 [ 1l : x + x 

#I [ 2] : I S £%, x->a+bl 

2 
/l-0 [2]: a + b + <a + bl 

#I [ 3] : I x 

#{JC3l1 x 

#I C 4 l : : x:3+c 

/l-0 [4]: 3 + c 

#I CS l : : x-2+x 
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2 
#0 [5]: 3 + c + (3 + c) 

/II [ 6] : I s [ % , c - >4] 

#IJCSJ: 56 

At the beginning of this section we described the procedure for discarding ambiguous 
SMP input lines . Often simple changes in such lines give them a definite meaning. 
When the editor is entered, the cursor is placed under the position in the line where 
modification is required. Any characters typed at this stage are used to replace the 
characters appearing above them in the original input line . Spaces may be used to 
position the cursor. # deletes the character appearing above it. ....ctext:>cspace:> 
inserts the sequence of characters ctext:> in the line immediately before the charac­
ter above the "' . The text to be inserted is terminated by a space: insert * to denote 
multiplication. The editing commands are performed when a cnewline:> is entered, 
and the edited line is then printed. If no editing commands are given before a cne-ur 
line:> the editing is assumed complete, and the edited line is used as input for SMP. 

#I C 1 l : : 2 + + 5 
+ unexpected 

2++5 
<edit> # 

2+5 
<edit> 

#<JCll: 7 

#I [ 2 l I I 1 : f ] X] 

l l.lnexpec t ed 
tlflxl 

<edit> [ 
t If [x] 

<edit> 

#IJC2l: fC><l 

#I [31:: (c+d) (a++b+c 
+ unexpected 

(c+d) (a++b+c 
<edit> ""X +1> 

(c+d) <a+x+b+c+ll 
<edit> 

#0 [3]: (c + d) (1 + I + b + c + ><) 

Notice that <ed i t > is the prompt for input of editor commands. 



Further examples 

Example.1 
Find the factors of 1-x12. 

#I [11:: Fae Cl-x"'12l 

2 2 2 2 4 
#0 [ 11 s -<-1 + x> (1 + x) (1 + x ) (l - x + x ) (1 + x + x ) <1 - x + x ) 

#I C 2 l : : Ex C % l 

12 
l/!J [2] I 1 - x 

Example.2. 
Find the numerical value of r(5.2) . 

#Illl:: NCGa111maC5.2ll 

#OCll: 32.5781 

Example.3. 
Verify that x = 1 is a root of the p0lynomial x 3+9x 2+ llx-21. 

#I C 1l : : x .... 3 + 9 x ,..2 + 11 x - 2 1 

2 3 
#fJCll: -21 + llx + 9 x + x 

#I C2l 1: SC%, x->ll 

#fJC2l: 8 

Example.i 
Find the \7 alue of the first derivative of ez"/(l+z) at the point x..._.1. 

#I C 1 l : : Exp C x ,..a I < 1 + x > l 

a 
x 

#0 Cll: Exp C-----l 
1 + x 

#I [ 2 l : : D C % , x l 

a a 
x - x -1 + a 

ExpC-----l (----- + a x > 
1 + x 1 + x 

#0 [2]: 
1 + x 

#IC3l:: SC%,x->ll 

ExpCl/21 <-1/2 +al 
#0 [3]: 

2 

#I C 4 l : : N C % l 

#0 C4l: -. 4121883 + • 8243606a 



Example..Q. 
Verify that the roots of a quadratic equation are given by the usual formulae. 

#I C 11 : : r 1 : ( - b + 5 qr t Cb ... 2 - 4 a cl ) I ( 2 a ) 

2 1/2 
-b + (-4a c + b > 

#0£111 
2a 

#I C 21 : : r 2 1 ( - b -Sq r t Cb ... 2 -4 a cl ) I ( 2 a ) 

2 1/2 
-b - <-4a c + b > 

#0 [21: 
2a 

#I [ 31 : : a ( x -r 1 ) ( x -r 2 ) 

#0 [31: 

2 1/2 
-b - <-4a c + b > 

a <x - --------------------) 
2a 

#I [ 41 : I Ex [ % l 

2 
#0 C41: c + a x + b x 

2 1/2 
-b + <-4a c + b > 

(x - --------------------) 
2a 
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2. Lists, projections and parts 
SMP manipulates symbolic expressions. Symbols and numbers form the fundamental 
units. They are combined into more complex expressions through project.ions and 
lists. Symbols were discussed in the previous section. In this section, we introduce 
lists and projections. A thorough understanding of these constructs is crucial for all 
but the most superficial use of SMP. 
A list is an ordered (and indexed) collection of expressions. In its simplest form, a list 
consists of a set of expressions separated by commas and enclosed in brace brackets. 
An example is ~ a+b, c+d, 3, 1 ~ . Such lists are called "contiguous". 
It is often necessary to perform the same operation on several expressions. This may 
be achieved conveniently by collecting the expressions into a list, and then perform­
ing the operation on the complete list . This yields a list containing the results of per­
forming the operation on each element of the original list. 

/II Cl l : 1 t : fa+ b, c + d , 3, 1 f 

/IOC1l1 la+ b,c + d,3,lj 

#IC2l:: St 

/IOC2l1 !S<a + bl,5Cc + d),15,Sf 

#IC3l:1 ExpCtl 

/IOC3l: !Exp[a + bl,Exp[c + dl,Exp[JJ,Ej 

#I £41:: x+t~2 

2 2 
/IO [4]: lx +Ca+ bl ,x + Cc+ d) ,9 + x,1 +xi 

/II [ 5 l : : t + % 

2 2 
/IOCSJ: la+ b + x +Ca+ b) ,c + d + x + Cc+ d) ,12 + x,2 +xi 

Notice that in line 5 two lists of the same length were added; the result was a list of 
the sums of their corresponding elements . 
Sets of expressions in several lists may be combined by concatenating the lists using 
Cat . 

/II [ 1 l : 1 t : I a+ b, x + 1 , c ! 
/IOCll: la+ b,l + x,cl 

#I C 2 l : : Ca t [ t , t , ! 2 , 3 I l 
/10[2]: la + b,l + x,c,a + b,l + x,c,2,31 

#IC3J:1 Rev[%] 

/IOC3l: 13,2,c,1 + x,a + b,c,l + x,a +bl 

Rev [list] reverses the order of elements in list. 

A second important use of contiguous lists is to represent vectors. The dot product of 
two vectors list 1 and list2 is given by list 1. listZ [B.3]. 

#I [ 1 l : : ! a , b , c I · ! x , y , z I 
/IOC1l1 ax+by+cz 
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The entries in a list may themselves be lists. A list of equal length lists may be con­
sidered as a matrix, with each list corresponding to a row of the matrix. Higher-rank 
tensors are represented as lists of matrices, lists of lists of matrices, and so on. Mul­
tiplication of two matrices or of a matrix by a vector is then obtained simply as a dot 
product of the corresponding Hsts [B.3]. 

/II [ 11 : : 111 : f la , b j , ! c , d I I 
#O[ll: !!a,b!,!c,dH 

#I [ 2] : I v : Ip ' q I 
#0[2]: fp,qj 

#1[31:: 11.v 

#0[31: fap+bq,cp+dqj 

#I [41 : I V. II 

#0[41: !ap+cq,bp+dqj 

/11[51:: v.m.v 

#0 [51: p <a p + c q l + q (b p + d q l 

#I rs 1 : : n : 11 w, x I, I y , z I I 
#0[61: l!w,x!,!y,zjj 

#I [ 7 l : : 3 n 

#0[71: lf3w,3x!,f3y,3zjl 

/II [81:: n~2+2'11 

2 2 2 2 
#0[8]: lf2a+w,2b+x l,f2c+y,2d+z !! 

#I [ 9 l : : 11. n 

#IJ [9]: !law+ b y,a x + b z!,lc w + d y,c x + d zlj 

#I [ 18] I : 11t. n. 11 

#0[18]: ffa (aw+ by>+ c Ca x + b zl,b Caw+ b yl + d (ax+ b zl!, 

fa Cc w + d yl + c Cc x + d zl,b Cc w + d yl + d (c x + d z>ll 

Note that in line 8, n .... 2 gave the square of each element of the matrix n, not n. n . 

Some mathematical matrix operations [9.7] are: Det (determinant), Mi nv (matrix 
inverse) and ** (outer product) . 

#I [ 1 ] : I "' : I ! 2 ' 3 1. I - 5 ' 6 I l 
#O[ll: lf2,3!,!-S,6!1 

#I [ 2 l : : D a t [ml 

/JO [2]: 27 

#I [ 3 l : : 11 i n v [ml 

#0 [3]: I f219, -119 !. fS/27' 2127 ! I 
#I [ 4 l : : n : l f w , x J , l y , z 11 
/IOC4l: f!w,xj,fy,zll 
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#I CSl : : •••n 

#fJ CS]: 11ll2w,2x j, l2y, 2z ! !, l l3w, 3x !, !3y, 3z ! I I, 
Hl-Sw,-Sx!, !-Sy,-Szj!, !!Sw,Sxj, !Sy,6zlll! 

Entries in a contiguous list are indexed by their positions. With v: ~a, b, c, d l . the 
"projection" v [3] extracts the third component of v. and thus yields c. 

#ICU:: v:!a,x~2,3a/Cb+c>,lj 

2 3a 
#fJCll: la, x '-----, 1 I 

b + c 

#I [ 2] I : v [2] 

2 
#fJ [2] I x 

#I C 3 l : : v C2] +v C4-ll 

3a 2 
#<J C3l: + x 

b + c 

A sequence of projections may be used to extract entries in lists of lists. 

#I C ll : : w:!!a,b!,!c,djj 

#fJCll: !!a,b!,fc,djj 

#I C 2 l : : w [ 2] 

#fJ [2]: !c, d I 
#I C 3 l : : w [2] [2] 

#fJC3l: d 

#I [4 l : : wCl,ll 

#fJ C4l: a 

Notice that w [lJ [lJ is equivalent to w [l, l] (see, however, sect. 8). 

Projections which specify an entry not pi'esent in a list are left unevaluated. 

/II [ l l : : v : fa , b , c I 
#fJCll: fa,b,cj 

#I C 2 l : : v C 7 l 

#fJ C2l: v C7l 

#I C 3 l : : v C 3 l + v C -2 l 

#fJ C3l: c + vC-21 

Entries in a list may be specified by assignments . Existing entries may be changed by 
such assignments, or additional entries may be introduced. 

#I C 11 : : v: I a, b, c ! 
#fJCll: fa,b,cj 

/II C 2 l : : v C 2 l : p + q 
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#0 [2]: p + q 

#I C 3 l : : v 

#0£31: !a,p + q,c! 

#I C 4 J : : v C 4 l : d 

#OC4J: d 

#I C 5 l : : v 

#0£51: !a,p + q,c,dj 

#I C 6 l : : v C 6 J : p -2 + q -2 

2 2 
#0£6]1 p + q 

#I C 7 J : : v 

2 2 
#0 [71: !t61: p + q, Cll: a, C2J: p + q, £31: c, £41: dj 

On line 6, a value is defined for v [6] . even though no value has been assigned to 
v CSJ . The resulting list is no longer contiguous: the indices of its entries are not 
given by their positions in the list. Instead, the index associated with each entry is 
displayed explicitly in square brackets. The resulting form for v is given on line ? . 

The components of a vector may be defined in any order. When values have been 
specified for a suitable set of components, the list rep1·esenting the vector becomes 
contiguous. 

#I [ 1 J : : uCll:a 

#OCll: a 

#I C 21 : : u 

#0 [21: la l 
#I C 31 : : uC3l:c 

#0 [3]: c 

#I [ 4 l : : u 

#0 C41: I c 31 : c' [ 1l : a I 
#I C 5 J : : uC2J :b 

#0 [5] I b 

#I C 61 : : u 

#0 [6]: I a, b, cl 

The index of an entry in a list need not be a number: i.t may be any expression. 

#I [ 1 l : : f C x l : a 

#OCll: a 

#I C 2 J : : 

#0£21: l£xl: a! 

#IC3l:: fCl+yl:b 
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#0£3]: b 

#I [ 4 l : : 

/IOC4l: !Cl+ yl: b, Cxl: al 

#I [ 5 l : : f [ x l -2 + f C z l 

2 
#0 [5]: a + f Czl 

#I C 6 l : : f [ z l : 3 

/IOC6l: 3 

#I C 7 l : : 

/IOC7l: !Czl: 3, Cl+ yl: b, (xl: al 

#1[8]:: f[xl-2+f[z] 

2 
#0 [ 81: 3 + a 

In line 1. the value a is assigned to the projection f [ xl of f with "filter" x. The 
value of the symbol f given on line 2 is then a list with one entry. The index of this 
entry is x and its value is a. The projection f [x] specifies that "part" of f indexed 
by the filter x, and hence extracts the value a . The assignment for f Cl +y l on line 3 
adds an entry with index 1 +y to the list giV:.ng the value of f . The list for f given on 
line 4 thus specifies the values of "parts" of f indexed with filters x or l+y. Parts of 
f indexed by other filters have not been specified. Thus on line 5, the projection 
f [zl is left in a symbolic unevaluated form, since no value for f [z] has been 
assigned. On line 6, 3.n assignment for f [zl is made, so that on line 8, the projection 
f [zl may be evaluated. 
Lists have analogues in other computer lar...guages. Contiguous lists may be used as 
"arrays". Lists of contiguous lists are analogous to multi-dimensional arrays. Llsts 
such as line 7 abo-;,re resemble "records" or "structures" . 

Just as for symbols, assignment of a new value to a projection replaces any previous 
value . 

#1£11:: f[xl:a 

/IOCll: a 

#I C2 l : : f Cyl: b 

#0 [2]: b 

#I C3 l I : 

#0 C3l: ! [ y] : b. Cxl: a I 
#I C4 l : : f [ x l : c -2 

2 
#0 [41: c 

#I C 5 l : : 

2 
#0 [5]: l [ y] : b, [ x] : c l 
#I [ 61 : : f[xl+f[yl 

2 
#0 [6]: b + c 
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Values assigned to projections such as f [x] may be removed by f [x] : 

all values assigned to projections of f. 

#I C 1 l : : f [ x l : a 

#OCll: a 

#I [ 2] : I f [ y] : b 

#OC21: b 

#I C 3 l : : 

#OC3l: !Cyl: b, Cxl: al 
#I C 4 l : : f Cy l : 

#I C 5 l : : 

#OCSl: !Cxl: al 
#IC61:: f[yl+fCxl 

#0 [6]: a + f [yl 

#I C 71 : : f : 

#I C 8 l : : 

#0£81: 

#I C 91 : : f [ y l + f C x l 

#0£91: fCxl + f[yl 

2. 

f: removes 

Projections may be used to represent "functi.ons" . f C2l may be considered as the 
"function" f with "argument" 2. Assignments for projections then define values for 
"functions" at particular "points". 
"System-defined" functions, such as Log [2] are also projections. Whe:i no system­
defined value exists for a projection, a value may be assigned to it. 

#I Cll:: Log Cxl 

#OCll: Log[xl 

#I C 2 l : : L o g [ x l : a 

#OC2l: a 

#IC 3 l : : Log 

#OC3l: !£xl: aj 

#I C4l:: Log Cxl +Log [yl +Log [8] 

#0 C4l: a + Log [91 + Log [yl 

#I C 51 : : Log [ 8 l : In f 

#OC5l: Inf 

#I c 61 : : Lo 9 r a 1 ~z +Lo 9 c x ~z 1 +Log r x 1 ~z 

2 2 2 
#0 [6]: Log [x l + Inf + a 

#I C 7 l : : Log C 1 l 

#0[71: 0 
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In line 4, Log [0] was entered. This has no system-defined value; a value was assigned 
to it on line 5. 
Notice that entry of Log [0] did not result in the printing of any warning message. 
Llke other symbolic expressions for which no value has been defined, Log [0] was 
simply left unevaluated. Unless On [J has been used (sect. 1), SMP does not usually 
print any warning messages . 
In line 7, Log Cll was automatically simplified to 0 . Such automatic evaluations of 
mathematical functions are performed only when the results are very simple. 
Automatic simplifications are performed before expli.citly assigned values are used: 
Log [1] may thus not be assigned another value. 

Commoner system-defined projections may be input in special forms . A complete 
table of such forms is given in (2.10]. For example, the factorial function Fct I [x] 
may be input as x! . In all cases, x! is equivalent to Fct I [x]. 

#I [ 1l : : 5 ! 

#OCll: 128 

#I C2 l : : Fct1[5l 

#0 [21: 128 

#1 [ 3] I I x!:a 

#0 [3]: a 

#IC4l : : Fctl 

#0 [4] I I c x l : a I 
/11[5]:: x !-2 

2 
#0 [5]: a 

/II C 6 l : : <112> ! : Sqrt CP i l 

1 /2 
#0 [6] I Pi 

#I C 7 l : : Fctl 

112 
#0 [7]: Ir 1121 : Pi 

' 
[ )( l : a! 

We discussed above the extraction of an element in a matrix by two successive projec­
tions. Elements in a matrix may be introduced by assignments for projections with 
two filters . 

#I [ 1 l : : II [ 2, 2 l : d 

#CJCll: d 

#I [ 2 l : : II 

#0 [2] : I c 2] : l [ 2] : d l I 
#I C 3 l : : mCl,ll:a 

#0 [3]: a 

#I [ 4] I : m 

#fJC4J: !!aj,!£2l:djj 
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#I C 5 l : : rnC2lCll:c 

#CJCSJ: c 

#I C 6 J : : • 
#0 [6]: Ila!, !c,djj 

#I C 7 J : : 111Cl,2l:b 

#0 [7]: b 

#I C 8 l : : "' 
#0 [8]: l!a,b!,lc,djj 

Projections with several symbolic filters may also be assigned values. 

#I C 1 J : : a ~2 : 3 

#CJCll: 3 

#I C 2 l : : Pow 

#0 [2]: I ca i : I c 2] : 3 11 
#I C 3 l : : a ~2+a ~3 

3 
#0 [3]: 3 + a 

#I C 4 l : : e~e 

8 
#CJC4l: 8 

#I CS l : : e~a: 1 

#0 [5]: 1 

#I C 6 l : : Pow 

#0 CSJ: l [ 8] : l [ 8] : lj, Cal : ! [ 2 ] : 3 11 
#I C 7 l : : < 1-1 > ~e 

#0 [7]: 1 

In the assignment ancl evaluation of, for example, PI us projections, the commutative 
and associative properties of the PI us operation were used. (The specification of 
such properties will be discussed in sect . 8.) 

#I C 1l : : a+ b : e ~2 

2 
#OC1l: e 

#I C 2 j : : Plus 

2 
#CJC2l: ! Cal : ! [ b] : e l I 
#I C 3 l : : a+b+c+d 

2 
#0 [31: c + d + e 

#I C 4 l : : a +c: f ~2 
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2 
/IO [4] I 

/II [ 5] I : Plus 

2 2 *° [5]: ! cal : ! [ c] : f , [ b] : • l l 
/II [ 6] I I a+b+c+d 

2 
/IO [6]: b + d + f 

Not only mathematical functions but all SMP operations are specified by projections. 
Thus, for example, a: b is equivalent to the explicit projection Set [a, b] . 

Just as parts of a list may be obtained by projections, so also parts of an arbitrary 
expression may be specified by suitable projections. In a function such as f [a, b, c] 
the filter a is specified by index 1, b by 2 and c by 3. The "projector" f is speci­
fied by index 0. 

#I C 1 l : : t:fCa,b,cl 

/IOCll: f[a,b,cl 

/II [ 2] : I t [ 1l 

/IO [2] I I 

#I C 3 l : : t [ 3] 

#0 (3] I c 

/II ( 4] : I t [ 8] 

/IOC4l1 
, 

f 

/II [ 5] : I t ( 5] 

/IO CSl: t [ 5] 

/II C 6 l : : t (3 l : d 

*° (6]: d 

/II [ 7 l I : t 

/IO C7l: fCa,b,dl 

In line 6, the part t [3] was re-assigned to have value d. The resulting complete pro­
jection f [a, b, d] was given on line 7. 
The quote ( ') on line 4 will be discussed in sect. 9. 

Parts in functions input in special form are indexed according to their positions in the 
corresponding explicit projections. 

/II [ 1] I : t: a ~b 

b 
#{lCll: a 

/II C 2 l : : t [ 1l 

#0 [2] I a 

#I [ 3] I : t [ 8] 

#{J [3] I 
, 

Pow 
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#I t 4 l : : u:a+b+c+d 

#0 [4]: a + b + c + d 

#I [ 5] : I u [ 3 l 

#fl CSl: c 

Some system-defined projections are output in forms for which the labelling of parts 
is not manifest. Such cases are indicated by a * at the beginning of the output. 
Lpr [exprl prints expr in a simple linear form in which the labelling of parts is mani­
fest. 

#I C 1 l : : a+b I+c 

#fJtll:• <a + c) + b I 

#I C 2 l : : Lpr C%l 

CxCa + c' b] 

Note that I is the complex unit (square root of -1). 
Elements in lists of lists may be extracted by several successive projections (or 
equivalently a single projection with several filters). Similarly, parts in compound 
expressions may be extracted by suitable projections with several filters. 

#I C 1 l : : t: < a+b l .... 2 

2 
#Otll: <a + bl 

#I C 2 l : : t [ 1l 

#fl (21: a + b 

#I C 3 l : : t [1] [2] 

#0 [3] : b 

#I C 4 l : : tCl,ll 

#fl C4 l : a 

#I C 5 l : : t [ 2 l 

#0 (51: 2 

#I C 6 l : : t[2,ll 

#0 [6]: tC2,ll 

Notice that since no part t [2, 1 l is present, the projection on line 6 is left 
unchanged. 
Symbols and projections may carry numerical coefficients without e:l..rplicit Mu I t pro­
jections. Numerical coefficients are thus irrelevant in defining positions of parts. even 
when they are rational numbers . 

#ICll:: t:2/3(a+2bl 

2<a + 2bl 
#fJCll: 

3 

#I [ 2] : I t [ 1 ] 

#fJC2l: a 
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#I [ 3] I : t [ 2] 

#lJC3l: 2b 

/II [ 4] I I t [ -1] 

#0 [4]: 213 

In line 4, projection with -1 was used to extract the numerical coefficient. 

The system-defined projection Pas C/orm, exprl gives a list of "positions" at which 
the subexpression form appears in the expression expr. Each position is specified by 
a list of the filters necessary to extract it by a projection. 

#I C 1l : : t 1 <a+ b > .... a+ c .... b 

b a 
#{JCll: c + <a + b) 

#I [2] 1: Pos [a, tl 

#lJC2l: !!2,1,11,!2,2~1 

#I C 3 l : : t C 2 , 1 , 1l 

/µ)C3J: a 

#I [ 4] : : p I" 0 j c t ' I 2 ' 2 j J 

#CJC4l: a 

/IICSJ:: Pos[c .... b,tl 

#CJCSJ: !ll!l 

Notice that in line 1 parts were rearranged using the commutativity of P I us . Tb..e 
positions of parts are always determined by their location in the simplified form of an 
expression. 
The projection Proj[expr,~xl,x2, ... p used on line 4 is equivalent to 
expr [x 1, x2, ... l . 

The specification of parts is important in performing operations on expressions . In 
many system-defined projections, a "domain" may be used to define a set of parts in 
an expression on which an operation is to be performed. Domains are described in 
[2.5]. 
In rearranging or simplifying expressions, it is often convenient to modify a partic ·~ar 
part, while leaving other parts unchanged. 

#I C 1l : : t : x ""2 + 3 + < x .... 2 -1 > .... 2 

2 2 2 
#lJCll: 3 + x + (-1 + x ) 

#I l 2 l : : t C 3 l 1 S Ct C 3 J , x - >a J 

#0 [2]: 

#I C 3 l : : 

#0 [3]: 

2 2 
<-1 + a ) 

2 2 2 
3 + x + <-1 + a > 



Further examples 

Example .1. 
Find the angle between the vectors p,-2,aj and ~2a , -3, 5j for the cases a=O and a=1/2. 

/II C 1 l 1 1 v 1 : ! 1 , - 2 , a I 
l/(J Cll 1 ll,-2,a I 
/II C 2 l : : v 2 z I 2 a , - 3 , S I 
#<JC2l : l2a,-3,Sj 

#IC3l : : ang:AcosCv1 . v2/SqrtCvl.vl v2.v2ll 

6 + 7a 
#<JC3l : AcosC--------------------------l 

2 1/2 2 1/2 
<S + a > C34 + 4 a > 

#I C 4 l : : 5 Can g, a - >8 l 

6 
#0 [4]: AcosC----------l 

1/2 1/2 
s 34 

#I C S l : : N C % l 
.. 

#0 CSJ: L 8926 

/II C 6 l : : 5 Can g , a - >112 l 

19 
/µJ [6]: A cos[---------------] 

1/2 1/2 
2 21/4 35 

/II [ 7 ] : I N [ % ] 

#0 [7]: • 7942422 

Example..Z. 
Find the characteristic polynomial for the matrix 

!1 2 -11 4 3 -1 
4 2 1 

#I [ 1] : : 111 ' 2 • -1 j , I 4 ' 3 ' - 1 j , I 4 ' 2 • 1 l I 
/µJCll : !!1,2,-lj,14,3,-lj,!4,2,ljj 

/II C 2 l : : %- I a 11 111 , 8, 8 j , I 8, 1 , 8 I, ! 8, 8, 1 l l 
/µJC2l : Ill - la•,2,-lj,!4,3 - lam,-lj,!4,2,1 - lamfj 

/II [ 3 l : : D a t C % l 

#<JC3l : -12 + 41a11 +Cl - land C2 +Cl - lam> C3 - lam)) 

/II [ 4] : I Ex [ % l 

2 3 
/µJC4l : -7 - Sia•+ S la• - la11 



Example..3. 
~ 

Find the real part of e 0 

/II C 11 : : ExpC2I Pi /51 

#OCllu ExpC2Pi/5 I l 

/II C 2 l : : N CXJ 

#OC2l:o .389817 + .95185651 

/JI C 31 : : Re ( Xl 

#0 [31: • 389817 

Example..1 
Form the 3x3 matrix M such that M'1 is ij. 

/II ( l l I : v: ! l ' 2 ' 3 I 
/IOCll: !l,2,31 

/II C2l:: V*'l•V 

#OC2l: lfl,2,31, !2,4,Sj, !3,6,9jl 

Example .Q._ 
Change the circled sin(x) in the expression t to Vl-cos2(x). 

#I ( l l : : t : 4 S i n C x l + 3 z -3 ( 1 + z + S I n [ x l ) S i n [ x l -2 / C 4 C 1 + S i n [ x l ) ) 

3 2 
3 z Cl+ z + Sin(x]) SinCxl 

#CJCll: + 4Sin[xl 
4(1 + SinCxl> 

#1(21:: PosCSin,tl 

#OC2l: !!1,1,2,3,8j, ll,1,3,1,8j, !1,2,2,8!, !2,8jj 

#I C 3 l : : t (1 , 2, 21 : Sq r t C 1-C o s ( x l -2 l 

2 1/2 
#OC3l: Cl - Cos[xl ) 

#I ( 4 l : : 

3 2 
3 z (1 + z + Sin(xl) Sin[xl *° (41: 

2 1/2 
+ 4Sin(xl 

4(1 + Cl - Cos[x] ) ) 

Example..6. 
Consider the network defined by the adjacency matrix 

r~ ~ ~] 
l~ 1 1 

Find the number of 3-step paths from node 1 to node 2. 



#I C 1 J : : 

#0£11: 

#I [ 2 J I : 

#0 [2): 

#I [ 3 J I : 

#0 [3) I 

m: ua,2,aj, 12,a,q, fa,1,ljj 

!!a,2,aj, 12,a,11, 1a,1,1jj 

111.111.111 

ua,1a,2j, 11a,1,sj, 12,6,3!! 

%[ 1, 21 

18 
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3. Patterns 
The assignment f [xJ : x ..... 2 defines a projection of f with the specific filter >< to be 
x ..... 2. This assignment does not define any value for f [y) . To define a mathematical 
function g which forms the square of any expression which appears as its "argu­
ment", one performs the assignment g [SxJ: Sx ..... 2. Here the "generic symbol" Sx 
stands for any expression. Any symbol which begins with S is taken as a generic sym­
bol. and may stand for any expression. 

#I C 11 : : f C x 1 : x -2 

2 
#OC1l1 x 

#I [ 2] : I f [ y] + f [ x 1 

2 
#0[2]1 x + f[yJ 

#I C 3 1 : : g C $ x l : $ x -2 

2 
#OC3J: Sx 

#I [ 4] : I g 

2 
#OC4l: !CSxl: Sx i 
#I C 5 1 : : g C 2 1 + g C x l + g C a -2 1 

4 2 
#IJCSl: 4 + a + x 

#I C 6 l : : 9 C 81 : c 

#OC6l1 c 

#I C 71 : : g 

#0 £71: 
2 

feel: c, £Sx1: Sx I 
#I C 8 l : : g C 81 + g C 2 l 

#0 [8): 4 + c 

The assignment for g [0] in line 6 defined a special value for the function g . This is 
used in preference to the more general assignment for g [SxJ given in line 3. 
When -values for projections are assigned, those for more specific cases are placed 
before those for more general cases. The most restr~cted applicable assignment is 
therefore used in the evaluation of a particular projection. 

#I [ 1] I : f C 81 : a 

#IJC11: a 

#I C 21 : : 

#0 [21: I c el : a I 
/II C 31 : : f[$xl:l/Sx 

l 
#0 [31: 

Sx 

#I C 41 : : 
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1 
#0 C4l: !Ctl: a, CSxl: --! 

Sx 

#I C 5 l : : f C 1 l : b 

#<JC5l: b 

#I C 6 l : : 

#0 [6] I 

1 
!Cll: b, C8l: a, CSxl1 --! 

Sx 

#I C 7 l : : f C z l + f C 8 l ~2 

1 2 
#0 [7J 1 - + a 

z 

#I C8l 1: g CSnl: Sn g CSn-ll 

#0 C8l: Sn g C-1 + Snl 

#I C9l : : g 

#<JI9l: !CSnl 1 Sn gC-1 + Snl j 

#I C 18 l : : g I 5 l 

#OC18l: 8 

#I C 11 l : : g C 1 l : 1 

#OClll: 1 

#I [ 12] I : g 

#<JC12l: fell: 1, CSnl: Sn gC-1 + Snl I 
#I [ 13] I I g [ 5] 

#0 C13l: 128 

3. 

In line 8 , a "recursive" definition for the factorial function g was given. With no end 
condition specified, the result for g C5l in line 10 is 0. With the specification on line 
11, evaluation of g [5) uses the recursion relation on line 8 until the end point of line 
11 is reached. 
Assignments may be made not only for projections such as f Clx] but also for more 
complicated "patterns" such as f Clx~2, ly]. 

#I C 1l : : E x p C 1 + L o g C S x l l : E S x 

#<JCll: Sx E 

#I C 2 l : : Exp 

#<JC2l: ! Cl + Log CSxl l: Sx El 
#I C 3 l : : Exp C l+Log Ca+bl l 

#0 [3]: E Ca + b) 

#I C 4 l : : Exp C2+Log Ca+bl l 

#0 C4l: Exp C2 + Log Ca + bll 

#I C 5 l : : Exp Cl+Sxl: h CSxl 

#0 [5]: h CS>el 
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#I CS l : : Exp 

#OCSl: fCl + Lo9C$xll: Sx E, Cl + $xl: hCSxl j 

#I C 7 l 1 : Exp Cl+ a -2 l +Exp C 1 +Log Cb l l 

2 
#0 C7l 1 E b + h Ca l 

All occurrences of a particular generic symbol in a pattern must stand for the same 
expression. 

#I c 1l I : s x -s x : q c s x ] 

#fJCll: qCSxl 

#I C 2] I I POW 

#CJ C2l: ! CSxl: ! [$xl: q CSxl l l 
#I C 3 l : : x -2 + y -y 

2 
#0 [3]: x + q Cyl 

#I C 4 l : : S x -< Sx + $ y l : p CS x , Sy l 

#OC4l1 pCSx,Syl 

#I [5]:: x-<x+a) 

#CJCSl: pCx,al 

#I £61:: Log [a+bl -<Log [a+bl +c-2) 

2 
#CJCSl: p[Log[a + bl,c 1 

Patterns match expressions whenever replacements for generic symbols may be 
deduced without solving explicit equations . For example, while x .... Sn matches >< .... 2, 
x .... Sn does not match x alone, since in the latter case, determination of the neces­
sary replacement for Sn would require solution of the equation x .... Sn=x . Neverthe­
less, f [Sn, x .... Sn] does match f U, x] since the replacement for Sn may be 
deduced from a direct comparison between the first filters, without solving an equa­
tion. Similarly, f[l-Sx,SxJ matches H-2,3], while Hl-Sx,l+Sx] matches 
f Cl-2a, 1+2a], but does not match f [-2, 4]. 

#I C 1 l : : f [2/Sx, Sxl: h [$xl 

#CJCll: h [$x] 

#I C 2 l : : f[l,21 

#0 [2]: h [2] 

#I C 3 l : : f[2,ll 

#0 [3]: h [ 1l 

#I r 41 1 : f[2a,1/al 

1 
#0 [4]: h [-] 

a 

#I £ 5 l : : g C2/Sx, l/$xl: i [$xl 

#0 [51: i C Sx l 
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#I [6l : : g[2/x,l/xl 

#0 [6]: i [ x] 

#I [ 7 l : : gC2,ll 

#0 [7]: g [ 2' ll 

#I C 81 : : gpC2Sxi,Sxil: i [1/Sxil 

1 
/llJC8l: I C---l 

Sxl 

#I C 9 l : : gp[2,ll 

#0 [9]: j [ 1l 

#IC 181 : : j C2Sxl: j p CSxl 

#fJC18l: jp[Sx] 

#I [ 111 : : j [ x l 

#fJClll: jp [x/2] 

#I [ 12 l : : j [ 1] 

#0[121: jp[l/2] 

Notice that in line 10, 2Sx is treated as a single generic symbol matching any expres­
sion, regardless of its numerical coefficient. 
Pattern matching takes account of commutativity and associativity properties of 
functions . 

#I [ 1] I : b+Sx:u[Sxl 

/llJCll: u [Sxl 

#I C 2 l : : a+b 

#0 [2]: u Cal 

#I C 3 l : : a+b+c 

#0 [31: c + u [al 

#I [ 4 l : : a Sx .... 2: v [Sxl 

#0 [4]: v C Sxl 

#I C Sl : : a b c .... 2 d .... 2 

2 
#0 [5] I b d v [ c] 

#I C 6 l : : f CSx+Syl: g [$xl g CSyl 

#0 [6]: g [$x] g [Sy J 

#I C 7 l : : f [x+yl +f [x+y+zl 

#0 [7]: g [ x] g Cy l + f [ x + y + zl 

In line 7, Sx+Sy matches x+y but not ><+y+z . Multi-generic symbols such as Ux 
are used to represent a sequence of arguments to a function. SSx+Uy would match 
x+y+z with Sy replaced by x and SSx replaced by y+z . 
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#I C 1l : : f C SS x +Sy l : g C S Sx l g C S y l 

#0 Cll: g CSSxl 9 CSyl 

#I [ 2] : I f [ x + y + z] 

#<JC2l: g[x] g[y + zl 

#I C 3 l : : f C x l + f [ ~ + y l + f [ x + y + z + w l 

- #0 [3]: g [w] g [x + y + zl + g [xl g Cyl + f [x] 

#1£41 :: mu.SSx.mu:h[SSxl 

#<JC4l: h[SSxl 

#I [ S l : : p. ID u • q • r • mu. p 

#<JCSl: p.h[q.rl.p 

#1£6] :: a.mu.al.bl . mu.cl.mu.dl.el.mu.b.c 

#OC6l: a . h[al.blJ.cl.h[dl.ell.b.c 

#IC7l :: a.mu.al.bl.mu.cl.mu.b 

#<JC7l: a.h[al.bll.cl.mu.b 

#I [ 8 l : : Log [a b c d l 

#0 [8]: Log Ca b c dl 

#I [ 9] I : L 0 g [ $ x $ $ x] : L 0 g [ $ x] + L 0 g [ $ $ x] 

#0 [9]: Log CSSxl + Log CSxl 

#I [ 18 l : : Log Ca b c d l 

#0 CUil: Log Cal + Log [bl + Log [cl -~ Log [d] 

The class of expressions matched by a particular pattern may be restricted by impos­
ing conditions on the generic symbols in it. Whereas Ix stands for any expression, 
Sx_=lx>0 stands only for expressions such that lx>0 is determined to be true. 

/IICll:: gCSn....rSn>Bl:hCSnl 

#<JCll: hCSnl 

#I C 2 l : : g C 2 J + g C -3 l + g C x l 

#0£21: gC-31 + gCxl + h[2J 

#I C 3 J : : gamma C S x ...; Na t p CS x l J : < S x -1 > ! 

#0£3]: <-1 + $x)! 

#I C 4 J : : g a 111 ma C 4 l + g a 111 ma C - 2 l 

#0 [4]: 6 + 9a1nma [-21 

In line 3, Nat p [.xJ is a projection which yields 1 (representing "true") if x is deter­
mined to be a natural number (positive integer), and 0 (representing "false") other­
wise . Similarly, In tp tests for an integer, Numtp for a number and Lis tp for a list . 
.x=y yields 1 if x and y are equal, and 0 if they are determined to be unequal. If no 
definite truth value is obtained, the expression .x=y is left unchanged. Other rela­
tional operators are ""= (cnequal), >(greater than), <(less than) , >= and <=. 
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Finally, "'x means "not x", x&y means "x and y" and xi y means "x or y" . 

#IC 1l:: 3=2 

#CJC 1l: 0 

#I [ 2 l : : x = 2 

#0 C2l: x = 2 

#I C3l:: 3>2>=1 & x""=y 

#0 C3l: x ""= y 

#I C4l:: f CSx, Sy ...rSx >Sy & 0<Sy<ll: g CSx, Syl 

#OC4l: gCh,Syl 

#I CSl:: f C2, 1/21 

#OCSl: gC2,1/2l 

#I C6l:: f Cx, 1/21 

#OCGJ: f[x,1/21 

Without giving a definite numerical value for a symbol ><, one may assert thc..t x is 
positive by the assignment x>0: 1 . Similarly, x may be defined as an integer by 
Intp[x]:l. 



Further examples 

Example.1 
Find the set of all subparts of an expression. 

/II [ 1] I : t : 6 ( 1+4 x) c 2 + 3 x + x z) 

#-0 [ 11 : 6Cl + 4x> C2 + 3x + x zl 

/II { 2] : I p 0 s [ $ x • t l 

/IOC2l: !!l, ll,ll!, !4x, !l,2l!, ll + 4x, !ll!, l2, l2,lll, l3x, !2,21!, !x, 12,3,lj!, 

!z,l2,3,2jl,!x z,!2,3l!,l2 + 3x + x z,!211, 

1<1 + 4x) C2 + 3x + x z>,18111 

Example.2. 
. n ur-

Define rules to simplify e 2 where n is an integer . 
/IIC!l:: Exp[I Pi S x ...;lntp[2$xll:l~Mod[2Sx,4l 

Mod[2Sx,4l 
ll<JCll:• I 

#I C 2 l : : ExpC31 pi] 

#-0 C2l: -1 

#I C3l:: ExpC3/2 I pi] 

#-0£31:• -I 

#I [ 4] I : Exp CI pi] 

#£JC4l:• ExpCPi I l 

Example.a 
Find the 5Ur. and 10th terms in the series defined by 

f (x) = f (x -1) + a f (x -2) 

J ( 1) = J (2) = 1 

#I [ 11 1 : f [ S x J : f C $ x - ll +a f [ $ x - 2 l 

ll<JCll: a f(-2 + Sxl + f(-1 + Sxl 

/II C 2 J : : f C 1 J : f C 2 l : 1 

/IOC2l: 1 

#IC3J:: f[5l 

11£JC3J: 1 + 2a +a Cl+ al 

/II C 4 J : : f [ 1 81 

#<> (4): l + 2a + a Cl + al + a Cl + 2a> + a Cl + 2a + a Cl + a)) 

+ a Cl + 2a + a Cl + a> + a Cl + 2al l 

+ a (1 + 2a + a Cl + a) + a Cl + 2al + a Cl + 2a + a Cl + al l l 

+ a <1 + 2a + a Cl + a> + a Cl + 2al + a Cl + 2a + a Cl + a) l 



+ a Cl + 2a + a Cl +a> +a Cl + 2a))) 

#IC5l:: Ex[ %1 

2 3 4 
#0 [51: 1 + 8a + 21 a + 20 a + 5 a 

Example A 
Define a function of three variables which vanishes if the difference between any argu­
ments is greater than 1 and is equal to one otherwise . 

#ICll:: f[$l,$2,S3l:"'<Abs[$l-S21>1 I Rbs[S2-$31>1 I Rbs[S3-Sll>ll 

#0 [11: "' <Abs C-$1 + S31 > 1 I Rbs CSl - $21 > 1 I Abs [$2 - $31 > 1> 

#I [ 21 : : f C 0, 0, 31 

#fJC21: 1 

#I c 31 : : f c 2 , a, a 1 

#OC3J: a 

#I [ 41 : : f [ 1 , 2, 31 

#fJC4l: B 

#I [ 5 1 : : f C 0 , • 5 , • 7 l 

#0 [51: 1 
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4. Building up calculations 
One important feature of SMP is the possibility of constructing a system of rules and 
definitions, and then using this system repeatedly for many different cases. SMP 
remembers and organizes each definition or rule given. 
Everything typed during an SMP job is kept in a "record file" which may be re-read or 
printed either during the job or after the job has finished . Details of the "record file" 
are given in the Implementation Notes; in most implementations, it will be nameC. 
smp. out. At most installations, each SMP job run by a particular user generates the 
same record file: if the record is to be saved permanently, it must be moved to 
another file before the next SMP job is started. The record file may also be printed on 
paper to provide a permanent record. The necessary procedures are given in the 
implementation notes. Note that only input and output SMP expressions are included 
in the record file : operations such as editing are omitted. 
The input and output lines in an SMP job may be manipulated just like other expres­
sions. The ith output expression is given by @i. @f i, j, ... ~ gives a list oi olltput 
expressions i,j, .... Each output line is assigned as the value of a projection of #fJ, as 
indicated by the #0 [iJ: a~ the beginning of each output line; @i is a. short notation 
for #0 [ iJ . #fJ is a list of all output expressions. 

#I C 1 l : : a : x -2 + 1 

2 
#<JCll: l+x 

#I [ 2 J : : a +a -2 

2 2 2 
#0 [2]: 1 + x + (1 + x ) 

#I C3J : : @1 

2 
#0 [3]: 1 + x 

#I [ 4] : : @f 2' 1 I 
2 2 2 2 

#0 [4]: 11 + x + c1 + x, ,1 + x ! 
#I [ 5 J : : #0 

2 2 2 2 2 
#0 [5]: p41: 11 + x + c1 + x > ,1 + x L c3J: 1 + x, 

2 2 2 2 
C2l: 1 + x +Cl+ x l, Cll: 1 + x, 

[81: l"!ul/smp/smp.init"I! 

#I [ 6 l : : f 1 , 5 - • 9 j 

#!JCSJ: 11,s,s,1,a,sj 

#I C 7 l : : @I 2 •• 4, 6 j 

2 22 2 2 22 2 
#<JC7l: 11 + x +Cl+ x) ,1 + x ,!1 + x + (1 + x) ,1 + x Lll,S,6,7,8,9!! 

In line 5, #0 [0) is a list of "initialization files" read in when an SMP job is initiated, 
and containing SMP input which is simplified at the beginning of the job. 
In line 6, i .. j gives i, i+l, .. ,j. 
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Input expressions are stored in an unevaluated form in the list #I . The #I [ i] : : 
which begins each input line indicates that the unsimplified input expression is 
assigned as a "delayed value" for the projection #I [iJ . An important distinction 
exists between the "immediate assignment" a: b used, for example, for the output 
lines #0, and the "delayed assignment" a:: bused for the input lines #I . In immedi­
ate assignment, b is simplified, and the result is assigned as the value of a. In delayed 
assignment, the unsimplified form of b is maintained as the value of a, and is simpli­
fied afresh each time a is used. Thus subsequent re-definitions relevant to the simplif­
ication of b are used with delayed assignment but not with immediate assignment. 

#I [ 1] : I a: x+l 

#<JCll: 1 + )( 

#I [ 2 l : : a-2+a 

2 
#0 C2l: 1 + )( + (1 + )() 

/fl C 3 l : : a: x-2 

#0 [3]: -2 + )( 

/fl C 4 l : : @2 

2 
#0 [41 : 1 + )( + (1 + xl 

/fl [ 51 : : /fl C21 

2 
#0 [5]: -2 + )( + (-2 + xl 

#I C 6 l : : t::b+2 

#0 [6]: 
, 

b + 2 

#I [ 7] : I u:b+2 

#fJC7l: 2 + b 

/fl C 81 : : b:3 

#<JC8l: 3 

/fl [ 9 l : I 

#fJ [9] I 5 

#I [ 18] : I u 

#<JC18l: 5 

#I [ 11] I I b:4 

#<JCllJ: 4 

/fl [ 121 : : 

#0[121: 6 

/fl [ 131 : : u 

/f0Cl31: 5 

Both t and u as defined in lines 6 and 7 depend on b . After the value of b is reas­
signed in line 11, the value obtained for t uses the new value of b while that for u 
do '3s not. 
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The "apostrophe", "acute accent" or "quote mark" ( ') in line 6 indicates that the 
expression b+2 is unsimplified. 
AB illustrated in the example, an input expression or "command" may be "re­
executed" in the current environment or with current definitions simply by asking for 
its value. This operation may be considered as a simple case of a "program" executed 
many times under different conditions or using different data. 

#I C ll : : x ~2 -1 

2 
#<JCll: -1 + x 

#I C 2 l : : S C % , x - >3 l 

#fJC2l: 8 

#I C 3 l : : x ~3 + 4 x -1 

3 
#0 [3]: -1 + 4x + x 

#1£41:: #1£2] 

#<JC4l: 38 

#I CSJ:: <x+y+4> ~2 

2 
#<JCSl: C4+x+y> 

#1£6]:: #1£2] 

2 
#0£6]: (7 + y) 

#IC7l:: EdhC#IC2ll 

S [ % , x->31 
<edit> ~ 5 

SC@3,x->Sl 
<edit> 

#0 [7]: 144 

#I C 8 l : : I CS al : : S C $a, x - >3 l 

#0 [8]: , SCSa,x -> 31 

#I C 9 l : : f [ x ~2 - ll 

#<JC9l: 8 

#I [ 1 0 l I : f [ ( x + 1) ( x - y ) ~2 l 

2 
#0 [10]: 4 (3 - y> 

#I Cl ll : : 

#<JClll: jCSal :: SCSa,x -> 31 j 

On line 7, Edh was used to change the unevaluated input line #I [21 using the editor . 

After the definition on line 8, f acts as a "function" which substitutes 3 for x in any 
expression. Notice that if f had been defined by an immediate (:) rather than a 
delayed (: : ) assignment, the substitution would h ave been performed on the symbol 
Sa at the time of assignment, rather than on each separate occasion when a projec­
tion of f is used, with the result that f [Sal would have been set to Sa . 
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When a sequence of commands is typed on successive input lines, the results of each 
command are printed on the corresponding output line. A sequence of commands 
whose results need not be displayed may be entered on a single input line, separated 
by ; . A semicolon at the end of an input line causes the input expression or expres­
sions to be simplified without printing the result. 

#I C 1 l : : a : 3 ; a ~2 - a 

#OCll: 6 

#I C2l:: t: a~a-a~2; 

#I C 3 J : : 

#OC3J: 18 

A set of definitions which will be used in several SMP jobs may be saved in an external 
file, and read into each SMP job as required. An external file consists of S:.vl:P input 
lines which are simplified in order when the file is read, just as if they were typed as 
explicit input. An externai file with name file is read into an SMP job by <jile. Many 
external files containing functions with specialized applications are provided with 
SMP, as described in the SMP Library section of this handbook. An example is the file 
XLCM (note that file names may differ between installations. as specified in the Imple­
mentation Notes) : 

'** Lowest common multiple **' 
I* LCMCnl,n2, ••• l 

yields the lowest common multiple of nl,n2, ••• *' 
LCM_; Flat 
LCMCSnl,Sn21 :: CSnl Sn2l/Gcd[Snl,Sn2l 

The text enclosed between /* and *' is treated as "commentary" and is not pro­
cessed. 

#I [ 1] : I <XLCll 

#I C 2 l : : LCMC12,21,7l 

#0(21: 84 

#I [31:: LCMC2,6,8l 

#0 [3]: 48 

#I C 4 J : : <JC I CD! 

#0 (41: <XI Cln 

In line 4, an attempt was made to read the non-existent file XI cm: return of the 
unevaluated command signifies failure of the attempt. Files other than the standard 
SMP ones may be specified by complicated names, such as /ul/swo I f/smp/fun: 
such file names must be enclosed in quotes : <"/ul/s~~o i f/smp/fun" . 

Many external files contain tables of relations and transformations for mathematical 
functions, given in the form of "replacements" to be applied when required using S 
(see sect. 1). For example, the file XTr4 gives replacements for hyperbolic functions: 



4. SMP PRIMER I Building up calculations 4. 

'**Elementary Transcendental Functions - 4 **' 

I• 4. Hyperbo Ii c Fune ti ons *' 

I• 4.1 Relations to Other Functions *' 

STr_;Ldist 
STrC4,1,ll: Sinh[Sxl -> <Exp [Sxl -Exp [-Sxl) /2 

STrC4,1,21: Cosh[Sxl -> <Exp CSxJ +Exp [-SxJ) /2 

STrC4,1,3l: Tanh [Sxl -> <Exp CSxl -Exp C-Sxl l I CExp [$xl +Exp C-$xl l 

STrC4,l,411 Sinh[SxJ -> -I Sin CI Sx l 

STrC4,1,Sl: CoshCSxl -> Cos CI Sx l 

STrC4,l,611 TanhCSxl -> -I Tan [l Sxl 

I• All other relations may be obtained by using [4,1,lJ - [4 7 1,61 to convert 
to circular functions and using the relations in Sec 2. ft./ 

#I C 11 : : <X Tr 4 

#I C 2 l : : t: S i n h [ x + 11 + S in h [ x-11 +Tanh C 2 x l 

#QC2l: Sinh[-1 + xl + Sinh[l + xl + TanhC2xl 

#I [ 3 l : : S C t , ST r [ 4 , 1 , l l 1 

-Exp[-C-1 + x)l Exp [-1 + xl ExpC-Cl + x)J Exp[l + xl 
#0 [31 I --------------- + ----------- - ------------- + ---------- + TanhC2xl 

2 2 2 2 

#IC4l:: SCt,STrC4,1,3ll 

-Exp C-2xl + E><p C2><l 
#0 [4]: + SinhC-1 + xl + Sinh[l + xJ 

Exp C-2xl + Exp C2xl 

#I [ 5 l 1 1 S C t , ST r [ 4, 1 , I 4 •• 6 ! ] ] 
#QCSJ:ll< (-Sin[C-1 + x> Il - SinCCl + xl Il - TanC2x Iil I 

#IC 6 l : : S [ t , ST r [ 4, 1, lJ , ST r [ 4 , 1 , 6 J l 

-ExpC-C-1 + x)J ExpC-1 + xl Exp[-(1 + x)J Exp[l + xl 

(--------------- + ----------- - + ----------) 
2 2 

+ -Tan C2x 11 I 

#1 [ 7 l : 1 S [ t , ST r C 4 , 1 l l 

-ExpC-2xl + Exp[2xl Exp[-(-1 + xlJ 

2 2 

Exp[-1 + xl ExpC-Cl + xll 
#0C71 : ------------------- - -------------- + ----------- - -------------

Exp C-2xl + Exp C2xl 2 2 2 

Exp[l + xl 
+ ----------

2 

In line 7, ST r [4, 1l is the list of all relations defined in X Tr-4. S applies the rela­
tions in the order given: in this case, the first three relations transform t so that the 
last replacements have no effect. 
The relations in X T r4 were given as replacements and used selectively with S. 
Arep [STr [4, 1l J would have converted the list of replacements to assignments and 
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thus defined the transformations to be performed automatically whenever applicable. 
The Reference Manual lists many external files. Some simply define additional rela­
tions for mathematical functions. Others introduce entirely new mathematical 
objects . Still others define projections to be used in manipulating expressions. These 
external files may be used without understanding their construction. They may also 
be studied as examples of more advanced uses of SMP. 
The external file XLdEq from [9.3] defines the function LdEq used in manipulating 
lists of equations: 

/** Lists of equations **' 
'* LdEqCexprl 

d i stributes Eq over lists in expr, thus converting eq;.iations 
Involving lists into lists of equations.*' 
LdEq C$exprl 1: Ld is t [$expr, 'Eql 

#I C 1 l : : <XLdEq 

#I C 2 l : : !x,y!=!a,bj 

#0 [2] : !x. y I = !a, b ! 
#I C 3 l : : LdEq C%l 

#0 [3]: !x = a• y bl 

New external files may be prepared outside an SMP job (usually using an editor) 
according to lhe procedure outlined in the Implementation Notes. Ee.8h input line is 
terminated by a cnewline:> line must end with a backslash (\) . Descriptive com­
ments (whose value should not be underestimated) are enclosed between /'1;. and */, 
and may extend over several lines. 
External files may also be prepared using definition or results in an SJv'.:P job. 
Output [xl, x2, ... ,file] places assignments for xl, x2, ... or their projections in file in 
a form suitable for subsequent input. 

#I Cll:: Log CSx/SyJ: Log [$xl -Log [$yl 

#0 Cll 1 Log CSxl - Log [$y] 

#I C 2 l : : Log CS x $ $ x J : Log CS x l +I_ o g [ $ $ x l 

#0 C2l: Log [$Sxl + Log CSxl 

#I C 3 l : : Log [ $ x ~s y l : Sy Log [ $ x l 

#0 C3l: Sy Log CSxl 

#I [ 4] I : L 0 g 

Sy 
! C$x l: Sy Log [Sxl, [$$x Sxl: Log [$$xl + Log [$xl, #0 [4]: 

Sx 
C--l: Log CSxJ - Log [Syl J 
Sy 

#I [ 5 l : : t : Log [ x ~2 y ~3 / < s + 1 > -3 l 

#0 CSl: 2Log Cxl + 3Log Cyl - 3Log Cl + sl 

#I [ 6 l : : 0 u t p u t [ L o g , t , 11 I o g • e >. 
11 l 
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The file I og. ex is then 

LogCSx/Syl : LogCSxl + -Log[Syl 
LogCSSx*Sxl : LogCSSxl + Log[Sxl 
Log[Sx-Syl : Sy*Log[Sxl 
t : 2Log Cxl + 3Log Cyl + -3Log Cl + sl 

4. 

This file may be used as input in another SMP job, or may be edited and manipulat ed 
outside of SMP. 

/II C 11 : : LogCx y-2] 

2 
/IOCll: Log[x y ] 

/II C 2 l : : <"Io g. ax" 

#I C 3 l : : @1 

#0 [3]: Log Cxl + 2LogCyl 

#I C 4 l : : t-% 

/IOC4l: Log Cxl + Log Cyl - 3LogC1 + sl 

#I C 5 l : : Output C#O,resOl 

#I £61:: 0 u t p u t [ #I , r as I l 

On lines 5 and 6 the complete lis~s of output and input expressions were saved in t he 
files resO 

;

[8,ll : ''/ul/smp/SRC/smp. in" 
Cll : Log Cxl + 2Log Cyl 
[ 21 : Nu I I 
[3] : Log [xl + 2Log Cyl 
(41 : Log[x] + Loglyl + -3Log[i + sl 

and resl 

~
I C 81 : : 
I [ 11 : : 
I C 2 l : : 
I C 31 : : 
I C 4 l : : 
I C 51 : : 

In i t 
Log [x*y-21 
<"log.ex" 
/IO [ 1J 
t + -% 
Output [/IO, rasOl 

In most irr.plementations, printed hard copies of expressions may be generated from 
within SMP by Hard [exprl. When possible, hard copies of graphics output (see sect. 
7) may be generated in this way. 

During an SMP job, it is sometimes necessary to manipulate external files or perform 
other operations outside SM:P. The remainder of an input line whose first character is 
! is passed as a command to the monitor (shell or command line interpreter), and is 
ignored by SMP. The details of some possible commands are given in the Implementa­
tion Notes. 

#I C 11 : : 
/IOCll: 

t: 2 
2 

#I C 21 : : ! p I o g • ex 
Log CSx/Syl : Log [$xl + -Log CSyl 
Log CSSx*Sxl : Log CSSxl + Log CSxl 
Log[Sx-Syl : Sy*LogCSxl 
t : Log C x -2 * y -3 I < s + 1l -3 l 
#I C 21 : : t -2 
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#IJC2l1 4 

The monitor command p I og. ex used to print the file I og. ex is specific to the 
implementation used for the example. 



Further examples 

Example.1 
Define a function to convert sin(x) and cos(x) in an expression to complex exponen­
tial form. Save the function in the file csrep. 

#I C ll : : r 1 : Cos [ $ x l - >CE x p C I $ x l +Exp C - I $ x l l / 2 

Exp C-Sx ll + Exp CSx Il 
#0 Cll: * Cos CSxl -> ----------------------

2 

#I C 21 : : r 2 : S i n CS x l - >-I CE x p C I $ x 1 -Exp C - I $ x 1 l / 2 

-<-Exp C-Sx Il + Exp CSx Ill 
#CJ C21: * Sin CSxl -> --------------------------

2 

#I [ 3 1 : : a f [Sa 1 : : S [Se , r 1 , r 2 1 

#CJC31: 'SCSa,rl,r21 

#I C 41 : : S i n C 3 • 21 + C 1 +Cos C P i / 4 l -2 > - C l / 2 > 

2 .5 
#CJC41: Cl+ CosC.25Pil ) + SinC3.2l 

#I C 5 1 : : a f C % l 

2 
CExpC-Pi/4 11 + ExpCPi/4 Ill 1/2 

#0 [51: c: (1 + -----------------------------) 
4 

#I C 61 : : N C % l 

#CJC61: 1.166371 

#I [ 71 : : 0 u t p u t [ r 1 , r 2, a f , cs rep 1 

#CJC71: !CSel:: SCSe,rl,r21j 

Example.2. 
Define a function to evaluate the norm of a vector . 

#I C 11 : : norm [ S I l : : H [Sq r t [ $ I • $ I 1 1 

#CJCll: 'NCSqrtCSl.$111 

#I [ 2 1 : : v : I . 2 3 ' -1 • 1 ' 2 • 7 l 
#CJC21: !.23,-1.l,2.7j 

#I [ 31 : : norm [ v 1 

#CJC3l: 2.924534 

Example.a 

ExpC-161/51 Exp[16I/51 
+ (----------- - ----------) 

2 2 

Simplify r( ~ ~ f( ~~using the transformations given in the external file XGamrna . 



#ICll:: <XGamma 

#I C2l:: SGamma C8l 

1 - 2$z 1/2 
2 Pi Gamma[2Szl 

#0 [21' Gamma CSzl -> 
Gamma[l/2 + Szl 

#I [ 31 : : Gamm a [ 3 • 7 5 l S [Gamm a [ 3 • 2 51 , S Gamm a [ 81 l 

#0 C3l : 

• 5 
Pi GammaC6.51 

5.5 
2 

#I C4l : : SGamma C6l 

#O C4l : Gamma[Sn ....; NatpCSn 

#I C 51 : : S C@3 , S Gamm a c 61 l 

10395Pi 
#0 [5]: 

11/2 
64 2 

#I C 61 : : N C % l 

#0C61: 11.27533 

1 1/2 - Sn 1/2 
-ll -> 2 Pi <-2 + 2Sn>!! 
2 

#1 C 71 : : N CG am ma [ 3 • 2 51 Gamm a [ 3 • 7 51 J 

#OC7l: 11.27533 
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5. Manipulating expressions 

The two expressions b+c+a and a+c+b, while superficially different, are mathemati­
cally equal. This equality is made manifest by casting both expressions into the 
canonical form a+b+c in which the arguments of the commutative function PI us 
have been ordered. Simple transformations such as this are performed automatically 
by SMP. 
In the more complicated case of the expressions x+x""'2 end x Cl+x}, a canonical 
may be obtained by expansion (using Ex). However, no algorithm exists for placing 
an arbitrarily complicated expression in a canonical form. The beginning of this sec­
tion concentrates on the variety of functions in SMP for transforming rational expres­
sions. The external files discussed in sect. 4 contain many transformations for tran­
scendental and special functions. 

/II [ 1 l : : a : ( 1 + x ""2 > I ( < 1- x > < 2 - x > < 3 ->< ) > 

2 
1 + x 

/l-0 [ 1J I 

(1 - x) (2 - x) <3 - x) 

/II [ 2 l 1 : I n t [ % , x l 

/l-0 [ 2 l : l o 9 [ 1 - #ll - log [ 1 - x l - 5 Lo g [ 2 - #ll + 5 Log C 2 - x l + 5 Lo g C 3 - #ll 

- 5Log[3 - x] 

#I C 3 l : : D C % , x l 

1 5 5 
/l-0 [31: - ----- + -----

1 - )( 2 - )( 3 - )( 

/II C 4 l : : b : % ; 

#I [ 5 l : : Ne q ta , bl 

#0[5] : 1 

/II [ 61 : : Ra t Cb l 

2 
1 + )( 

/l-0 [6]: 
(1 - x) (2 - x) (3 - x) 

#I C 7 l : : Ex Cal 

2 
l )( 

/l-0 [7]: ------------------- + ---------- - --------
2 3 2 3 

6 - llx + 6 >< - x 6 - llx + 6 x - x 

#I [ 8 J I : c 0 I [ % ] 

2 
1 + )( 

#D [8]: 
2 3 

6 - llx + 6 x - x 

#I C9l:: Fae [%1 



5. 

#0 [ 9] : 
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2 
-(1 + x ) 

(-3 + x) (-2 + x) (-1 + xl 

#I C 18 l : : P f Ca, x J 

1 5 5 
#<JC18l: + -----

1 - x 2 - x 3 - x 

5. 

Since b is the result of differentiating the integral of a, a and b must be mathemat­
ically equal. They are , however, written in different forms. The projection 
Neq [exprl, expr2J used on line 5 tests for the numerical equality of exprl and expr2 
by substituting sets of random numbers for symbols which appear in them•. 
The projection Rat [expr] used on line 6 introduc es a common denominator for all 
terms in expr, multiplying the numerators by the necessary factors, and in this case 
casts b into the same form as a. 
Lines 7 through 10 give further forms for a. On line 7, Ex was used to perform all the 
possible distributions, leaving an expression containing no parentheses . In line 8, 
terms with the same denominator were collected using Co I . The result was then fac­
torized in line 9. Finally, in line 10, the e>.'Pression a was placed in a partial fraction 
form with respect to x using Pf . 

#I [ 1 l : : < 1 - x ..-.2 l < x +a l < x - 3 l + < 2 - a l < x .... 2 + 1 > < 1 + x l .... S 

2 s 2 
#0 [ 1l: <-3 + x l < 1 - x l <a + x l + < 1 + x l ( 1 + x l ( 2 - a> 

#I [ 2 l : : Ex C % l 

2 3 4 s 6 
#0 (21: 2 - 4a + 9x - Sa x - 13a x - 27a x - 30a x - 2Sa x !Sa x 

7 8 2 3 4 s s 7 
- Sa x - a x + 33 )( + SS x + S9 )( + 52 x + 32 x + 12 x 

8 
+ 2 x 

#I C 3 l : : Fae[%] 

2 3 4 s 
#0 [3]: - ( 1 + x) (-2 + 4a - 7x + a x + 12a x + 15a x + lSa x + lla x 

s 7 2 3 4 s 
+ Sa x + a x - 2S x 29 x 30 x - 22 x 10 x 

7 
- 2 x ) 

#I C4l : : CbC@2,al 

2 3 4 5 s 7 
#0 [4]: 2 + 9x + a (-4 - Sx - 13 x - 27 x - 30 x - 26 x - lS x - s x 

8 2 3 4 s s 
- x ) + 33 x + SS x + S9 x + S2 x + 32 x + 12 

8 
+ 2 x 

#I [ S l : : Coe f [a , @2 l 

•This t est is clearly probabilistic in nat ure; the cha..-rice that it fails is however infinitesimal. 

s 

7 
x 
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/IO CSl: 

/II C 6 l : : 

/IO [6]: 

SMP PRIMER I Manipulating expressions 

2 3 4 5 
-4 - Sx - 13 Y. - 27 x - 30 x - 26 x - 16 

c b c @2 • x -s i ] 

2 3 
2 - 4a + 9x - Sa x + x ( 3 3 - 13a> + x cs s -

5 6 7 

6 7 8 
x - 6 x - x 

4 
27a> + x CS9 -

8 
+ x (S2 - 26a) + x (32 - 16a> + x C12 - Sa> + x (2 - al 

#I c 7] I : c b [ @2 • Ix -s i ' x l] 
2 3 4 

5. 

30a) 

/IOC7J: 2 - 4a + x (9 - Sa> + x (33 - 13!) + x (55 - 27a> + x (59 - 30a) 

5 6 7 8 
+x (52-26a)+x C32-16a>+x C12-6a)+x (2-a) 

Application of Ex on line 2 gave a comparatively large expression: to avoid uninten­
tional generation of huge expressions, Ex should be used with forethought. In line 3, 
Fae could not entirely reverse the effect of Ex. Cb[expr,farm] combines coeffi­
cients of form in expr, or of patterns matching farm. Thus in line 6, Cb [@2, x-s i] 
combines coefficients of each pow8r of x . In tine 7, the list ~ x-r. i , x l causes collec­
tion of terms proportional to x as well as to powers of x . On line 5, Coe f was used to 
extract the total coefficient of a. 
The various projections illustrated in the examples above provici.e tools for manipulat­
ing expressions into "simpler" forms. The optimal procedure in particular cases is 
usually obtained through trial and error. 

It is often convenient to apply the same operation or "simplification" to a set of 
expressions. Map [temp, expr] applies the "template" temp to parts in expr lying on 
the "first level". 

#I C 1 J : : r : la , b , c ! 
#lJCll1 !a,b,c! 

#I C 2 J : : II a p C f , r l 

JIOC2J: If Cal, f Cbl, f Ccl j 

#IC3J:: s:a-2+b+c(c+l> 

2 
/IO (3) I 

#I C 4 l : : 

b + c (1 + cl + a 

/IOC4l: 

#I CS l : : 

#0 cs J : 

11ap[f,sl 

f [ b] + f cc 

s-2 

(b + c <1 + 

#I C 6 J : : 11 a p [ S x -2 , s J 

2 2 

(1 + c) J 

2 
c) + a 

4 

) 

#0 [ 6 J : c (1 + c) + a + b 

#I [ 7 J : : 11 a p [ f , s , In f J 

2 
+ f [a J 

2 

2 

f [ 2 l 
#fJC7l: fCbl + f(f[c] f(f[ll + f[cJJJ + f(f[aJ l 
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When the "template" is a single symbol, such as f in lines 2 and 4, the :i.pplication of 
the template to exp by Map consists in forming f [exp] . In application of a template 
containing a generic symbol, as on line 6, the expression a:r:p is inserted in place of 
the generic symbol. 
On line 4, Map applied the template f to each subexpression in the "first level" of s . 
The nth "level" in an expression is in general defined to be the set of all parts which 
may be extracted by proj ection with n filters . Thus the "first level" in s consists of 
the arguments of PI us . By default, Map treats only the first level in an expression. 
In line 7, however, Map was explicitly specified to treat an infinite n.umber of levels, so 
that f was applied to all subparts of s. 
In general, it is possible to treat a "domain" containing an arbitrary set of st.:bparts of 
an expression. The parts to be included in a domain are determined by their levels 
and by a "criterion" which they must satisfy, as described in [2 .5]. 
Domains may also be specified directly for projections such as Fae and Cb, as 
described in the Reference Manual. 

It is often convenient to apply some operation or simplification automatically to each 
output expression. Ar..y value assigned to the global object Post is applied to every 
output expression before it is pr inted. To obtain all expressions in expanded form 
Post:Ex . To obtain a numerical value for each output expression Post:N. 

#ICll : : <l+ x l ( l- x l 

#fJCll : Cl - xl Cl+ xl 

#IC2J : : Pos t :Ex 

#OC2J : Ex 

#I [ 3] : I @1 

2 
#fJC3l : 1-x 

#IC4J :: aCa+ll ~3 

2 3 4 
#0 (4) : a + 3 a + 3 a + a 

#I [SJ : : Post : N 

#fJCSJ : N 

#I C 6 J : : S i n C 1 J +Ga m rn a ( 4 • 5 l 

#fJC6l : 12.4732 

#I C 71 : : Po s t : 

#I [ 81 : : S i n C 11 +Gamm a [ 4 • 51 

#fJC8l : GarnmaC4.5l + Sin(ll 



Further examples 

Exawple.l 
Express (2-a) (a+sin(bx))2 (l+a2+3sin(bx)) as a polynomial in sin (bx) . 

#I [ 1] I : C 2 -a) Ca+ S i n [ b x l ) -2 C 1+a-2+3 S i n [ b x l ) 

2 2 
#IJCll: C2 - a) Ca+ S i n[b xl) Cl+ a + 3S i n[b xl) 

/II C 2 l : : E >< C % l 

2 3 2 2 
#0 C2l: !la Sin[b xl - 3a Sin[b ><l + 4a Sin[b ><l - 4 a Sin[b xl 

2 3 2 3 4 
+ 4 a Sin[b ><l - a Sin[ b ><l + a Sin[b xl - 2 a Sin[b xl 

2 3 4 5 2 3 
+ 2 a - a + 2 a - a + 2 SinCb xl + 6 SinCb ><l 

/II C 3 l : : Cb C % , S i n [ b x l -s n l 

3 2 3 2 
#0 [3]: 4a Sin Cb xl + C6 - 3a) Sin[b xl + (2 +!la - 4 a - a) Sin[b xl 

2 3 4 2 3 
+ 4 a Sin[b xl +a Sin[b xl - 2 a SinCb xl + 2 a - a 

4 5 
+ 2 a - a 

#I C 4 l : : Cb C % , S i n Cb >< l 1 

3 2 3 2 
#0 (41: C6 - 3a) SinCb xl + C2 + !la - 4 a - a ) Sin[b xJ 

2 3 4 2 3 4 5 
+ C4a + 4 a + a - 2 a ) Sin Cb x J + 2 a - a + 2 a - a 

Example..Z. 

Fi dth .d , th . l f l+a.x+3x2 
n e res1 ues a.:. e po es o x(x+l)(x-2). 

#I C 11 : : C 1 +a x + 3 x -2 ) I C x C x + 1 ) C x - 2 > > 

2 
1 + a x + 3 x 

#0 Cll: 
x C-2 + x> Cl + ><> 

#IC21:: PfCX,xl 

-1 4/3 - a/3 13/6 + a/3 
#0 [2]: -- + --------- + ----------

2x 1 + x -2 + x 

Examplell 
Find the coefficient of x 2 in the second derivative of (l+x2) (1-a.x) 3 . 

#I C 11 : : 0 [ C 1 + x -2 l C 1 - a x > .-..3 , x , x 1 

2 2 2 3 
lfDCll: -12a x Cl - a x) + 6 a Cl - a xl Cl + x ) + 2 Cl - a ><> 



#IC2l:: ExCXl 

2 2 3 3 3 2 
/l:O [2]: 2 - 18a x + 36 a x - 6 a x - 28 a x + 6 a 

#I C 3 l : : Coe f C x ~2 , % l 

2 
/l:O C3l: 36 a 

Example_± 
Find the 5u.. iterant of the map x 4 ( 1->-.:r )2 at x 41 and >.. 4 ~ . 

#Hll:: r:Ss-><1-lam Ss)~2 

2 
/l:O Cll: Ss -> (1 - Ss I and 

/II C 2 l : : S C x , r , 5 l 

2 2 2 2 2 
/l:OC2l: (1 - lam <1 - lam (1 - lam 11 - lain (1 - lam x> ) ) ) ) 

#IC3l:: SCX,x->l,lam->1121 

2 
26527/32768 2 

/l:O [3]: ( 1 - ------------) 
2 

/llC4J:: NC'%l 

/IOC4l: .4528178 



6. SMP PRIMER I Mathematical operations 6. 

6. Mathematical operations 
In written mathematics, it is commonplace to use shortened notation and to infer the 
omitted details from convention or context of usage. For example, the indefinite 

integral J x dx is usually taken as ~
2 = fo:r: y dy, while J ~ is usually taken as 

log(x) = Ji:r: dy. Similarly, the notation J'(x2) may mean either dfjy) I or 
y y y=2 

df 1~2) I . Without further information, SMP could not resolve these ambiguities. 
Y.:f 11/ =:r: 

Mathematical operations in SMP must be defined precisely. General definitions may 
be used to introduce particular short notations . 

#I C 1 l : : I n t C x , x l 

2 2 
- #1 x 

#<JCll1 +--
2 2 

#I [ 2 l : : In t [ 1 / x , x l 

#<J C2l: -Log C#2l + Log Cxl 

#I C 3 l : : I n t C x , l x , a , b l l 
2 2 

- a b 
#0 [3]: ---- + 

2 2 

#I c 4 J : : I n t c f c x l , ! x , a , l ! l 
#<JC4l: IntCfC#3l, ! #3,8,ljl 

#I CS l : : In t C f C x l , x l 

#<JCSl: IntCfC/fSl, !#5,#4,xjl 

In the "indefinite" integrals on lines 1 and 2, SMP introduced the i.nternally-generated 
symbols #l and #2 to represent the lower limit of integration: the upper limit was 
taken as x. On line 3, the upper and lower limits were specified explic'..tly as b and 
a. 
In line 4, the definite integral of the undefined function f was requested. Tne result 
was simply a canonical form of the integral, with x replaced by the "dummy" variable 
lf3 . On line 5, the canonical form for the indefinite integral involved both a dummy 
variable 1f5 and a lower limit of integration #4. 
The definite integral of f required in line 4 may be defined to be c by the direct 
assignment Int [ f [Sx] , f Sx, 0, 1 p : c. 

#I [ 1] : : In t [ f [ s x] , ! $ x • a. l I l : c 

#<JC!l: c 

#I [ 2 l : : I n t [ f [ x l + x , ! x , 0 , l I l 
#0 C2l I 112 + c 

#I C 3 l : : I n t C f [ $ x l , ! $ x , $ l , $ 2 ! l : c f C $ 2 - $1 l 

#0 C3l: cf [-$1 + S2l 
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#I [ 4 J : : In t [ f [ x l , x l 

#0 [ 4 ] : c f [ - #2 + x ] 

On line 3, the indefinite integral of f was defined. As usual, the patterns are organ­
ized so that a defi.I'Jte integral of f [x] from 0 to 1 would use the specific assign­
ment on line 1 rather than the more general one of line 3. 
Int yields explicit results for the majority of rational, logarithmic, expom:ntial and 
trigonometric expressions whose indefinite integrals lie in the same class of expres­
sions•. To avoid generation of potentially huge expressions, Int does not automati­
cally expand the integrand. Explicit use of Ex may therefore be required to cast the 
integrand into a suitable form for integration. 

#I [ 1 l : : In t [ < 1 + x -2 l I < 1 + x -3 l , x l 

#<JCll: 

1/2 
- 1 + 2 #1 - ( - 3 ) 

-3LogC------------------l 
1/2 

- 1 + 2 #1 + ( - 3 ) 

1/2 
-1 + 2x - (-3) 

3Log[-----------------l 
1/2 

-1 + 2x + C-3) 

+ ----------------------- -

2LogC1 + #11 

1/2 
2 (-3) 

1/2 3 
2 (-3) 

2 2 
2Log[l + xl Lo g C 1 - #1 + #1 l Log [ 1 - x + x l 

+ ----------- + ----------------- - ---------------
3 6 6 

#I C 2 l : : In t C x C 1 + x l , x l 

#0 r 2 l : I n t c #3 < 1 + #3 > , ! #3 , #2 , x j l 

#I C 3 J : : Ex C % J 

#0 [3]: 

#I [ 4 l : : 

#0 C4l: 

2 3 2 3 
- #2 #2 x )( 

- --- + -- + 
2 3 2 3 

I n t C 1 / < 1 + x -2 + >< -3 l -2 , l >< , 8 , 1 I l 
28/31 + 2#4131 

-7/93 +Int[--------------, !#4,8,ljl 
2 3 

1+#4 +#4 

The integral in line 1, while explicit, is rather complicated. The integral on line 4 was 
not completely evaluated by the built-in integrator; the part not done is however 
given in its simplest canonical form . 
Definite integrals for which an explicit result is not found may be evaluated numeri­
cally using N if their value is a single number. 

#I C 1 l : : I n t CG a mm a C x J , ! x , 1 , 4 I J 

#0 C 1 J : I n t CG am ma [ #1 l , ! #1 , 1 , 4 J J 

#I C 2 l : : N [ % l 

#0 [21: 5. 852363 

• All such integrals could be ;ierformed explicitly if it wer e possible t o give an explici: solu­
tion for an arbitrary polynomial equation. 
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We next discuss the slightly more involved case of differentiation. 

#I C 1 l : : D Cx -a, x l 

-1 + a 
#-OCll: a x 

#I C 2 l : : DCf[xl,xl 

#-0 [2]: D C f C #1 l , l #1 , 1 , x ! l 

#I C 3 l : : D C % , x l 

#-0 [3]: D [ f [ #1 ] • I #1 • 2 • x ! ] 

#I C 4 l : : D[f[g[xll,xl 

#-0 [4]: DCfC#3l, !#3,1,gCxl !J DCgC#2l, !#2,1,x!l 

#I [ 5 l : I DCfCx,xl,xl 

#-0 [5]: DCfC#4,xl, 1#4,1,xjl + D[f[x,#51, !#S,1,x!l 

The expression on line 2 represents dlf(#ll) I . 
d# 1 H 1=z 

#1 is a dun1my variable of dif-

ferentiation; the complete result is a function only of the point x at which the deriva­
tive is evaluated. The form in line 3 represents the second derivative. ln lir:e 4, the 
chain rule is used to cast the derivative ir..to a canonical form. The "function" 
f (z 1,z 2) depends on two independent "variables" z 1 and z 2. The derivative of this 
function with respect to x along the curve z 1 =z 2=x is evaluated on line 5, yielding the 

at (z i.z2=x) I af (z i=x ,Zz) I result + . 
az1 z1=z az2 z2=z 

Derivatives need not always be taken with respect to symbols: any expression contain­
ing only one distinct symbol may be used. 

#I C 1 l : : DCfCxl,gCxll 

#O Cll: 
D Cf C/121, !#2, 1, x !l 
D Cg C #1 l , ! #1 , 1 , x j l 

#I C 2 l : : D C f Ca x -2 l , Log C x l l 

2 2 
#-0 [2]: 2 a x D C f C #3 l , I #3 , 1 , a x j l 

#I C 3 l : : S C % , f - >S i n l 

2 2 
#-0 [3] 1 2a x Cos[a x l 

#I C 4 l : : D CS i n C a x -2 l , L o g C x l l 

#-0 [4]: 

#I C 5 l : : 

#-0 [5]: 

#I C 6 l : : 

#0 [ 6] : 

2 2 
2a x Cos Ca x l 

DC%,x,x,xl 

2 
2(-24 " x Sin [a 

oc~,!x,3jl 

2 
2<-24 a x Sin Ca 

2 
x ] 

2 
x ] 

- 36 

- 36 a 

3 3 2 4 5 2 
a x Cos Ca x l + 8 a x S in [a x l) 

3 3 2 4 5 2 
x Cos[a x ] + 8 a x Sin [a x ] ) 
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The arbitrary function f in the derivative on line 2 was specified to be Si n on line 3: 
the result is the same as that obtained on line 4 where f was replaced by Sin before 
the derivative was taken. Lines 5 and 6 show two equivalent forms which yield the 
third derivative of @4. 

Derivatives may be defined by direct assignments, just like integrals. 

#I [ 11 : : D [ f [ $ x l ' Is x' 1 , $ y l l : g [ s y l 

#DCll: gCSyl 

#I C 2 l : : D C f C x l , x l 

#OC2l: gCxl 

#I [ 3 l : : D C f C x -2 l x , x J 

2 2 2 
#D [3]: 2 x 9 [x l + f Cx l 

#I [ 4 l : : D [ % , x l 

2 3 2 
#D [4]: 6x gCx l + 4 x DCgC#3l,f#3,1,x jl 

#I [ 5] : : D [ h [ Sx' s y] , I Sx ' 1 , 1 J l : c [ $ y] 

#D CSJ: c CSyl 

#I [ 6] : : D [ h [ x -2 ' y -1] ( x + 3) -2 , Ix' 1 ' 1 l] 

#DCGl: 32cC-1 + yl + 8hC1,-1 + yl 

Line 1 defined the "function" g to be the derivative of the function f. In line 4, the 
second derivative of f was required, and was written as a derivative of g . On line 5, 

ah~x .u2 I was defined to be c (y). 
x l;r;=l 

In the partial derivatives represented by D, all distinct symbols are assumed indepen­
dent. D t represents a total derivative, in which all symbols are assumed interdepen­
dent, unless they are defined to be constants (by symb_: Const [ 4]), or a; e explicit 
defined to have zero total derivatives. 

#I C 11 : : t: pi x-a 

a 
#D [ 1] : Pi x 

#I C 21 : : D [ t, x l 

-1 + a 
#D [2]: Pi a x 

#I C 3 l : : DtCt ,x l 

-1 + a a 
#O [ 31 : Pi (a x + )( DtCa,xl Log [xl) 

#I C 41 : : D t C t l 

-1 + a a 
#0 [ 41 : Pi (a x D t C x l + )( D t Cal Log C x l l 

On line 4, the total differential of t was given. 
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P s [ expr, x, xO, n] yields the power (Taylor-Laurent) series of expr with respect to x 
about the point x=xO to n terms. 

#ICll:: t:PsCx Exp[xJ,x,8,4] 

3 4 
2 x x 

#0 [ ll : * x + x + -- + --
2 6 

#I C2l:: t-2+1/t 

2 
-1 5 x 

#OC2l:* x - 1 + x/2 + 
6 

#I [ 3 l I : Rx C@2l 

2 
1 5 x 

#0 [3]: -1 + x/2 + - + ----
x 6 

#If 4 l:: @2-2 

-2 -1 
- 2 x + 2 + 2x/3 

#I CSJ:: @3-2 

2 

#OCSJ: 
l 5 x 2 

C-1 + x/2 + - + ----) 
)( 6 

As mentioned in sect. 3 above, the star at the beginning of the output on !ine ~ indi­
cates that the result is represented• and treated in a special manner: in manipula­
tions such as line 2, the power series is truncated c.s necessary. The projection Ax 
used on line 3 converts the power series into an ordinary polynomial, whose square in 
line 5 is left unexpanded and untruncated. 
The assignment of power series expansions for functions is described in [9.5]; if no 
expansion has been assigned, information on derivatives is used if appropriate. 
Essential singularities are factored out of power series when they are encountered. 

The specification of multi-variate power series is described in [9.5]. 
In addition to ordinary power series, [9.5] describes the projections Ra and Cf used 
to obtain rational (Pade) and continued fraction approximations. 

Lim [expr, x, xOl yields the limit of expr when x tends to xO. 

#I [ 1 l : : L i m CS I n [ x J Ix , x , 8 J 

#OCll: 1 

#IC2l:: LimCCos[xJ/x,x,8] 

-1 
- x/2 

As revealed on line 2, Lim in general yields a power series . 

• The parts in the representation arc not manifest from the output ~orm: the projection 
Lpr [e;i:prl prints erpr in en explicit form. 



6. SMP PRIMER I Mathematical operations 

Vnaz: 
Sum[expr,i,imin,ima.x] yields l: expr; Prodyieldsthecorrespondingproduct. 

i=imin 

#ICll:: Prod[fCil,i,3,18l 

#0 [l]: f [3] f [4] f [5] f [6] f [7] f [8] f [9] f [18] 

#I C 2 l : : Su 111 C i ~2 , i , 1 , 2 8 l 

#0 [2] I 2878 

6. 

An equation erpr 1"" expr2 is automatically simplified by linear elimination of parame­
ters. If erpr 1 and expr2 are determined to be identical. it yields 1 : if they are found 
unequal, it gives 0. If possible, an explicit solution or solutions for a parameter x 
appearing in an equation eqn is found by So I [eqn, x]. 

#1 Cll:: 2x+3a-5=6x-4a+3 

#()Cll: 7a = 8 + 4x 

#I C 2 l : : So I C % , x l 

-8 + 7a 
#0 [2]: !x -> ----- - - j 

4 

#1 [31:: So I c x ~2-3x+7=0, xl 

1/2 1/2 
<-.:.9l C-19> 

#0 [3]: !x -> 3/2 + --------,x -> 3/2 - --------j 
2 2 

#I C 4 l : : N C % l 

#fJC4l:io: !x -> 1.5 + 2.1794491,x -> 1.5 - 2.179449lj 

#I [5]:: So I [Gamma Cxl =x, xl 

#0 C5l: !Gamma Cxl = x I 
#I CSJ:: So I [ !x+2y=3a, x-5y=a j, Ix, y !J 

#fJC6l: Ix -> 17al7,y -> 2a/7 ! 

Linear elimination was automatically on the equation in line 1: an explicit solution for 
>< was obtained on line 2, and given as a replacement . Similar replacements were 
obtained for the two solutions to the quadratic equation on line 3: complex numerical 
values of these roots were obtained on line 4 . The transcendental equation on line 5 
could not be solved or simplified, and the result was an equation, rather than a 
replacement representing an explicit solution. Line 6 is an example of solution to a 
list of simultaneous equations. 



Further examples 

Example.1 1 
Find the value of fa e:r:

3
dx . 

#I C 1 l : : I n t [ Ex p [ x ~3 l , ! x , 9 , 1 I l 

3 
#0 C 1 l : I n t CE x p C #1 l , ! #1 , 9 , 1 j l 

/II C 2 l : : N [ % l 

#0£21: 1.341994 

Example.& . 
Define a function to obtain Legendre polyno:::nials using Rodrigues 's formula: 

Pi(x) = _1 _ L (x 2- l )l 
zt l' d:xt 

#I Cl l : : p [$I , $ x] : : Ex [ 1 / ( 2 ~s I $I ! l 0 [ ( z ~2 -1 l ~$ I , ! z, $I , $ x j l l 

1 2 
#0 [ 1l : ' Ex [- - ----- 0 [ (z 

$1 
2 $I! 

#I C 2 l : : p [ 9 , x l 

#0£21: 1 

If I C 3 l : : p C 2 , x l 

2 
3 x 

#0 C3l: -112 + ----
2 

/II C4l:: p C19, xl 

2 
3465 x 

#0 C4l: -63/256 + 
256 

$1 
- ll ,!z,$ 1,Sxjll 

4 6 
15915 x 45&45 x 109395 x 

+ --------
128 12 8 256 

8 
46189 x 

+ ---------
256 

Example..3. 
Find the gradient of the function f (x )=2x2 +2x +4xy-5y2+7, and deduce the positions 
of any saddle points . 

/II C 1l : : 2 x ~2 + 3 x + 7 + 4 x y - 5 y ~2 

2 2 
#fJCU: 7 + 3x + 4x y + 2 x - 5 y 

#I [ 21 : : ! 0 [ % ' x l ' D [ % ' y l I 
#fJC21: !3 + 4 x + 4y,4x - lllyj 

#I C 3] : : 5" I [ % , ! x , y j l 

#fJC3J: !>< -> 314,y -> -3/19j 



Example.± 
Find the power series expansion of r er

2 where r= 1 +x +x2 about the point x =Oto fifth 
order. 

#I C 1 l : : r : 1 + x + x .... 2 

2 
/flHll: l+x+x 

#I C 2 l : : P s Cr Exp [ r .... 2 l , x , 0 , 5 l 

2 3 4 5 
/fOC2l :* E + 3E x + SE x + 49E/3 x + 61E/2 x + 1523E/30 x 

Example_li 
Calculate the Bernoulli numbers up to B 10 using the generatin.; function: 

t "' tn 
-t-= 2-::Bn-, 
e -1 n=O n . 

#I [ 1 l : : P s C +I (Exp [ t l -1 ) , t , 0, 11 l 

2 4 6 
8 

/f0Cll::1< 1 - t/2 + -- - --- + - 8.267196* .... _37 t + 2.087676* .... -08 t 
12 720 30240 

#IC2J:: Rx[%] 

2 4 6 
8 

#0 [2]: 1 - t/2 + - --- + - 8.267196c--07 t + 2.187676*--08 t 
12 720 38240 

#I C 3 l : : S C % , t .... $ n - >t -s n $ n ! l 

2 4 6 8 10 
5 t 

#0 C3l: 1 - t/2 + + -- - -- + 
6 38 42 30 66 

#IC4l:: SC%,Plus->List,t->l,Irifl 

#0 [ 4 l : l 1, -1/2, l / 6, -1I3 8, l / 4 2, -1/3 0, 5 / 6 6 j 

Example.Q 

10 

10 

Calculate the exponential constant e from power se:-ies and continued f::-action 
approximations to e:r: . 

#I C 1l : : Ps[Exp[xl,x,0,4l 

2 3 4 
x x x 

#OCll :* 1 + x + -- + + --
2 6 24 

i1I [ 2 l : : S CRx [%], x->ll 

#0 [2): 65/24 

#I C 3 l : : NC %l 

#0 [3]: 2.788333 



#I C 4 l : : Cf CExp Cxl, x, 3, 41 

1 -x x/2 -x/6 x /6 
#CJC-411• 

1 + 1 + 1 + 1 + 1 + 

#I [ 5 l : : #I £2 l 

#fJ [SJ: 1917 

#I [ 6 l : : N [ Xl 

#fJ CSl: 2.714286 

#I r 7 l : : N CEl 

#0 [7]: 2.718282 

Example:L 
Define the derivatives of t~e I' function using the relations: 

#I [ 1 J : : D [Gamm a [ $ x J , l :i> x , 1 , $ y l J : P s i [ 1 , $ y J Gamm a [ $ y J 

#QCll: Gamma[$yl Psi[l,:ilyl 

#l [2J:: D [Gamma [Exp [ x~21 J, xl 

2 2 2 
#0 [2] I 2x Exp[x J Gar:ima[Exp[x JJ Psi [ l. ,Exp [x JJ 

#I [ 3 J : : D [ P s i [ $ n , $ x] , l S x , 1 , $ ':i ! J : P s i [ $ n .,.1 , $ y l 

#0£31: Psi[!+ $ n,~ yl 

#IC4l:: O[Gamma[xl, x,x ,xl 

3 
fr1-0C4J: GammaCxl Ps i Cl,xl + Gamma[xl Psi [3,xl + 3Gamma[xJ Psi [1,xl Psi [2,d 
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7. Presentation of results 
Many results are best presented in the form of tables or graphs. SMP allows tables 
and graphs not only to be generated, but also to be manipulated as symbolic expres­
sions in their own right. 
Lists may be considered as tables. For example, values of a function at a set of points 
may be tabulated in a list whose indices correspond to the points. 
Ar [n, temp] yields a contiguous list whose entries have indices 1, .. .,n and values 
obtained by application of the "template" temp (see sect. 5) to these indices. 

/II C 1 l : : R r C 5 , f l 

#OCll: lfCll,fC2l,fC3l,fC4l,fC5l I 
/II C 2 l : : Ar C 5 , Log l 

#0 C2l: le, Log C2l, Log C3l, Log C4l, Log [51 I 
. /II C 3 l : : N C % l 

#0 C3l: 18,. 6931472, 1. 898612, 1. 386294, 1. 689438 I 
#IC4l:: Rd5,Sx-2l 

#OC4l: ll,4,9,16,25j 

#I C 5 l : : Ar C f I 8 , 1 • 2 , 8 • 1 j j , f l 

#0£51: 1ce1: H8l, c.u: fC.ll, c.21: tc.21, C.31: tC.31, c.41: 1c.41, 

C.51: fC.51, C.61: fC.61, C.71: fC.71, C.81: fC.81, 

C.91: fC.91, Cll: fCll, Cl.11: fCLllj 

R r c f I 8 , 1 • 2 , 8 • 1 I j , s x + s x -2 l /II C 6 l : : 

/JO [6]: !£81: 8, C.ll: .11, C.21: .24, C.31: .39, C.41: .56, C.51: .75, 
" 

C.61: .96, C.71: 1.19, C.81: 1.44, C.91: 1.71, Cll: 2, 

Cl.ll: 2.31j 

#IC7l:: %-2+8.6 

#OC7l: fC8l: .6, C.11: .6121, C.21: .6576, C.31: .7521, C.41: .9136, 

C.51: 1.1625, C.61: 1.5216, C.71: 2.0161, C.81: 2.6736, 

C.91: 3.5241, Cll: 4.6, Cl.11: 5.936lj 

In line 5, the indices in the list were specified to run from 0 to 1 . 2 in steps of 0. 1 . 
Notice that in line 7, the specified operation was performed on each element of the 
list, and a new transformed table was generated. 
The tables in this example are analogous to vectors . Ar may also be used to generate 
tables in which each element carries a set of indices, as in a matrix or tensor. 

#I C 1l : : R r C f 2, 3 j, fl 

#OCll: ff1c1,u,1c1,21,1c1,31 I, fte2,u,1c2,21,H2,31 ll 
#I C 2 l : : R r C ! 2 , 3 I , f CS i , S j -2 l l 

/IOC2l: llfCl,ll,fCl,41,fCl,9] 1. IH2,ll,fC2,4l,fC2,9l jj 

#I C 31 : : Ar C I 2, 3 j, 1 I ( S i + S I -2 + S j ) l 
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#0 c31: ! !113, 114, 11s 1, !1n, 118, 1/9 ! l 
#I [ 4 l : : Ar [ ! ! 9 , 1 , 9 • 3 ! , ! 4 , 5 I ! , f l 

#0C4J: fUll: fC4l: fC9,4l, CSl: fC9,Slj, 

C.31: !£41: f C.3,41, CSl: f C.3,Sl j, 

C.61: !C4l: fC.6,41, [51: fC.6,Slj, 

C.91: !C4l: fC.9,41, CSl: fC.9,Sljj 

#I c 5 l : : Ar C I ! 0 , 1 , 9 • 3 j , f 4 , 5 ! ! , N CL o g C $ x + $ y ..... 21 l l 

#OCSJ: !£91: !£41: 2.772589, CSl: 3.2188761, 

#1[6]:: %-2 

C.31: !C4l: 2.791165, CSl: 3.239894!, 

C.61: lt4l: 2.889493, (51: 3.242592!, 

C.91: !£41: 2.827314, CSl: 3 . 254243jJ 

2 2 
#0 CSJ: !C91: !C4l: 2.772589 CSJ: 3.218876 !, 

2 2 
C3/19l: !C4l: 2.791165, [SJ: 3.239894 J. 

2 2 
C3/5J: !C4l: 2.899493, C5J: 3.242592 !, 

2 2 
[9/19]: !£41: 2.827314' CSJ: 3.254243 II 

#I C 7) : : Ar C ! 2, 2 , 2 I , fl 

#0£71: l!!tel,l,ll,fCl,l,21 L !Hl,2,ll,fCl,2,21 !!, 
!!H2,1,ll,fC2,1,2l !, ftC2,2,ll,fC2,2,2l j!! 

7 . 

In line 1, Ar was used to generate a 2x3 matrix, each of whose ent:v-ies was given bi-;' 
applying f to its two indices. On line 2, a 2x3 matrix whose i ,j th element is f ( i ,j ) 
was obtained by applying the template f [$ i, S j ..... 2] to the indices for each elem ent. 
When a template containing several generic symbols is applied to a set of expressions, 
the generic symbol which appears first in lexical orderin.g is associat ed with the fi rs t 
expression, the second with the second expression, and so on. 
In line 7 above, a rank-3 2x2x2 tensor whose i,j,kth element is /( i, j,k ) ·was gen­
erated. 

In some cases, it suffices to generate and print a table once, without re taining a per­
manent record of its elements in the form of a list. Do [i, imin, imax, istep, expr] 
evaluates expr with i equal t::> imin, imin+istep, . ... , imax . If istep is omitted, it is 
taken as 1 , and if in addition, imin is omitt ed, it also t akes the vaiue 1 . 
Pr [ expr 1, expr2, .. .J prints a sequence of expressions. 

#I C 1 l : : Do C i , 5 , Pr C i , i ! , i ! ! , i - i l J 

1 
2 
3 
4 
5 

1 
2 
6 
24 
120 

#OCll: 3125 

1 
2 
3 
8 
15 

1 
4 
27 
256 
3125 
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#I C 2 J : : DoCu,x+l,x+S,PrCu,ExCu~21JJ 

2 
1 + x 1 + 2x + x 

2 
2 + x 4 + 4x + x 

2 
3 + x 9 + 6x + x 

2 
4 + x 16 + 8x + x 

2 
5 + x 25 + 18x + x 

2 
#fJ C2J: 25 + 18x + x 

Numerical results may be presented as graphs. Graph [expr, x, xrr ... in, xma.x] plots a 
graph of the numerical value of expr with x between xmin and xmax. 

#I C 1 J : : Graph C 1 I Gamm a C x J , x , - 3 , 3 J 

#<JC11: 

I ******** 
1 '*** **** 
I ** ~' *** 
I •• "'** 
I ** **** 

*** I * 
** ** I •• 

* ** I * 
• ** I** 

~~~~~~-=-2~~~~~~~~~~~~-SI-~~~~~~~~~~~~---'-~~~~~~-

* 
* * •• 

** * 
* * 
** * 
* * 
*** 

*** *** I 
*** I I 

I 
I 
I 
-1 
I 
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At some installations, graphics output devices may be available for which graphs are 
automatically generated with ccntinuous high-resolution lines. 

#I C 1l : : Graph C 1 I Gamm a C x J , x , -3, 3 J 

2 
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Graph q ~ expr 1 ~, ~ expr2~, ... ~, x, xmin, xma.x] plots the curves for expr 1, expr2, . .. 
on a single set of axes . 

#I C 11 : : Graph C ! l Bes j C 2 , >< l I , l Bes j C 5 , >< l 11, >< , 8 , 2 81 

0 

- • 12~ 

/\ .. 
I ' I ' 

I \ , \ 

' I 
' I I 

\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 

\ 

\ 
\ l 0 
\ 
\ 
\ 
\ 
I 
I 
I 

' ' ' \ ; 
\_/ 

,/\ 
/ \. , . , . , . 

I , , 
' , I 
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Graph [ ~x. y~, u, umin, umax] yields a parametric plot of x,y with the parameter u in 
the range umin to umax. 

0 • 5 
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Graph [z, !x, yf, !.xm.in, yminJ, !.xm.ax, ymaxp gives a contour plot of z as a func­
tion of x and y. 

#I C 1l : : Graph C ( 4 x + y > / 5 Cos C x / 5 l Cos Cy/ 5 l , J 9, 8 j , ! 2 5 , 2 5 j l 
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#I C2J : : CraphCC4x+y)/5 CosCx1' Sl C c c[~/S I , f::, y J, !a.al, f2 :t,z~q., f - 1c. -2 0,a~1 
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Plots in SMP are symbolic expressions consisting of a set of point, line and surface 
specifications with special printing chara cteristics . Two, three and higher-dimensional 
graphs may thus be manipulated extensively, as indicated in the Reference Manual. 



Further examples 

Example.l 
Form the 4X4 matrix M;.;= . ~ 

1 
Find the inverse of M. 

'1.+] + 

#I C 1 J : : Ar C ! 4 , 4 I, 1 I ( $ i + $ j + 1 > J 

#<JClJ: !ll/3,1/4,1/5,l/6j, !114,115,1/6,117!, ll/5,1/6,1/7,118!, 

p16, 111, 118, 119 I I 
#I C 2 J : : M i n v C % J 

#0 [2] I I I 1288, -6388, 18888 1 -5848! 1 l-6388, 35288 1 -58888, 38248 ! 1 

11ee8e, -588ee, iee8ee, -5292 e ! , !-5848, 30240, -5292 e, 28224 I I 

Example.Z. 
Find graphically the approximate position of the first zero of log(x) J 0 (x) . Make 
tables of the values of the function to locate the zero more accurately. 

#I C 1l : : Graph CL o g C x J Bes J C 8, x J , x, 8, 18 J 

#OCll: 

I 
I 
I 
I 
e 
I " I * I ** I * I :r.• 
-1>1< 

'** I* 
I• 
I• 
I* 
I 
-2 

*** 
*** **** 

*** *** 
********** 

#I C 2 J : : t C S x J : : N CL o g C $ x J Bes J C 8 , S x J 1 

#CJC2J: 'NCBesJC8,SxJ LogCSxJJ 

#IC 3 J : : Ar £! ! 2. 4, 2. 8, . e 2 5 j !, t J 

** 

*** 
** 

********* 
*** 

*** 

#<JC3J: IC2.4J: .802195398, (2.4251: -.88923844, (2.45): -.82881321, 

***** 

[2.4751: -.03251591, (2.51: - . 04433361, (2.5251: -.05625344, 

[2.551: -.86826262, (2.5751: -.08034843, [2.61: -.09249824, 

[2.6251: -.1046995, [2.651: -.1169398, [2.6751: -.1292067, 

[2.71: -.1414881, [2.7251: - . 1537717, [2.751: - . 1660456, 

[2. 7751: -.1782979 j 

#I [ 4] : : Ar [ ! ! 2 . 4 , 2 • 4 1 , • 8 0 1 I j , t l 

#CJC4J: !C2.4J: .882195398, C2.481J: .881748914, (2.4821: .801286185, 



Example..3. 

[2.4831: .9888312182, [2.4841: .888375992, 

c 2 • 4 e s l : - 7 . 9 4 s 9 1 s * ~- a s , c 2 • 4 e s J : - • a a e s 3 s 1 1 2 s , 

C2.487l: -.9889911173, C2.488l: -.881447393, 

[2.48911 -.881983727, [2.411: -.88236839lj 

Generate the totally antisymmetric (Levi-Civita) tensor in three dimensions. 

#I [ 1 l : : R r [ l 3 , 3 , 3 I , S i g l 

/JOCll: 1110,e,e!, 10,0,11, 10,-1,011. lfe,e,-11, j0,e,0j. j1,&,0!L 

110,1,e!, j-1,e,ej. j0,e,elll 

/II C 2 l : : Po s C 1, % l 

#0C2l: 111,2,3j,j2,3,lj,j3,1,2ll 

Exarnple..1 
Form the unit lower-triangular 4X4 matrix. 

#I [ 1) : : R r [ I 4 , 4 I , G t l 

#QCll: /le,e,e,ej, 11,0,0,01, 11,1,e,ej, 11,1,1,011 

Example..Q. 
Obtain a picture of an involution of the circle: 

x = cos(i;o) + rp sin(rp) 

y = sin(rp) - i;o cos(i;o) 
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8. Defining new mathematical constructs 
One of the most powerful features of SMP is the simplicity with which mathematical 
constructs may be introduced and manipulated. The SMP definition of a new con­
struct usually coincides very closely with its precise mathematical definition. 

AB a first example, consider introduction of new differentiation projection newd if f 
which obeys the standard rules: 

where x and y are symbols. 

/II [ 1 l : : new d i f f [ S x , S x l : 1 

#tJCll: 1 

d --x 
dx 

d 
-y=O 
dx 

1 

..!!.__(u+v) = du + dv 
dx dx dx 

_!!:_(u v) = v du + u dv 
dx dx dx 

#I [ 2 l : : new d i f f [Sy ....r Numb p [Sy l , S x l : 9 

#0[21: 9 

#I [ 3 l : : new d I f f [Sy ....r Sy m b p [Sy l , S x ....r C ""I' [ S x = $ y l ) J : 9 

#<JC3l: 8 

/II C 4 J : : new d i f f [Su+ SS v, S x J : : new d i f f CS u, S x l +new d i f f [SS v, S x l 

#<JC4l: 'newdiff[Su,Sxl + newdiff[SSv,Sxl 

#I [ 5 l : : new d i f f [Su S $ v, $ x l : : SS v new d i f f [ $ u, S x J +Su new d i f f [ S $ v, $ x l 

#0 CSJ: ' SSv newd if f [Su, Sxl + Su newd if f CSSv, Sxl 

#I C 6 l : : new d i f f 

#0£61: I CSSv Sul: I CSxl:: SSv newd if f [Su, Sxl + Su newd if fCS$v, Sxl l, 

[$$v +Sul: f[Sxl:: newdiffCSu,Sxl + newdiff[$Sv,Sxl j, 

CSy ....r Sym:>p CSyl l: ! CSx ....r ("' P CSx Syl) l: 8 L 
CSy ....r NumbpCSyll: !CSxl: 91, CSxl: fCSxl: lj! 

/II C 7 l : : n aw d i f f C 2 x + 3 , x l 

#<JC7l: 2 

#I C 8 l : : t : C x +a+ b l C 3 / 2 x + 2 b > C 4 x + 3 > + x +a x 

#0 [8]: x + a x + (3 + 4xl C2b + 3x/2l Ca + b + xl 

#I [ 9 l : : n e u d i f f [ t , x l 

#0 [9]: 1 +a + {3 + 4xl C3a/2 + 7b/2 + 3xl + 4C2b + 3x/2) Ca + b + x) 

#I C l 9 l : : Ex C % l 

2 2 
/µJC19l: 1 + lla/2 + 21b/2 + 9x + 8a b + 12a x + 28b x + 8 b + 18 x 

#I C 11 l : : Ex CD C t , x l l 



8. SMP PRIMER I Defining new mathematical constructs 8. 

2 2 
#IJClll: 1 + lla/2 + 2lb/2 + 9x + 8a b + 12a x + 28b x + 8 b + 18 x 

#I [ 12 l : : 0 u t p u t C new d i f f , de f d i f f l ; 

The rules for differentiation stated in mathematical form above were given as assign­
ments for nei.1d if f in lines 1 through 5. The resulting form for newd i ff was 
displayed in line 6. Examples of newd i ff were given on lines 7 and 9, the latter being 
compared with the result obtained with the built-in differentiation projection 0 on 
line 11. On line 12, the definitions for newd i ff were saved in the file de fd i ff: 

newdlff[Sx,Sxl: 1 
newd if f CSy ....;. Numbp CSyl, Sxl 1 8 
newdl ff CSy __. SymbpCSyl ,Sx _; ("" PCSx = Syl )] : 8 
newdiff[S$v + Su,Sxl :: newdiff[Su,Sxl + newdiff'CSSv,Sxl 
newd if f [SSv•Su, Sxl : : SSv•newd if f CSu, Sxl + Su:i:newd if f CSSv, Sxl 

In lines 2 and 3, Numbp Cyl tests whether y is a number, and Symbp [yl tests whether 
it is a symbol. In line 3, P [ exprl yields 1 if expr is 1 ("true") and 0 otherwise. Its 
use in this case implements the assumption that distinct symbols represent indepen­
dent variables. The generic symbol Su in line 4 may represent either a composite 
expression or a single symbol and thus an independent variable. The alternative real­
ized in a particular case depends on the explicit form of Su providec. To avoid evalua­
tion before this form is specified, delayed assignments are used in lines 4 and 5. 
On lines 4 and 5, Slv represents a sequence of arguments to PI us and Mu It, and, 
through recursion, applies to derivatives of sums EJld products with any number of 
terms. As discussed in sect. 3, use of Sv would give rules only for sums or products 
with exactly two terms. 
Notice that in all assignments for newd i ff, there was no explicit requirement that 
the variable of differentiation Ix be a symbol. Such a requirement may be intro­
duced by use of Sx_=Symbp [lxl rather than Ix on the left-hand side in each case. 

In contrast to the rather direct definition for newd i ff given above, conventional pro­
gramming languages would require a definition such as: 

#l [ 1 l : : new d i f f [Sy , $ x l : : S w t ch [Sy m b p [Sy l , I f [ P [Sy= S x J , 1 , 8] , \ 
Numb p [Sy l , 8, Sy [ 8 l = P I us , new d i f f [ $ y [ 1l , $ x l +new d i f f [Sy [ 2 l , $ x l , \ 
$ y [ 8 l =Mu I t , $ y [ 2 l now d i f f [Sy [ 1l , $ x l + $ y [ 11 new d i f f [ $ y [ 21 , $ x l l 

#IJCll: , SwtchCSymbp[Syl,IfCPCSy"' Sxl,1,81,NumbpCSyl,8,SyC8l =Plus, 

newdiffCSyCll,Sxl + newdiffCSyC2l,Sxl,SyC8l = Mult, 

Sy [2] newd if f CSy Cll, Sxl + Sy Cll newd if f [Sy [21, Sxl l 

Notice that this assignment cannot treat sums and products containing more than 
two terms. 
The "switch" projection Swtch[pred1,expr1,pred2,expr2, .. .l tests each of the 
"predicate expressions" predi in turn, yielding the expri associated with the first one 
found to be "true". If [pred, expr 1, exprZJ tests pred, yielding expr 1 if it is found to 
be "true" and expr2 if it is found "false". 
In the second example the function newd i ff accepts any expression Sy as a first 
argument, and then uses Swtch and If to test the possible forms o~ Sy and select 
an appropriate case. In the first example, however, individual assignment are given 
directly for each possible form, so that explicit Swtch or If tests are unnecessary. 
The Sy [0] =PI us case in the Sw tch of the second example is covered by an assign­
ment for expressions of the form Su+SSv on line 4 of the first example. The terms in 
the sum are identified in the first example as Su and Uv . In the second example, 
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they must be identified and extracted by the explicit projections Sy [lJ and Sy [2] . 
In addition to its simplicity and directness, the approach used in the first example 
has the virtue that further definitions may be given as additional assignments. In the 
second example, the entire Sw tch must be rebuilt to accomodate the additional 
case. 

For the next example, we consider a function f (x) obeying the relations: 

(a) f (nrr) = -1" (n integer) 

( b ) f ( -x) = - f ( x) 

#I [ 1 l : : f [ C $ n _; In t p [ $ n l > P i l : C -1} -s n 

Sn 
#OCll: <-1> 

#I [ 2 l : : f [ 3 P i l 

#QC21: -1 

#1[3]:: f[xl 

#QC3l: f[x] 

#I [ 4 1 : : f [ N [ 3 P i l l 

#QC4l: f[S.4247781 

#I [ 5 l : : f CS x ~ 11 o d [ S x, ! N C P i J l = 8 l : < -1 > - CS x IN C P i l > 

.3183899Sx 
#0 CSJ: C-ll 

#I [ 6 l : : f [ N C 3 P i l l 

#QC6l: -1 

#I C 7l : : f C 3 l 

#OC7l: f[3l 

#I [ 8 l : : f [ S x _; N c [ S x l <0 l : - f [ - S x J 

#0 [81: -f [-Sxl 

#I [ 9 l : : f [ - x l + I Cy l 

#QC9l: -fCxl + f[yJ 

The assignment in line 1 implements relation (a) when Pi appears explicitly. The 
assignment on line 4 treats cases such as line 3 in which the argument of f is a real 
number divisible by Pi . The function Mod [x, yJ yields the remainder from the divi­
sion of x by y . 
The definition on line 5 requires the numerical value of Pi . N [pi J is evaluated 
immediately on the right-hand side of the assignment. However, in the condition on 
t..."le left-hand side, N [Pi J would usually be re-evaluated whenever the condition is 
tested. ! expr causes expr to be simplified on input, and thus avoids re-evaluation in 
this case. 

Line 8 uses the reflection formula (b) to produce a canonical form by removing any 
explicit overall minus sign in the argument of f . Ne [x] gives the overall numerical 
coefficient of the expression x. When no explicit overall minus sign is present, projec­
tions of f are left unchanged. If no condition had been given in the assignrrnnt on line 
8, f [x] would have been replaced by -f [-x] which would in turn have been replaced 
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by f [x] ad infinitum. 

We now consider manipulation of permutations (see also the external file XPerm). 
Permutations are represented as usual by a list of integers giving the final positions 
of each element. The projection comp [perml, permZJ yields the permutation 
obtained by applying first perml thenperm2 (composition). 

#I [ 1l : : comp CS p l, Sp 2 l : : R r [Lan CS p ll , Sp 2 [Sp l [ S 1l l l 

/fOCll: 'RrCLanCSpll,Sp2CSplCSllll 

#IC2l:: co11pq3,2,lj, !1,3,2jl 

/fOC2l: !2,3,lj 

#IC3l1: compC!2,3,lj, !3,2,lj, !1,3,2jl 

/fOC3l: co111pq2,3,lj,!3,2,lj,!1,3,2jl 

#I C 4 l 1 : co 111 p Cc om p C ! 2 , 3 , 1 j , l 3, 2 , 1 I l , l 1 , 3 , 2 j l 

#0£41: 13,1,21 

#1£51:: f[f[a,bl,cl 

/fOCSl: f[fCa,bl,cl 

#ICSl:: comp.....:F l at 

/fOCSl: Flat 

#I C7l:: _comp 

/fOC71: !CFlatl: lj 

#1 [ 81 1 : .J [ F I a t l : l 

#OC81: 1 

#I C 91 : : f [ f Ca , bl , cl 

/fOC91 : fCa,b,cl 

#I£181: : compC!2,3,1!, !3,2,1!, !l,3,2jl 

/fOC18l: f3,l,2j 

#I [ 111 : : 0 u t p u t [comp , par ms l 

In line 1. Len [expr] gives the "length." of expr: the number of elements in a list, or 
the number of filters in a projection. On line 2, Sl in the definition of comp runs over 
the values 1, 2 and 3 . The inner projection in the template yields the position of 
each element after the first permutation; the outer projection then gives the final 
position after the element has been subjected to the second permutation. 
comp is defined on line 1 as a function of two arguments only. The e},..'J)ression on line 
3 is therefore not simplified. However, the mathematical operation of composition is 
associative, allowing composition of three permutations to be performed as on line 4. 
Notice that the arguments of the fw1ction comp on line 4 are simplified before the 
function itself . 

Line 5 ass~gns comp to have the property FI at, and defines its projections to act as 
associative n-ary functions . This property is used in evaluating the composition of 
three permutations on line 8. 
Line 6 defines f to have the property FI at. The nested projection on line 4 is then 
reduced to a "flattened" canonical form on line 8. The built-in functions PI us, Mu I t 
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and Dot also carry the property FI at, so that Ca+b} +c is reduced to a+b+c. 
Any properties or attributes assigned to a symbols are given in the list _s. When a 
symbol carries a property prop, a nonzero entry J [prop] appears in the list _s. 
Line 7 shows that comp carries the property FI at . The form s_; prop used on line 6 
is a short notation for _s[propl: 1. Projections of ...§ may be assigned or removed 
just like projections of a symbol. 

Properties are used to specify many characteristics of projections. Projections car­
rying the property Comm are treated as commutative functions, and their arguments 
are sorted into a canonical order. The property Rear may be used to specify more 
complicated reordering symmetries for the filters of a projection (as required for 
indicial tensors) . For example, J CReor l : Asym defines s to be totally antisymmetric 
with respect to reordering of its arguments. 

When a projection carrying the property Ld is t has lists as its filters, the projection 
is applied separately to each element of the lists, yielding a list of the results . All 
common mathematical functions have this property, as illustrated in sect. 2. 
a_p assigns the symbol a to have the "type" b, and to share any properties of b . Such 
assignments are often required to disti.nguish objects of different classes when using 
external files . 

It is often convenient to represent several related functions as projections fro~ the 
same object, distinguishing them by the number of arguments given. Thus both the 
ordinary gamma function r(x) and the incomplete gamma function r(x,a) are 
represented as projections of Gamm a . Projections with fewer filters usually 
correspond to functions obtained when omitted arguments take on simple "default" 
values. The ordinary gamma function is obtained from f{x ,a) when a=O . Assignment 
of the property Ti er to a symbol s indicates that projections of s with different 
numbers of filters represent different functions . Without Ti er, an additional filter in 
a projection represents extraction of a deeper subpart of the same function or object. 
f [1, 21 is then equivalent to f [lJ [2] . When f has the property Ti er, however, 
f (1, 2J and f [lJ C2J are distinguished. Most built-in functions allow several optional 
arguments used to specify their action more precisely; they therefore carry the pro­
perty Ti er . 

Composition may be considered as the analogue for permutations of the Dot opera­
tion. Lists used to represent permutations may be distinguished from other lists by 
enclosing them !n a projection as Perm [list] . No value is assigned to Perm; it is 
merely used to identify permutation lists . 

#I [ 1l : : Perm [ $ I lJ . Perm [SI 2 l : : Perm [co mp [ S I 1, $ I 2 l l 

flOCll: 'Perm[comp[Sll,S12ll 

#I [ 2 l : : Perm [ ! 2 , 3 , 1 I l . Perm [ ! 3 , 2 , 1 j l . Perm [ ! 1, 3 , 2 I l 
#0 [ 2 l : Perm [co mp Cc om p q 2 , 3, 1 j, j 3 , 2, 1 jl , I 1 , 3 , 2 !J l 

#I [ 3 l : : <per ms 

#1 ( 41:: @2 

#<JC4l: Permr!3,1,2ll 

#I [ 5 l : : -1' er m [Pr l [ S x l : : Fm t [ ! f 8, 8 I , f 1 , 1 I , f 1 , -1 j , f 2 , 8 11, 11 
[ 

11
, $ x , Ar [Len [ $ x l l , "l "l 

Sx 
#0[5]: , [ 

Ar Clan [Sxl l 
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#IC61:: @. 

!3, 1, 2 I 
[ ] 

! 1, 2, 3 I 
f/OC6l:* 

#I C 71 : : Lpr C%1 

PermC!3,1,2jl 

#I C 81 : : 

f/OC8l:• 

Par111£!2,1,3,4jl .Perm£!1,4,2,3jl 

!4, 1, 2, 3 I 
[ ] 

!1, 2, 3, 4 I 

8. 

Line 5 defines a special output form for Perm . When a suitable property is defined, 
projections from fare printed in the form assigned for the corresponding projections 
of _f[Pr] . Fmt [spec, exprl, expr2, .. .J prints with the expressions exprl, expr2, ... 
in relative positions defined by the lists of horizontal and vertical offsets in spec . 
Lpr prints expressions without using special output forms, as bn line 7. 

If permutations are represented ilS ordinary lists, composition may be represented by 
a special input form. 

#I [ 1J : ' S x s e t [ ,. <>", co mp , 4 l 

flOCll: comp 

#I [ 21 : : ! 2' 3. 1 I<>! 3' 2' 1 l <>I 1' 3' 2 I 

#O C 2 J : co mp£! 2, 3, 1 l, comp £! 3, 2, 1 L I 1, 3, 2 jJ J 

#I [3J:: <perms 

#I £41:: @2 

#0[4]: !3,1,21 

#I [ 5 J : : -D 

Line 1 defines <>to be an operator of class t~ (see [2.10]) represecting comp . 

External files in the SMP library serve as further examples . See particularly the files 
Xlap (Laplace transforms) , XGr (graph theory) and XFrac (fractior:is). 
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9. Programming 

Assignments may be considered to define programs. In most of the cases discussed 
above, the "programs" have involved only mathematical functions or single SMP com­
mands. In some cases, it is necessary to use a sequence of commands to manipulate 
or transform an expression. 
In the simplest case, the sequence is formed by nesting commands. The nested pro­
jection /[g [xl l performs the command g on the expression x, and then performs f on 
the result. This method is adequate when the output from each step is required only 
as the input to the next step. 

A procedure consists of a sequence of independent commands. The commands are 
given in order, and separated by semicolons. Procedures are necessary for manipula­
tions which require intermediate expressions to be used repeatedly. Such expressions 
may be assigned as the values of temporary "local" variables in a procedure. 
Le I [xl, x2, .. l defines xl, x2, ... to be local variables whose original values are 
restored upon completion of the procedure. 

#I Cll:: Ex [ <l+x+al-31 

2 2 2 3 2 
#{)Cll: 1 + 3a + 3x + Sa x + 3a x + 3 a x + 3 a + a + 3 x + x 

#IC2l:: CoefCx,%1 

2 
#0C2l: 3+Sa+3a 

#I C3l:: Fae CXl 

2 
#0 C3l: 3 (1 + al 

#I C 4 l : : Fa c C Co e f C x , E x C ( 1 + x +a l -3 l l l 

2 
#OC4l: 3 <1 +al 

#I C 5 l : : t : Ex C ( 1 + x +a l -3 l ; t : Coe f [ x , t ] ; t : Fa c C t l 

#0 [5]: 

#I CS l : : 

3 (1 + al 

#OCSl: 3 <1 +al 

2 

2 

#I C 7 l : : t : Ex C ( 1 + x +a ) -3 l ; t : Coe f C x, t l +Coe f C x -2, t l ; Fa c [ t l 

#OC7l: 3<1 +al C2 +al 

#I C8J : : 

2 
#0 C81: S + 9a + 3 a 

#I C 9 l : : l c I C t l ; t : Ex C ( l + x +al -3 l ; t : Coe f [ x -2 , t l IC o e f [ x, t l 

3 + 3a 
#0 [9): 

2 
3 + Sa + 3 a 

3 
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#I [19] I: 

2 
#flC19l1 6 + 9a + 3 a 

In lines 1, 2 and 3, a succession of commands were used on a single expression. On 
line 4, the commands were nested together. In line 5, the commands were performed 
sequentially in a procedure, using t to carry intermediate results . Note that even 
after the procedure has been completed, t retained the last intermediate value 
assigned to it in the procedure. 
In the procedure on line 7, the intermediate result from Ex was used twice; to per­
form the same operation using nested commands would have required two separate 
invocations of Ex . On line 9, a similar procedure was executed, but with t defined as 
a local variable. The original value of t was then restored on exit from the procedure, 
as shown on line 10. 

Variables used only in intermediate stages of a procedure should !:>e defined as local 
to avoid potential conflicts with existing or future variables of the same name used 
outside the procedure. It is conventional for the names of local variables to start with 
X. 
If a procedure contains conditional statements (If or Swtch), the result of the pro­
cedure may be returned before the final expression in the procedure is executed. 
When Ret [exprl is encountered in a procedure, the procedure is terminated, and 
the result expr is returned. 
A procedure may contain invocations of further procedures. In a set of nested pro­
cedures, a variable defined as local in an outer procedure is shared with all inner pro­
cedures in which it is not explicitly defined as local. Re t [ expr, nl returns the value 
e:r:pr through n nested procedures. 

It is often necessary to perform an operation repetitively a fixed numbe1· of times, or 
until a particular form is reached. Many SMP frmctions may be specified to apply an 
operation repeatedly. For example, S [ e:r:pr, a->b, nl performs substitut~ons in expr 
using the replacement a- >b successively rmtil no further change occurs, or at most n 
times . 
Loop [cond, expr] simplifies e:r:pr repetitively until the condition cond ceases to be 
"true". 

#I [ ll : : S C x , S x - >t CS x l l 

lltJCll: f[xl 

#1 ( 2] I : S [ X, $ X - >f [ S X] , 4] 

#OC2l: f[f[f[fCxllll 

#I [ 3 l 1 : t : x ; n : 9 ; Loop [ n <4 , t : f C t l ; I n c [ n l l ; t 

#flC3l: f[f[f[f[xllll 

#I [ 4 l : : F o r [ t : x ; n : 9 , n <4 , I n c [ n l , t : f [ t l l 

#'JC4l: f[f[f[f[ x llll 

#I C 5 l : : t : x ; Do C i , 4 , t : f C t 1 l 

#lJCSl: f[f[f[f[xllll 

Inc LxJ increments the value of x by 1 . 
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A natural mathematical definition of the Fibonacci numbers is 

f (n) = f (n-1) + f (n-2) 

/(1) =/(2) =1 

9. 

(a) 

(b) 

The evaluation of Fibonacci numbers using this definition requires nested "recursive" 
application of the function f. f is used repeatedly until the end conditions (b) are 
encountered. 

#I [ 1l : : f [Sn l : f [Sn -11 + f [Sn - 2 l 

#<JCll: fC-2 + Snl + fC-1 + Snl 

#I C 2 J : : f C 11 : f C 2 J : 1 

#<JC2J: 1 

#I C 3 J : : f C 3 l 

#<JC3J: 2 

#I C 4 J : : f C 1 8 J 

#0£41: 55 

#I C 5 J : : g [ $ n J : : < g C $ n J : g C $ n -11 + g [Sn - 2 J ) 

#<JC5J: ·· gCSnl : gCSn - 11 + gCSn - 2l 

#I C 6 l : : g C 1 J : g C 2 J : 1 

#0£6]: 1 

#I £71:: 

#<JC7J: flll: 1, C2J: 1, CSnJ: f[-2 +Sn] + f[-1 + Snlj 

#I C 8 J : : g 

#O C8J: !£11: 1, C2J: 1, [$n]:: g [Sn] gCSn - 1J + g[Sn - 21 j 

#I [ 9] I : 9 [ 5] 

#-0£9]: 5 

#I CUJ:: g 

#0£181: !£51: 5, [4]: 3, [31: 2, [1]: 1, £21: 1, 

CSnl:: g CSnl : 9 [$n - 11 + g [Sn - 21 j 

The function g on line 6 is defined to be a program which recursively computes 
values of g and then stores the result ("dynamic programming"). After the evaluation 
of g [5] the list g contains the explicit values for all the cases computed, as shown 
on line 10. 
Many common definitions implicitly use recursion. For example, Log rnx 
Uxl : Log CSxl +Log [SSxl is applied recursively to Log [a b cl to yield fir s t Log [b 
cJ + Log [a] and then Log [a] + Log [bl + Log [cl . 

Recursive assignments are used until end conditions are encountered. Use of the 
definition 

f (n) = f(n+Z) -/ (n+l) 

would miss the end conditions and cause the attempted evaluation of say f(4) to con­
tinue forever . (In practice, SMP eventually suspends apparently fruitless r ecursive 
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evaluations.) S allows recursive replacements to be applied a fixed number of times, 
instead of continuing until end conditions are reached. 

In investigating or verifying the operation of a definition or program, it is often con­
venient to assign f _;Tr ace so that each projection from f is printed before evalua­
tion. 

#I C 1l : : Log ( S x SS x l : log ( S x l +Log CS S x l 

#<J ( 1l: log CSSxl + Log CSxl 

#I [21:: log_; Trace 

#<J [2]: Trace 

#I C 3 l : : Log C a b c d el 

Log Ca b 

Log Cb c 

log Cal 

Log Cbl 

Log(c d 

log (cl 

Log (d al 

Log Cdl 

log (el 

#<J (3]: 

c d al 

d el 

e l 

Log Cal + log (bl + log (cl + Log [dl + log [el 

Many programs require arguments of particular types . For example, the Fibonacci 
program above allows only integer arguments. Such type restrictions are enfor~ed by 
placing conditions on the input variables: f [Sn_=Na tp CSnJ J: f [$n-1J +f [$n-2J 
defines the reduction of f [SnJ only when Sn is a positive integer. 

Express ions are usually simplified wher ... ever they appear. However, in assignments 
performed with : : , the expression on the right hand side is not immediately simpli­
fied . It is simplified each time the assignment is used, after generic symbols h:i.ve 
been replaced by the specific values required. Use of : : in the definition of the 
Fibonacci function g [SnJ above causes the assignment on the right-hand side to be 
performed separately for each value of Sn . Whenever simplification of an exp~ession 
or program on the right-hand side of an assignment followed by replacements for gen­
eric symbols would yield a different result from simplification after the replacement 
of particular values for generic symbols, a delayed assignment : : should be used. 
This case is realized when strucmral operations are performed on the expressions 
represented by the generic symbols, or when an assignment occurs . 
Only values of arguments are usually passed to functions . However, when projections 
or assignments of an argument are required, it is necessary to pass the argument "by 
name" in an unsimplified form. Some system-defined functions automatically main­
tain their arguments in unsimplified form. For example , in a: 1 , a is maintained 
unsimplified. In ! a: 1, a is simplified before assignment. If the value of a were b, 
then in this case, b rather than a would be assigned the value 1 . Similarly, func­
tions such as PI us to be used as templates are passed in an unevaluated form . 

The simplification of any expression may be prevented by explicit use of ' . 'expr is 
an expression equivalent to expr, but maintained in an unsimplified fo:·m. Structural 
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operations may be performed on the "frozen" or "held" expression 'expr ju'St as on 
expr, but the results are left unsimplified until explicitly "released" by Re I [ expr] . 

External files in the SMP library serve as further examples . See particularly XHorn 
(Horner representation of a polynomial), XLI tp (Lagrangian interpolation) and 
XYoung (Young graphs for group theory). 
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10. Epilogue 
The reader of this primer should by now have a gained a basic working knowledge of 
SMP. Experience with an actual SMP system is crucial in consolidating and extending 
this knowledge. 

Casual reading of the Reference Manual and the external files in the S~~p Lihrary will 
indicate further capabilities and facilities of SMP. 
The keyword index to the Reference Manual. and the topic directory of the SMP 
Library may be used to locate a detailed description of facilities relevant to a specific 
calculation or application. Jn some cases, a single built-in function, or an existing 
library function, may perform the complete calculation required. In all but the most 
mundane cases, however, several functions will be required. The fit st time a compli­
cated operation is performed, it may be convenient to carry out each step on a 
separate line, inspecting and checking the intermediate results . However, once the 
procedure for the operation is clear, a single function should be devised to implement 
it. It is almost always worthwhile to give the most general definition feasible, and to 
save it in an external file - later changes of parameters or interpreta~;.on rr:ay then be 
investigated without devising necessary definitions again. It is usually valuable to 
include a short comrnentary with each external file describing the operation or 
nature of the definitions given. 
An operation or construct requires precise formulation to be defined in SMP. 
Mathematical definitions may very often be used directly in SMP. Definitions of pro­
cedures are often more difficult and lengthy to implement. 
The appearance of global variables in definitions should usually be avoided - when the 
definition is used again, the values of the variables may have been changed. 
Separate functions should be defined for each part of a complicated operatio::i, and 
controlled by an overall dispatching function. 

When no complicated mathematical formulae are involved, a rough rclle is that indivi­
dual SMP definitions should usually be less than two or three lines long. If they are 
longer , an alternative formulation is probably desirable . The short3r its definition, 
the easier a function is to test, verify and understand. 
Or..ce a definition has been devised, it should be checked carefully. incorrect defini­
tions may often give plausible results . Simple cases with known results should be 
tried to verify the defintion and its implementation. 
It is common for a definition or function not to behave in the way intended or 
expected. To understand discrepancies, it is often valuable to trace the operations by 
hand in a simple case . 
SMP does what it is defined or programmed to do exactly and peciantically. It can 
determine what the user intends only through the definitions given. 
If an unexpected result is obtained, it is always possible that SMP may be in error. 
Such errors should be considered as a very last resort in tracing the source of a diffi­
culty. The definitions given should first be examined and investigated in extreme 
detail. 
When performing a calculation, needless complication should be avoided. A more com­
plicated calculation will take longer to perform, and the result will often be lengthy 
and difficult to assimilate . There is nevertheless no limit in principle t.o the size of 
calculations and expressions handled by SMP. (Some installations may however 
impose limits .) SMP was in fact designed to perform calculations of extreme complex­
ity. 

SMP is a very concise language. Very complicated operations can be specified on a 
single input line , so that the processing of the line may require a su·ostantie.l amount 
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of time. The internal operation of SMP is nevertheless extremely efficient . 
Most scientific investigations involve three phases: development of conceptual frame­
work, mundane calculati.on and interpretation and exposition of results . lt is in the 
second of these phases that SMP may be used to greatest advantage. It should enable 
calculations to be performed quickly and without error, and make accessible prob­
lems of immense complexity. Judging from the authors' experience, it will prove an 
invaluable aid in almost any scientific investigation. 
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Appendix Some common difficulties 
Some of the commoner difficulties encountered by SMP users are collected here. 

1. A "system-defined'' projection is returned unsimplified when simplification is 
expected. 
All system-defined projections begin with capital letters. Ex [ Cx+U {x-U J will 
work; ex [ Cx+U (x-1} J will not. 
Check the spelling of names for system-defined objects. 
Filters for system-defined projections ("arguments" to "functions") are enclosed 
in square brackets. not parentheses . 

2. An input expression is not printed as expected. 
1/2x means Cl/2)*>< not l/C2x). 

x'La means (x'L)*a not xA(2a) . 

a/b/c means a/ (b:+:c) not (a*c) /b. 

Filters for projections are given in square brackets: f {x) means hx not f [x). 

ab is a single symbol, not the product of symbols a b or a*b. 

3. SMP runs for a long time without printing a result. 
Try to stop processing using cquil interrupt:> or cbreak interrupt:> 

Estimate how complicated the calculation requested should have been. Try an 
analogous but simpler calculation. 
A non-terminating recursive assignment may have been performed. Investigate 
relevant assignments to see whether a special case of the left-hand side may 
appear on the right-hand side. 1f so, insert suitable conditions to prevent infinite 
recursion. If the assignment itself leads to infinite recursion. use : : rather than . . . 
A non-terminating sequence of substitutions may have been specified through S 
or S i . In S projections, the last filter may be a repetition count: a ievel specifi­
cation must be given as second-to-last filter. 
A non-terminating For or Do loop may have been invoked: usually these yield a 
processing impasse after 1000 iterations. A non-terminating recursive projection 
definition may have been made and used; usually the simplifier. suspends pro­
cessing after 100 nested recursive projections. 

4. A strange result involving unexpected objects is obtained. 

Some of the objects used in the current expression were probably assigned 
values earlier in the job. The value of expr is removed by expr: 
Subexpressions may be simplified when not intended: 'expr is equivalent to expr 
but remains in an unsimplified form. 
See also 5. 

5. An input ambiguity is reported on an input line with apparently correct syntax. 
Syntax modificalions may have been performed. These are removed by Sx set [] 
Multiplication must be input as an explicit * when cspace-.:> would be ambiguous: 
a <b means Gt Cb, al not a*<b . 

6. An assignment is not used when expected. or a pattern does not match as 
expected. 
f [x] : xA2 assigns the value of the projection f [x] with the particular filter x to 
be xA2, and has no consequences for f [y]. f [Sx]: Sx""2 assigns the 
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projection of f with an arbitrary expression Ix to be lx""2. 
x""Sn: expr does not assign a value for x. Similarly, lx+x: expr, $x x: expr and 
x/Sx: expr do not assign values for x. 
f [Sx+ly, Sx-lyJ: expr does not assign a value for f [4, lJ. 

f [lx+lyJ: expr assigns a value for f Cx+y] but not for f [x+!:J+z]; f lSx+S$y] 
assigns a value for any number of summands. 
f Cl-Ix, Ix] does not match f [a, 1-a] since 1-Sx and 1-l+a do not match, 
because P I us is a projection with property F I at; f Cl -Six, SS x] would match. 
fCllx_=CLen [llxl>3)]:expr causes f[a,b,c,dl to test Len[a,b,c,d]; 
f [Six_= {Len [List [Six] l >3) l is a suitable test for projection::: of f with more 
than three filters. 

Properties such as FI at, Ti er and Comm should be assigned to projections 
before any values are assigned to the projections. 
Indices in lists are not simplified or modified except when they are first e.ssigned. 
f [Sxl: =lx""2 specifies a syntax modification, not an assignment. 

7. The value obtained from a projection is not the one which was supposed to have 
been assigned, or which appears to be present. 
Positions of parts are determined by the simplified form of an expressions. Par­
ticularly in commutative functions, positions of parts may change when assign­
ments for other parts are made. 
f [Ix] : S [Ix, x->1] makes the assignment f [Sx] : Sx; f [Sxl: : S rnx , ><->1 J is a 
delayed assignment which defines the S to be simplified again for each specific 
form of Ix provided. 
If a projection unexpectedly yields a list, the projection requested probably had a 
different number of filters from the one assigned. Alternatively, the projection 
should have been assigned property Ti er. 
a : b; c means ( a : b) ; c no t a : Cb ; c} . 

Expressions may be printed in a form which differs from their internal form. 
Such expressions are indicated by a * at the beginning of output . Direct forms in 
which labelling of parts are manifest is obtained by Lpr. 

8. A replacement in an S projection did not behave as expected. 
f [Ix] ->S [Ix, x->lJ becomes f [Ix] ->Ix; f [Sxl -->S [Sx, ><->1 J is a delaved 
replacement which causes the S projection to be simplified again each time ·the 
replacement is used. 
Unless the rpt filter is specified, S does not perform further replacements on 
expressions obtained as a result of replacements. 

9. Run or < fail to find the specified ·files. 
All file names must be symbols: smp. in must therefore be writtzn as "smp. in''. 

10. A template was not used as expected. 
Generic symbols in a template are ordered lexically (with SS~ before S%x before 
Ix) and associated with expressions in that order. In a sequence of nested tem­
plate applications, the outermost is usually performed first. 
Ap [f [x], pp yields Proj [f [x], pp; Ap [ 'f [x], pp yields f [x]. 

Templates are not simplified before use, except when given as ! temp. 



Glossary 

Terminology or usage specific to SMP is indicated by •. 
References are to sections in the summary /reference manual. 

array Example of a contiguous list. 
ASCII "American Standard Code for Information Interchange"; a standard set 
of numerical codes for characters . 
• assignment The association of an attribute (usually value) to an expression 
[3.2]; definition; assertion; assumption; declaration. 
asynchronous Not occuring in a fixed time sequence . 
binary file File containing direct binary machine code instructions. 
• block Unit of computer memory (usually 16 bytes); space required to store 
one symbol. 

brealc interrupt Real time interrupt used to suspend processing and enter 
interactive subsidiary procedure [ 1. 4]. 
buffer Temporary text storage region. 
bug An error in a program or procedure. 
bus error A class of program errors involving illegal memory fetches. 
byte Usually 8 binary bits of computer memory. 
C The programming language in which SMP was written. 
• cham.eleonic expression An expression containing chameleonic symbols 
[2.8]. 
• cha.meleonic symbol Symbol whose name changes whenever it is evaluated 
[2.8]. 
character string See string . 

• click unit of computing time in SMP. arranged to be approximately indepen­
dent of the actual of a particular computing unit. 
comment Input text used tor descriptive purposes and not processed (2. 9]. 
compiler Program for transforming code in a high-level language into machine 
code. 
computing unit Central processing unit; processor. 
• contiguous list A list whose indices are successive integers starting at 1 
(2.4]. 
control character 
depressed. 

Character typed at a terminal while "CTRL" key is 

core Main computer memory. 
• criterion Template [2.'7] applied to expressions to determine whether an 
operation should be preformed on them. 
data space Portion of computer memory used to store expressions manipu­
lated in a job. 

• d.eassignment The removal of an attribute (usually value) from a.n expression 
[3.2] . 
default Attribute assumed if not explicitly specified; "standard". 
• delayed value A value maintained in an unsimplified form, and simplified 
afresh when used [3.2]. 
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• depth The maximum number of filters necessary to specify any part of an 
expression [2.5]. 
•domain A set of parts in an expression [2.5]. 
• editor Interactive facility for performing textual modifications on i!.lput lines 
[ 1. 7]. 
•entry Expression appearing in a list [2.4]. 
• evaluation Process of replacing symbols and projections by values assigned 
to them [3. 7]. 
exception Processing error detected by CPU. 

•expression Combination of symbols, projections and lists manipulated by SMP 
[2.5]. 
• eztension See type extension. 
external file A file containing SMP expressions to be input when required [ 1.3]. 

external program A program to be run in the monitor taking input from SMP 
and passing input back to SMP [1.10,A.2]. 

file A named area (usually on a magnetic disk) used to provide long-term 
storage of text or data. 
•filter An express i.on appearing in a projection [2.3] (e.g. x or yin f l:x,y] ) . 
•full list List forming a "rectangular array" [7.6]. 
junction Example of a projection. 
garbage collection Process by which areas of computer memory not required 
for further processing are reclaimed. 
•generic expression An expression containing generic symbols; pattern [2.6]. 
• generic symbol A symbol representing any one of a possibly infinite class of 
expressions [2.6]; dummy symbol; pattern variable. 
global object An object whose value or attributes can affect expressions which 
do not directly contain it [ 1.2]. 

•held form A form of an expression in which simplification is prevented (8 .g. 
'x) [3.5]. 
•immediate value A value simplified when assigned, and maintained in a sim­
plified form [3.2]. 
•impasse See processing impasse. 
•index An expression labelling an entry in a list [2.4]. 
• interactive procedure Procedure in which results from one segme::it are out­
put before the next segment is input. 
• m.terpreter Program which executes procedures in a high-level language 
interactively. 
interrupt See real-time interrupt. 

iteration Successive simplification or evaluation of a set of expressions [6.2]. 
job One execution of a program, from initiation to termination; pro:::ess; task. 

• length The number of entries in a list or number of filters in a projection 
[7. 4]. 
•level A set of parts of an expression [2.5]. 
•list Indexed and ordered set of expressions (e.g . !x,y} or ![all:x, [a2l:yD 
[2.4]; vector; structure or record; lambda function; rule . 
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local variables Symbols used within a procedure, and restored on exit from the 
procedure [6.3]. 
logging in Signing on; connecting to computer. 
•match A patternp2 matches pl if it represents a superset of the expressions 
represented by pl [2.6]. 
memory fault A class of program errors involving use of illegal memory 
addresses. 
modem A device for acoustic or electronic connection of computer equipment 
to a telephone. 
monitor Shell; command line interpreter; operating system. 

• multi-generic symbol Generic symbol representing a sequence of expres­
sions [2.6]. 
newline Line termination character; carriage return; line feed; enter. 
• null projection Special projection representing a sequence of e}..'Pressions 
[2.3]. 
paging The ability to read into main memory areas of virtual memory only 
when they are requested by a running program. 
parallel processing Independent and usually simultaneous execution of several 
operations . 
parsing Process by which textual input is transformed into internal represen­
tation. 
•pattern. An expression containing generic symbols; generic expression [2.6]. 
postprocessor A procedure or operation performed before output on each 
expression after processing (Post [1.3]) . 
precedence Attribute determi11..ing the grouping of input forms [2.10]. 
preprocessor A procedure or operation performed on each inp:it expression 
before further processing (Pre [1.3]) . 
precedence Ordering for treatment of input forms [2.10]. 
procedure A set of expressions to be simplified in order when required [6.3]; 
program. 

process Independent simplification of a procedure; job. 
•processing impasse A state achieved when complete processing of 2.Il input 
expression appears to require infinite time or memory space [1.5]. 
• projection Expression specifying part of a general structure (e.g. f [x, y]) 
[2.3]; array subscripting; function or procedure call. 

•projector The object from which a projection is taken [2.3] (e.g . fin f [x,y] ). 

prompt An indication that further input may be given. 
•property Attribute of a symbol used to specify its treatment [ 4]. 

prompt Character or message printed by computer to indicate that input is 
required. 
quit interrupt Real time interrupt used to terminate current processing [1.4]. 
real-time interrupt A command to be issued at any time (not necessarily after 
an input prompt) [1 .4]. 
recursion Simplification of an expression involving further simplification of 
similar expressions [3.1]. 
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•replacement A construct specifying a substitution (e .g. x->y) [3.3]. 
segment An expression forming part of a procedure [1.8,6.3]. 
•simplification The process performed by SMP on input expressions [3.1]. 
string A sequence of textual characters. 

• status interni.pt Real time interrupt used to obtain information on the status 
of processing. 
subscripted variable Example of a projection. 
• subsidiary mode Input mode for entry of segments in interactive subsidiary 
procedures [1.8]. 
•symbol Fundamental symbolic object (e.g. x and Mult) [2.2]; variable; param­
eter: unknown. 
syntax Construction of expressions [2]. 
•system-defined Object or procedure with a built-in definition in SMP; primi­
tive. 
systems programming Computer programming intended as a service to many 
users rather than directed to a particular application. 
tab ASCII HT; usually CTRL I; usually has fixed "stops" 8 spaces apart. 

• template Expression specifying an action on a set of expressions [2. 7]. 
terminal Computer input and output device; teletype; console; VDU. 
termination character Character signifying termination of the current pro­
cedure and used to terminate a job [ 1.4]. 
text space Portion of computer memory in which the executable text of SMP 
resides. 
• type extension Mechanism through which operations may be modified by the 
nature of their operands [ 4]. 
• user-d.efi:ned Input by the "user" and not intrinsic to SMP. 

user name Name by which a person or group is specified to a computer. 
• value An expression specified to replace an expression or class of expres­
sions on simplification [3.1]. 
virtual merrwry System by which effective computer memory may include not 
only physical main memory but also secondary storage media and thus be of 
practically arbitrary size. 
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Introduction 
This reference manual gives an essentially complete description of the facilities avail­
able in SMP. Extensive illustrative examples are included. The same text is given 
without these examples, and slightly shortened, in the "Summary" . The "SMP Primer" 
gives a more pedagogical outline of some impcrtant features of SMP. 
Many additional facilities are included in the "SMP Library" . 
The procedure for initiating an SM:P job should be described in the "Implementation 
Notes", together with other implementation-dependent features . 
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0. Conventions 
Text printed in this fan t represents literal SMP input or output, to be typed as it 
appears. Text in italics stands for SMP input or output expressions. Arbitrary char­
acters or textual forms are given as ctextual form--:J The actual characters 
corresponding to these textual forms in particular implementations should be given 
in the "Implementation Notes". 
In descriptions of system-defined projections [2.3], the following notations for filters 
[2.3] are used 
fill 

t!Y. 

(.tilt: val) 

/1,/2,. .. 
u1.f2,. .. J 
{tilt} 

Compulsory filter . 
Filter used in an unsimplified or partially simplified form. 
• [3.5, 3.6] 
• Nos mp [ 4] 

Optional filter assumed to have value val if omitted or given a::i Nu I I 
(a blank [2.10]) . An optional filter may be omitted entirely only when 
it would appear after the last filter explicitly specified in a projection. 

Sequence containing any number of similar filters. 

Filter to be given as a list of expressions . 
Filter to be given either as a single expression or as a list of expres-
sions. 

{tl, /2, .. . } Filter or sequence of filters to be given either as single expressions or 
as lists of expressions. 

Properties carried by projections are indicated by 
<prop 1, prop2, .•• > 

References to sections in the text of this summary are given as [ cnumber-:-> Refer­
ences to ad.ditio:ial or related material in the summary are indicated by•. References 
to external files or objects defined in them are indicated with 0 • 
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1.1 Input and output 

In standard mode the prompt for the ith input line is #l [iJ:: 
In subsidiary mode, the prompt is % I [ i] : : 

Input is terminated by a cnewline"J cdelete character"J may be used in unfinished 
input lines .. All ctr:Llo and unnecessary [2.10] spaces are ignored (unless they appear 
in quoted strings [2 .2]). Input may be continued for several lines by placing \ 
(backslash) at the end of each intermediate line . lf no text is entered before the ter-
minating newline, the input is considered null. and the prompt is reissued. · 
The result generated by processing an input line is usually printed. No output is 
printed if ; (semicolon) is placed at the end of the input expression [6.3](or in gen­
eral if the output expression is Nu I I [2.2]). 
Input of expressions with ambiguous syntax [2] yields a message on the nature of the 
ambiguity, and causes edit mode [ 1. 7] to be entered. The input text is placed in the 
edit buffer, with the cursor positioned under lhe point at which the ambiguity was 
detected. 
• [2.10] 

Printed output is given in a two-dimensional format based on standard mathematical 
notation . 
• [2.12) 
• Lpr (10.1) 

#I [ 11 : : ac:y-x+2x 

#0£11: )( + a y 

I/I [ 21 : : a •y- x + 

#0 [2]: x + a y 

/II C 3 J : : "a t:y- x + 

#-0 (3]: "a *Y- x + 

#I C 4 J : : x+y+z\ 
+w+z\ 
+y 

#-0£4]: w + x + 2y + 

/IICSJ:: 8/9-1/7 

lf-OCSI: 47/63 

#I C 61 : : 8/9-117; 

#I C 71 : : Pr [8/9-1171; 

47/63 

#I C 8 l : : <a+ b + > * c 
) unexpected 

(a+b+):1<c 
<ad it> 

<ed i t > 

2 

2 

2 

#0 [8]: c Ca + b + f) 

x 

x" 

x 

2z 
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#I C 9 l 1 : ( x ~2 + y ~2 > I ( x ~ ( 2 - a > + z ~3 ) ~4 

2 2 
IC + y 

#0 [9]: 
2 - a 3 4 

(IC + Z ) 
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1.2 Global objects 

i The last expression (other than Nu I I [2.2]) generated. 

NI CiJ The ith (um;implified) input expressicn. (Assigned after the corresponding cul­
put expression is generated.) 

flO [i] 

<Ldist> 

The ith output expression. 
<Ldist> 

HT CiJ The approximate time (in clicks [10.8]) required to generate #0 [iJ • 
<Ldist> 

• Ti me [10.8] 
• CI ock [10.10] 

@i Equivalent to #0 [ i] 
<Ldist> 

• %%, %1, %0, %T [1.8] 

#I [ lJ : : t : Ca+ b > 

#OCll: a+ b 

#I [ 2 l 1 : % ~2 - 2 % 

2 
#OC2l: -2a - 2b +\a+ bl 

#ICJl:: Jt-4; 

#I [ 4 l : : 21 % 

2 
#0 [41: 

-4 + Ja + Jb 

#I [ 5 l : : #0 

2 2 
#<JC5l: !C4l: ------------, [Jl:, C2l: -2a - 2b +Ca+ b), [ll: a+ b, 

-4 + Ja + Jb 

[8]: l"lul/smp/SRC/smp. in it "l l 
#IC6l:: PrCtl 

a + b 

#0 C6l: a + b 

#1£71:1 #0£61 

#0£71: a+b 

#IC8l:: IC6l 

#CJC8l: IC6l 

#I [ 91 : : E v [ #I C 6 1 l 

/µ)£91: 'PrCtl 
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#IC18l:: #T 

#OC18l: 1cs1: e, cs1: a, C7l: a, cs1: e, csi: s, C4l: e, C3J: a, c21: 1130, 

cu: a, cei: aj 

#I Clll:: 21@1-b 

2 
#0Clll: -b + -----

a + b 

#I C 1 2 l : : @l C 2 l 

#OC12J: b 

#I c 13 l : : @! 2 a, 2 2, 1, 12 I 
#{)C13J: l#OC28l,#!JC22J,a + b,bJ 

#I C 14 l : : Ar C 4 , #Tl 

#OC14J: la,1130,a,aJ 

Any values assigned [3.2] to the special symbols Pre and Post are taken as tem­
plates [2.7] and applied respectively as a "preprocessor" on each input expression 
and a "postprocessor" on each output expression. 

#I C lJ : : 1+1/S 

#0 [ lJ: 7/6 

-#IC 21 : : Post:N 

#0 [21: N 

#I C 3 J : : 1+1/6 

#0 [3]: 1.166667 

#I C 4 J : : Post: 

#I C 5 J : : 1+1/6 

#0 [ 5 J : 7/6 
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1.3 External files and job recording 

External files are input by <file 
• [10.3] 

1.3 

All input and output expressions are entered into a record file (usually named 
s mp • o u t ) . (Implementation dependent) 
•Open, Output [10.3] 
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1.4 Termination and real-time interrupts 

(Implementation dependent) 

cinput termination character:> 
signifies termination of the current procedure. In standard and edit mode, it 
causes termination of the present job; in subsidiary mode [1.B] it results in 
return to the previous mode . 
• Ret [6.3] 
• Exit [10.5] 

cquit interrupt:> 
attempts tc terminate current processing or printing. Subsequent references to 
incompletely processed expressions cause their simplification to be completed. 

cbreak interrupt:> 
causes any processing to be suspended and initiates an interactive subsidiary 
procedure [ 1. B]. 
• Proc [6.3] 

cstatus interrupt:> 
prints the status of processing, including a stack of the last few proje~tions sim­
plified. 
• State [ 10.B] 
•Trace [4] 

#I [ l l : : D [ x ~x ~x , x , 2 l 
cquit interrupt:::i 

#I [ 2 l : : D [ x ~x , x l 

#D [2]: x Log[x] + x 

/IIC3l:: @1 

x 

x 

x 
-1 + x x )( -2 + x + x x 

#D [3]: x (x Loe; Cxl + x ) + x C-1 + x + x l 
cquit interrupt:::i 

#I C 4 J : : For [ i : e ; d [el : x ~x ; s [ 0 l : 1 , i <= 6 , I n c C i l , ci [ i + 1 l : E x [ D [ d C i l , x l l ; \ 
s [ i + 1J : s [ d [ i + 1 l • x - >ll ] ; s 

cstatus interrupt:::i 
<simplify ng Plus> 
<simplify ng Plus> 
<simplify ng Plus> 
<simplify ng Plus> 
<simplify ng Pow> 
<simplify ng Mult> 
<simplify ng Log> 
<simplify ng Pow> 
<simplifying Plus> 
<2649 simplifier entries; 21395 Blocks used> 

cstatus interrupt:::i 
<simplifying Rep> 
<simplifying Plus> 
<simplifying Pow> 
<simplifying Plus> 
<si111plifying Pow> 
<simplifying Log> 
<simplifying Pow> 
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<simplifying Mult> 
<11424 simplifier entries; 69874 Blocks used> 

cbrealc 'i:nterrupt=i 

%1 Cll: I 

XOCll: 5 

XIC2l:: s 

XO C2l 1 !C4J: 8 , [31: 3 , C2J: 2, Cll: 1, C0l: 1j 

%IC3J:1 Siza[d[4]J 

%0 [3]: !160, 164 I 
x I c 3 J 1 : cinpu.t termination character=i 

#fJC4l: !C6J: 54, CSJ: 10, C4l: 8, C3J: 3, C2l: 2, Cll: 1, C0l: 11 
cstatus interrupt=i 
<reclaiming memory> 

#I CS l : : 

1.4 
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1.5 Processing impasses 

If the complete processing of an input expression appears to require infinite time or 
memory space, its processing is suspended, and the user is consulted on the extent to 
which it should be continued. A response of I n f causes no further consultation. 0 
results in immediat e termination. 

#IC 11:: f CSxl: f CSx-11 

#OCll: f[-1 + Sxl 

#I C 2 l : : f C 5 l 

188 levels of recursion in simplifier - how many more? 8 

flOC2J: f C-1 - 951 

#I C 3 J : : X 

138 levels of recursion in simplifier how many more ? 28 

128 levels of recursion in simplifier - how many more? 8 

#0 [3]: f [-1 - 216] 

#I [ 4 l : : a : a + 1 

#0 [4l: 2 + a 

In implementations with finite available memory space, processing is suspended if 
only a small fraction of the memory remains. Memory is reclaimed when processing 
is complete. 

#I C 1 l : : RrC188888888l 

95% of ava i I ab I e memory used - processing suspended. 

#I C 2 l : : 

#0 [2]: 

Ev C Xl 

'ArC18883C880J 

1.6 :Monitor escapes 

(Implementation dependent) 

! cmanitar command:> 
given directly at an input prompt executes the specified rr.onitor (shell) com­
mand; the original input prompt is then :epeated. 

• Run [10.5] 

#I [ 1 J : : ! d a t e 
Wed Dec 31 83:38:39 1988 PST 

#I C 1 l : : 
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1.7 Editmode 

Jn edit mode, one line of text is treated at a time. The editing of each line proceeds by 
a repetition of two steps: 
l. The present form of the line is printed. 
2. Following the prompt <ed i t > any editing commands for the line are entered. 

The commands are terminated by cnewline::> ctab"J and ccharacter delete"J may 
be used for positioning in local editing. 

If no editing commands are given in step 2 (the terminating newline is entered 
directly after the <ed i t >prompt), then the present line is left unchanged. If further 
lines of text exist, the editor moves to the next line; otherwise, edit mode is exited, 
and the edited text is returned as an input expression. If at the exit from edit mode, 
no editing has actually been performed, the text is discarded, leaving a null line . 

Two types of editing may be performed: 
Local editing, in which individual characters in the edit command affect the 
characters appearing directly above them in the present line. 
Global editing, in which an edit command prefaced by \ affects the whole 
present line or the complete edit buffer. 

Local editing 

# Delete character above. 

cspace"J or ctab"J Leave character(s) above unchanged. 
"'ctext"J Insert ctext"J terminated by a space or tab (not appearing between 

"" [2.2]), into the present line before the character abcve. 
\d Delete the remainder of the present line. 

Cother character"J Replace character above by character given. 
Note that a character may be replaced with #by the command #""'# 

Global editing 

\p 

\q 

\n 

\u 

Print the complete text in the edit buffer; then return to the 
present line. 

Exit from edit mode, discarding the edited expression. 

Leave the present line unaltered, and move n lines forward. \­
and \+ move one line forward and backward respectively. 
Undo the changes effected in the present line by the previous edit 
command. 

\ ! cmonitor cornmand"J 
Execute specified monitor command [ 1. 6] 

\m Display levels of parentheses, braces and brackets in the present 
line. 

\mg Display levels of parentheses, braces and brackets in the complete 
text. 

\s/cel"Jlce2::> Textually substitute ce2"J for the character string cel"J 
throughout the present line. (The delimiter hEre given as I may be 
replaced by any character.) 
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\sn/cer::>lce2:> Textually substitute for the first n occurrences of eel:> on or fol­
lowing the present line. 

\sg/ ce 1:>1 ce2:> Textually substitute for ce 1:> throughout the text. 
\e Invoke external editor on complete text, and return modified text. 

(Implementation dependent) 

• Ed, Edh [10.6] 

#I C 1J : : Ca + + b **a - x > -3 
+ unexpected 

Ca ++b :a::a:a-x) -3 
<e d i t > # -c -2 

Ca+ b * c *a - 2 x ) -3 
<edit> \d 

Ca+b 
<edit> \u 

Ca +b io:c :1ca-2x > -3 
<edit> \s/a/Cap+l> 

((ap+l)+b:1cc:1c(ap+l> - 2x>-3 
<edit> \m 

12 2 2 2 l 
((ap+ll+b:1cc :1c (ap+ll-2x)-3 

<edit> 

#OCll: Cl + ap - 2x + b c Cl + ap)) 

#I C 2 J : : 2 / / 3 % 
I unexpected 

<edit> 

<edit> 

2//3% 
-1 

2/1/3% 
\q 

#I C 2 J : : < 2 / 3 % 
% unexpected 

(2/3% 
<ed It> 

(2/3% 
<edit> 

#IC2J:: 2/3 

#0 [2]: 2/3 

3 
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1.8 Procedures and subsidiary mode 

Procedures consist of sequences of expressions ("segments") to be simplified in turn. 
Segments in procedures may either be provided as successive filters of a Proc projec­
tion [6.3], or may be entered "interactively" on successive input lines. The #I[ i] are 
the segments of the outermost procedure , and are entered in standard input mode. 
Interactive subsidiary procedures are initiated by c break interrupt -::> or Proc [] [6 .3], 
and terminated with cinput termination character-::> or Re t (] [6.3]. Their segments 
are entered in subsidiary input mode. Unless specified otherwis e ~ 6 . 3], all expres­
sions may be accessed and c.ffected in any procedure. Objects local to a single subsi­
diary procedure are 
'X'X The last expression (other than Nu I I [2.2]) generated. The last value 

assigned to %% in a procedure is used as the value of the complete pro­
cedure. 

'XI Cil The ith (unsimplified) segment. 
<Ldist> 

'XO Cil The value of the ith segment . 
<Ldist> 

'XTCil The approximate time (in clicks [10.8]) required to generate %0 [i]. 
<Ldist> 

#I [ 11 : : t : E ~2 -1 

2 
#<JCll: -l+E 

#I C 2 J : : Pro c [ l 

XICll:: NCtl 

%0 [lJ: 6. 389856 

%1[2]:1 tp:t+2 

2 
r,o [21: 1 + E 

XI [3):: Proc [) 

UCll:: tp 

2 
%0Cll: l+E 

XIC2l:: tq:NCtpl 

%0 [2) I 8, 389856 

%1[3):: %% 

%0 [3) I 8, 389856 

%![41:: %0 

2 
%0 [41 : !C3l: 8 . 389856, C2J: 8.389856, Cll: 1 + E, [81: Init! 

%![5):: % 

2 
%0 C5l: -1 + E 
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%IC6l:: Re t Cl 

%1[4]:: %I 

%0 [4]: ~ [ 3] : I Pree Cl, [ 2 l : : tp t + 2, Cll:: NCtl, C0l:: Initj 

%IC5J:: tq-1 

%0 [5]: 7.389056 

%1[6]:: Re t Cl 

#I C 3 l : : x~2 

2 
#0 [3]: 7.389856 

#I C 4 l : : tp~3 

2 3 
#OC4l: (1 + E ) 
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l. 9 Information and elaboration 

?~ or Info C name] 
prints any information on name given in this summary. 

#I [ 1 l : : ? D 

O[axpr,jvarl,Cnl:l),(ptl:varl)j,jvar2,(n2:1l,(pt2:var2>1···] 
forMs the partial derivative of expr successively ni times 
with respect to the "variables " vari, evaluating the 
results at the points vari -> pti. 

? or Info[] 
initiates interactive information mode. 

1.9 

Elaborations provide commentary and interactive assistance. Each elaboration 
printed is assigned a unique name of the form #nCname-:J( [i,j, . .J ). The integer n 
specifies the "class" of the elaboration: 

1 Prompt for respelling of unknown names . 
2 Unexpected filters or undefined operations reported. 
3 Unusual filters or operations reported. 

4 Intermediate operations described . 

On q elabl. elab2 •. .. Jl 

On CJ 

causes the elaborations elah 1, elab2, .. to be printed when appropriate . elabi may 
be an integer corresponding to a class of elaborations. 

turns on all elaborations. 

Off £lelab1, elab2, ... p 
stops printing of elaborations or classes of elaborations specified by 
elah 1, elab2, . .. 

Off CJ 
turns off all elaborations. 

#I C 1 l : : 0 n Cl 

EI abora ti on modes now on. To answer questions type 
y<newl ine> for yes, n<newl ine> or <newline> for no, 
and o<newline> to turn off quostion. 

#I C 2 l : : x + e x p C x l 

#lexp: Replace expCxl by Exp[xl ? y 

#OC2J: x + ExpCxl 

#I [3]:: exp Cx+2l 

#1 e x p : R e p I a c e e x p C x + 2 l b y E x p [ x + 2 l ? n 

#0£3]: exp[x + 21 

#IC4l:: OffC#lexpl 

Turning off prompt for replacement of exp by Exp. 

#I C 5 l : : exp C x J 
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#0 CSl: exp Cxl 

#I C 6 l : : D Cy , x l 

#3DC2l: DCy,xl gives 8 since variable y is assumed independent of x. 

#<JC6l: 8 

#I [ 7] I : D f f [ #3 D l 

Turning off all level 3 elaboration on differe.,tiation D. 

#I C 8 l : : D C z , x l 

/fOC8l: 8 

1.10 External programs and program construction 

(Implementation depende::i.t) 

External programs may be run with SMP outpu~ expressio:is as input using Run [10 .4]; 
their output may be taken as SMP input. 

External programs may be constructed from SMP expressions using Cons [10.9] and 
may be run in a compiled form. 

1.11 Parallel processing 

(Implementation dependent) 

SMP operations may be performed asynchronously and in pa:·allel using Fork n.nd 
Wait [10.10]. 
Values in the list Rt i give expressions to be simplified on receipt of real-time inter­
rupts . 
Future implementations may employ automatic parallel processing: filters in projec­
tions which do not carry property Ser are then simplified in parallel rather than 
sequentially. 
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2.1 Numbers 

Numbers input with no decimal point are taken as exact integers. 
Floating point numbers may be entered in the form X*"'p representing x "loP. 
Numbers are output if possible in integer or rational form, except when the 
corresponding input expression contains explicit floating point numbers or N projec­
tions [3.4]. Output floating point numbers are given to the precision specified in 
input N projections, or, by default, to 6 significant figures. 
Numbers are by default treated to a finite precision (fractional accuracy of order 
10"'-13) . 

#IC 1l:: 5517+8/5 

#0 ( 1J : 331/35 

#I C 2 J : : ci:3ll<"-8 

#0 (2]: 3. ·--88 

#I [ 3] I I N [@11 

#0 [3]: 9.457143 

/IIC4l1: 55. 817+8/S 

#0 (4] I 9.457143 

#I [ 5] : I Nn:,141 

/µJ [5] I 9.45714285714286 

#I [ 6] I : 1+(1/1888)-8 

#0 [6]: 1 

#I C 7 l : : %-1 

#0 [7]: 8 

Further numerical constructs (which may be used in any numerical operations) are: 
A £.:i:. (p : 0)1 Arbitrary magnitude number x "1C1' . Floating point numbers are 

usually converted to this form when the modulus of their exponent 
exceeds 10. 

8 [nk, . .. , n2, nl. n01 
Arbitrary length integer nO + n 1 "104 + n2 "108 + generated 
when integers with more than 10 digits are input. 

F [nJ, n2, .. . , (expt :0), (dig :6)1 
Floating faint number 
(n 1 "10- + n2 --10- a + · · · ) "10'~' with dig significant digits. F 
projections are generated if possible when the precision specified in 
an N projection exceeds 10. Expressions involving several F projec­
tions are treated to the numerical accuracy of the least precise F 

Err [x, dx] 

given. 
Number x with one-standard-deviation error dx ( x ± dx ) . Errors are 
combined assuming statistical independence. 
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Cx Cz, yl Complex number x + I y . Automatically generated when required. 

The presence of any A , B or F projections in an expression forces conversion of all numbers to 
these forms . 

#I [ l] : : h : 6 • 6 2 5 5 9 * --3 4 

#lJCll1 ACS.62559,-341 

#I [ 2] : I h -8 

#lJ C2l: A C3. 713611, -2661 

#I C 3 l : : 12 1 2 3 12 3 4 1 2 3 4 5 12 3 4 5 6 

#0 [3]: ( 12123123412345123456) 

#1 c 41 : : x-2 
#IJC4l: (146978121278958478243847813943881383936> 

#1 CS l : : % / l 2 4 2 3 4 

(73485868635475235121523586971948691968) 
#lJ CSl: 

(62117) 

#I C 6 l : : 1 8 8 I 

#IJC6l: (933262154439441526816992388562667884987159682643816214685929638952\ 

1759999322991568894146397615651828625369792882722375825118521891\ 

6864888888888888888888888888) 

#I [ 7 J : I N [ % ] 

#0 [7] I R [9. 332622, 157l 

#I [ 8 l I : N [ 1 / 7 • 5 8 l 

#IJC8l: C8.142857142857142857142857142857142857142857142857l 

#I [ 9 l : I N [ 1 . 1/7 • 18 8] 

#0 [9] I • 1571429 

#1 [ 18 l : : Err C 6 • 1 , 8. 5 l +Err C 8. 9 , 8. 7 l 

#IJC18l: ErrC15,.8682325l 

#IClll:: (5+6Il<8+9IJ 

#lJClll::i< -14 + 93 

#I C 12 l 1 : L pr C % l 

CxC-14,931 

#fJC12l1• -14 + 93 I 
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2.2 Symbols 

Symbols are the basic objects o! SMP. They may be assigned values [3.2] and proper­
ties [ 4]. 
Symbol names may be 

Strings of arbitrary length containing only alphanumeric characters, together 
with #. S and % and not starting with numeric characters. 
Arbitrary character strings (possibly containing control characters) enclosed 
between 11 11

• The 11 11 are not included in the symbol name; they are used on 
output only when necessary. 
• [10.6] 

Symbols whose names have the following forms are taken to have special characteris­
tics (ccc represents any valid symbol name): 
Scee Generic symbol (representing an arbitrary expression [2.6]) 

• Gen [ 4, 2.6] 
SSccc 

#~!ccc 

Multi-generic symbol (representing an arbitrary sequence of expressions 
[2.6]) . 
• Mgen [4] 

Chameleonic symbol (whose name changes whenever it is evaluated [2.8]). 
• Cham [ 4] 

No values may be assigned to symbols of these types . 
• % [1.2] 

The following naming conventions are used ( C denotes any upper case alphabetic 
character): 
Cece System-defined symbol. 
#ccc Internally-generated symbol. 
%ccc Symbol used locally within a procedure [1.8,6.3] 

Some special system-defined symbols are: 
Nu 11 Input and output as a blank [2.10]. When the value assigned for a projection 

would simplify to Nu I I , the projection is left unevaluated [3.1]. 
Inf Infinity. Used p!'imarily to specify indefinite continuation of a process, 

rather than as a signal for mathematical infinities. 
I The imaginary unit. 

• %, #I, #0. #T [1.2] 
• %%, %1, %0, %T [1.8] 
• Pi, E, Eu I er, • • • [8.4] 

#ICll:: l+EighthOrderTerm 

#OCll: 1 + EighthOrderTerm 

#1£21:: fa2,"a2",44,"44","8th order",""j 

#fl [2]: 

#I C 3 l : : 

nu•bar 
1 
2 

fa2,a2,44, "44", "8th order"," 87 07 07"j 

Pr [nu 111 bar , "sq u a r a o f number "J ; Do I i , 3 , Pr [ i , i .... 2 1 l 

square of number 
1 
4 
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#0 C3l: 

#I C 41 : : 

#fJC4l: 

#I CS l : : 

#0 C5l: 

/II C 61 : : 

#0 [61: 

#I [ 71 I : 

#0 C7l: 

#I [ 81 : I 

#0 [81: 

#I [ 9 l : I 

#0 [91: 

#I C 18 l : : 

#0C18l: 

#I Cl ll:: 

#!JClll: 

#I C 12 l : : 

#OC12l: 

#I [ 131 : I 

#0£131: 

#I C 14 l : : 
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f [ Sx l : Sx ""'2 

2 
Sx 

fCal+fCbl 

2 2 
a + b 

Jx 

fCGanl: lj 

gCSSxl :h[l,SSx,2] 

hCl,SSx,2l 

9Ca,bl+9Cl+9Cal 

hC1,,2l + hCl,a,21 + hC1,a,b,2l 

JSx 

fcn9enl1 1, CGenl: lj 

t:: ##v+#ffe.l 

, ##v + ##w 

##vl + ##wl 

##v2 + ##w2 

-##v 
fCChaml: lj 

!....L.09,....1..oge,_Jog,....Pi,-J>i j 

2.2 

#0£141: !!£Ldistl: 1, CTierl: 1, CSysl: lj,....1.oge,_Jog,fCConstl: 1, CSysl: lj, 

#I C15l:: 

#fJC15l: 

#I C 16 l : : 

nor1s1: 

#I C 17 l : : 

-SI I j 

Tr a e [ h l x ""'2 l l 

2 
! #1 - > h [ #2 l ' #2 - > x ! 
D Ch C x l , x l + D Ch 1 C x ""2 l , x l 

2 
DChC#4l,f#4,1,xjl + 2x DChlC#5J,f#5,1,x jl 

LprCpCa.,b,l+q[l+rCf, jll 

pCa,Null,b,Nulll + qCNulll + rcfNull,Nulljl 

#IC18l:: w[xl:Null 

#I C 19 l : : a+ w C x l 

#fJC19l: a+ wCxl 
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/II C 2 8 l : 1 Map C q , a+ b - ( c + d l , In f l 

qCqCcl + qCdll 
#0£2811 qCal + qCqCbl l 

#I C 2 11 : : I -2 

/IOC21l: -1 
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2.3 Projections 

Projections specify parts of general structures. They are analogous to array sub­
scriptings or function calls . 
In for example the projection f [x, y] the symbol f is termed the "projector", and 
x, y its "filters". These filters are used successively or together to select a part in the 
value of f. 

The projector fin a projection is maintained in an unsimplified "held" [3.5] form; only 
its projections are simplified. 
f [><, yl is equivalent to f [x] [y] unless f carries the property Ti er [ 4]. 
• Pro j [7.3] 
Common system-defined projections may be input in special forms [2.10]. 
Filters for system-defined projections input as Nu I I [2.2] (a blank [2.10]) are taken 
to have their default values. 

#I C 1 J : : f 1 ! C x J : ! Cy l : a 1 , Cy pl : a 2 ! , C x pl : b j 

l/O Cll: jcxl: ! Cyl: al, Cypl: a2 !, Cxpl: b ! 
#I C 2 l : : f C x , y l 

/JOC2J: al 

/II C 3 l : : f C x l 

#0 [3]: !Cyl: al, Cypl: a2j 

/II C 4 l : : f C x 1 Cy J 

/JOC4l: al 

/II C 5 l : : u C x l Cy l 

#<JCSl: uCx,yl 

#I c 6 l : : g : a ~z +be c 

2 
#0 CSJ: b c + a 

#I C 7 J : : g C 1 l 

*° [71: b c 

/II C 8 l : : g C 8 l 

l/OC8l: 'Plus 

/II C 9 l : : g C 1 , 1 J 

#<JC9J: b 

/II C 18 l : : f _.: T i er 

l/OC10J: Tier 

/II [ 111 : I f [ x J 

/JO Clll: f Cxl 

/II C 121 : : f [ x , y 1 

#<JC12l: al 
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#I C 13 l : : u_;Tiar 

#OC13l: Tier 

#IC14l:: u Cxl Cyl 

#OC14l: Proj Cu Cxl, !Y jl 

#IC15l:: 9 [ x] 

#OC15l: 9 [ x] 

#I C 16 l : : 11uitCa,b,cl 

#OC16l: a b c 

#I C 17 l : : a•b•c 

#OC17l: a b c 

#I C 181 : : Rand[] 

#QC18l: .81579895 

[xl, :r:2, ... 1 or Np [zl, x2 • .. .l 
is a special system-defined null projection :"epresen:ing a sequence of expres­
sions. ·when [:r:l, x2, . .. l appears as a filter in a projection, that filter is 
replaced by the set of filters xl, x2, ... Hence f [x, [y, zl , [ [wl l] becomes 
f [><, y, z, wJ. Null projections may also be used to specify sets of entries in lists 
[2.4]. No values may be assigned [3.2] to null projections. Re movc.l of input Np 

projections occurs through a type extension mechanism [ 4]. 
•Seq, Repl [7.1] 

#I C 1 l : : r: [[x,y,zll 

#OCll: Cx,y,zl 

#I C 2 l : : fCr,w,Cr,wlJ 

#0 (2]: f Cx, y, z, i.:, x, y, z, wl 

#I C 3 l : : !ca,bl,c,CCdl,al l 
#fJC3l: !a,b,c,d,aj 

#I C 4 l : : 1.. 5 

#0£41: Cl,2,3,4,51 

#I C 51 : : f C$$xl: SSx 

#0 [5 l: $$x 

#I C 61 : : fCa,b,cl 

#0£61: [a, b, cl 

'e:r:pr or Mark[expr] 
is used in a variety of cases to designate expressions with special che.racteristics . 
(P!"efi.x form is "backquote" or "grave accent" character.) 
• [2. 7] 
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#I Cl l : : 

#CJCll1 

#I C 2 l : : 

#0 C2l: 

#I C 3 l : : 

#0 [3]: 

SMP REFERENCE MANUAL I Syntax 

f['l, '><+y,a+'b, "c, f 'g[><l, '!!!Ill 

fC' 1,' >< + y,a +<'bl,'<' cl,f' gCxl,' !lllJl 

ApCf,!a,bjl 

f Ca,bl 

ApC't,fa,bjl 

2.3 
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2.4 Lists 

Lists are indexed and ordered sets of expressions. 
Lists may be input directly in the form ~ [indexl]: valuel, [index2J: value2, . .. J. 
Entries with delayed rather than immediate values [3 .2] are input with : : instead of . . . 
If the expressions indexi are successive integers starting at 1, they may be omitted. 
The list may then be input as ~valuel, value2, ... J. Such lists are termed "contigu­
ous". 
• List [7.1] 

~ j is a zero-length list containing no entries. 
List entries may also be specified indirectly through assignments for projections 
[3.2]. 
A value in a list may be extracted by a projection [2.3] with its ind.ex as a filter. 

• Ar [7.1] 

#I C 1 l : : r: l C x l : a, Cy l : : Rand Cl , C $ x l : S x - 3 l 
/IOCll: !Cxl: a, Cyl:: RandCl, [$xl: -3 + Sxj 

#IC2l:: t:!a,b,cj 

/IOC2l: !a,b,cj 

#1 [ 3 l : : t [ 5 l : a 

/IOC3l: a 

#I t41:: 

/IOUl 1 !CSl: a, Cll: a, C2l: b, C31: cl 

#I C 5 l : : t C 41 : d 

flOCSl: d 

#I C 61 : : 

flOCSl: !a,b,c,d,ej 

#1 [ 7 l 1 : L pr C ! I ! , ! , I ! J 

!I!, !Nul 1,Nul 1 jj 

#IC81:: rCxl1b 

/IOC8l: b 

#I C 91 : : r 

/IOC91: !Cxl: b, Cyl:: RandCl, CSxl: -3 + Sxj 

#1£181:: rCxl 

/IOC18l: b 

#I C 11 l : : r Cy l 

~10Clll: .4172875 
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#I £12 J : : r [ y l 

#0 [12]: • 9003638 

#I [ 13 l : : r [ z l 

#0£13] I -3 + Z 
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2.5 Expressions 

Expressions are combinations of symbols, p;ojections and lists. 
Parts of expressions are selected by projections [2 .3,7.3]. Values in a list are speci­
fied by their indices [2.4). Parts in projections are specified by numerical filters: 0 
specifies the projector (which is always in a "held" form [3.5]) and l, 2, 3, . . label 
each of its filters. Numerical coefficients of symbols and projections are specified by 
the filter -1. The 0 part of a symbol is the symbol itself, without any associated 
numerical coefficients. 
• Ne [7.9] 
•Pas, Dis[7.3] 

#I Cl J : : t : I C x J : c , Cy J : I a 1 , 11 2 I l 
#<Hll: !Cxl: c, Cyl: lal,a2ll 

#I C 2 J : : t Cy J 

#OC~J: !al,a21 

#1 C 3 J : : t Cy J C 1J 

#OC3l: al 

#I ~ 4 J : : t Cy , 2 J 

#0£41: a2 

#1 C 5 l : : u : 2 a - 3 f C x, y ~2 l I 5 

2 
3fCx,y J 

#OCSJ: 2a -
s 

#I C 6 J : : u C l l 

#IJC6l: 2a 

/JlC7l:: u:2,ll 

#0£7]: x 

#1 C 8 J : : u C 2 , 2 J 

2 
#OC8l: y 

#= ( 9] : : % [ l ] 

#0[9]: y 

#1 C 10 l : : u C 8 l 

#OC18l: 'Plus 

#1 [ 11] : : u [ l] [ -1 l 

#0 [ l ll : 2 

#1 [ 12] : : u [ 2 • -1] 

#OC12l:: -3/5 

#1 C 13 l : : u C 1 , 8 l 
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#OC13l: a 

#IC14l:: uC5l 

#0Cl4l: uC5l 

/II C 15 l : : Po s C x , u l 

#<JC15l: !!2,ljj 

#I C 16 l : : D i s Cu l 

#<JC16l: !C8l: 'Plus, Cll: !C-11: 2, C8l: bj, 

2 
C2l: !C-ll: -3/5, [8]:, f, Cll: x, [21: y II 

2.5 

The nth "level" in an expression is the set of parts which may be selected by n filters 
(when n is a positive integer). The "depth" of an expression is one plus the maximum 
number of filters necessary to specify any part [7.4]. The -nth level in an e2.'Pression 
is the set of parts which have depth n. 

A domain is a set of parts in an expression. Domains may be specified by a parameter 
levspec giving the levels at which its elements may occur (ni are positive integers): 
n Levels 0 through n. 

-n 

f ±nl, ±n2~ 

l-n1,n2j 

f ll, l2, levcrit l 

Levels - Inf through -n. 

Level ±n. 

Levels ±nl through ±n2. 

Levels - I n f through -nl and 0 through n2. 

Levels specified by ~ ll, l2~ on which application of the template 
[2.7] levcrit does not yield false [5]. 

Domains may also be selected by requiring that application of a teG1plate [2. 7] dom­
crit to any of their parts should yield true [5]. 
Many system-defined projections may carry filters which select particu_'.ar domains . A 
repeat count rpt is usually given to specify the number of times an operation is to be 
performed successively on a particular domain (Inf causes repetiticn to continue 
until the domain no longer changes or a processing impasse is reached [1.5]). A 
parameter max is used to determine the total maximum number of operations per­
formed on any domain. The filters levspec,rpt,domcrit,max (or some s:ib se t of ther.e) 
constitute a "domain specification". In treatment of a domain contai.lling positive lev­
els, larger subparts of an expression are treated first, following by their progressively 
smaller subparts. In a domain containing negative levels, the smallest subparts are 
treated first . Different parts at the same level are ordered by their "positions" (the 
sequences of filters necessary to select them). (Depth-first traverse.) ·when rpt is speci­
fied, the subparts appearing in a domain are re-determined each time the cperation 
is performed. 

#ICll:: Dep[al 

#<JCll: 1 

#I C2l:: Dep Ca+b+cl 

#<JC2l: 2 
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#IC3l:1 t:a+b-Cc d)+gCfx,fy,g[zlffl 

c d 
/IOC3l: a+ b + g£lx,!y,gCzl!P 

#IC4l:: DepCtl 
..... 

/IOC4l: 6 

#I C 5 l : : Po s [ b , t l 

/IOCSJ: ff2,lfj 

#I [ 6] : 1 Po s [ Z , t ] 

#0(6): !!J,1,2,2,ljj 

#I [ 7] I : p 0 s [ 9 • t] 

flOC7l: fl3,ej,l3,l,2,2,8jj 

#I t 8 l : : 11 a p [ f , t l 

c d 
#0£81: fCal + ftb l + fCgcfx,fy,g[zljjll 

#I C 9 l : : 11 a p C f , t , ! 2 j l 

f ( c d] 

#0 [9] : a+ ftbl + gCHfx, ly,gCzl llll 

#I C 18 l : : 11 a p C f , t , 2 l 

f [ c d] 

#fJC18l: fCal + f[f[bl l + fCgCfCfx,!y,gCzljllll 

#l ( 11 l : : 11 a p ( f , t , I n f l 

f[f[cl f[dll 
#fJClll: fCal + f[f[b] l + fC9C i l!f[ x J,fC!HyJ,f(9[f[z j JJ ll llll 

#I C 12 J : : 11 a p [ f , t , -11 

/IOC12l: 
f[c] f[d] 

f[b] + fCal + gC!Hxl, lt[yJ,g[f'.zll Ill 

#I [ 1 3 J : : 11 a p [ f , t , f - 1 ! l 
f[c] f[dl 

#0 [ 131: ftbl + f[al + gcfHxl,lf [ yJ,g[f[zJJ Ill 

#I C 1 4 J : : 11 a p C f , t , 1- 2 l J 

f Cc d l 
/IOC14J: a + b + grfx, !y,fCg[zll !!J 

#I [ 15 l 1 : Map [ f , t , - 2 J 

#fJClSJ: 
f[f[cl f[d]J 

f[b] + fCal + g£lf[xJ,!f[ y l , ftg[f[zllljjJ 

#I C 16 J : : Map C f , t , - In f 1 

/IOC16l: 
f[fCcl f[d]] 

fCal + f[f[bl J + fCgCH f fC x J,H!H1J l,fCg[Hzlll P jlll 

#I C 1 7 J : : Map [ f , t , ! 2 , 3 I J 

f[f[cl f[dll 
/IOC17l: a + f [bl + gCfCffCxl,f £ly ,g[zljljJ J 
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#I [ 18) : I 11 a p { f , t , !-2 , 3 J l 

f(f(c) f[dll 
#<l [18): f [bl + f [a) + g [ ! f Cxl, !Y, g [z) ! p 

#I [ 19 J : : 11 a p C f , t , ! 8 , I n f , Even p ! l 
f [ c dl 

#<l C19l: a+ f(bJ + gCfcfx,!fCyl,fCgCzlljjlJ 

#I C 2 8 l : : 11 a p Cf , t , 8 l 

c d 
#0 [281 I a + b + g£!x, !y,gCzl !!J 

/II [ 2 1 J : : 11 a p C f , t , I n f , , S x l 

f[f[c,3] f(d,3J,2l 
#<JC21J: fCa,ll + fCfCb,2J ,ll 

+ fCgCf£!fCx,3l,tC!fCy,4l,fCg[f[z,Sll,4l j,31 !,2Jl,1l 

#I C 2 2 l : : 11 a p [ f , t , - In f , , S x l 

f[fCc,-ll fCd,-ll,-21 
#<JC22l: fCa,-11 + fCfCb,-ll ,-31 

+ f r 9 r tC ! t c x, - u , f[ ! f( y, - u , tC 9 ct c z, -11 l , -2 l L -3 l J, -4 l l , -s l 

#I [ 2 3 l : : i : 8 ; M a p C f C $ x , I n c C i l l , t l 

c d 
#<JC23l: f[a,ll + f[b ,21 + fCgt!x,!y,gCzl jjl,3l 

#I C 2 4 J : : i : 8; 11 a p C f CS x , Inc C i l l , t , -1 l 

#<l [241: 
f Cc, 3 J 

f[b,21 
f[d,4l 

+ fta,ll + gqtcx,Sl, !fty,6l,gCfCz,7ll !!l 

/f IC 2 5 l : : i : 8; Map C f [ $ x, Inc C i l l , t , In fl 

fCfCc,31 fCd,41,51 
#<JC25J: fCa,ll + fCfCb,21 ,61 

+ fCgCtt!fCx,7l,tC!tCy,8l,fC9Cf[z,9ll,18l j,lll j,12ll,13l 

#I C 2 6 l : : i :8;Map[f [Sx, IncCill, t,-Infl 

f[f[c,31 f[d,41,51 
#fJ C26l: fCa,ll + f[fCb,21 ,61 

+ fCgCfC!fCx,7J,fC!fCy,8l,fCgCfCz,9ll,10l j,11l j,12ll,13J 

#I [ 2 7 l : 1 11 a p Cf , t , In f , L i s t pl 

c d 
#<J C27l: a + b + gCf£!x,fC!y,gtzljlfll 

#I C 2 81 : : 11 a p C f , t , I n f , ~r n C z , $ x l l 

f(fCc) fCdll 
#<l [281: fCal + fCfCbl l + gC!fCxl,!fCyl,gCzljjl 

#I C 2 9 l : : ti a p C f , t , 2 , L i s t pl 

#'JC29l: 

#I C3 81 : : 

#<JC38l: 

c d 
a+ b + gCfC!x, !y,gCzl jjll 

i: 8; 11ap [f CSx, Inc Ci l l, t, Inf,,, 71 

f[fCc,3] 
fCa,ll + fCfCb,21 

f[d,41,51 
,61 + gcffCx,71,!y,gCzljjl 
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2. 6 Patterns 

A "pattern" or "generic expression" is an expression containing generic symbols [2.2]. 
A pattern represents a possibly infinite set of expressions, in which arbitrary expres­
sions replace the generic symbols. Every occurrence of a particular generic symbol 
in a pattern corresponds to the same expression. 

Two patterns are considered equivalent if the sets of expressions which they 
represent are identical; they are literally equivalent if all their parts are identical. 
Determination of literal equivalence takes account of filter reordering [ 4, 7. 7] proper­
ties of projections, and of the correspondence between numerical coefficients [2.5] 
and explicit Mu I t projections. 
A pattern p2 "matches" pl it it represents a superset of the expressions represented 
by pl (so that pl may be obtained by replacing some or all of the generic symbols in 
p2). pl is then considered "more speci~ic" thanp2. 

Match [expr2, exprll 
yields 0 if expr2 does not match expr 1, 1 if expr2 is eqmvalent to expr 1, or a list 
of replacements for generic symbols in expr2 necessary to obtain expr 1. 

#I C 1 l : 1 Ma t ch C x .... 2, x .... 2 l 

#OCll: l 

#I [ 2 l : : Ma t c h [ x .... 2 , y .... 2 l 

#OC21: 9 

#I C 3 l : : Ma t ch C $ x .... 2 , y .... 2 l 

/J.OC3l: !Sx ->YI 
#I [ 4 l : : Ma t c h CS x .... 2 , <a+ b > .... 2 l 

#<JC4l: !h ->a+ bl 
#I CS l : : 11 a t ch C y .... 2 , S x .... 2 l 

#QCSJ: 0 

#I C 6 l : : 11 a t ch CS x .... 2, Sy .... 2 J 

#0 C6l: !Sx -> Sy j 

#I [ 7] : I 11 a t ch [ f [ $ x l , f [ x l ] 

#OC7l: !Sx ->xi 

#I [ 8 l : : Ma t ch C f C x l , f C x , y l J 

/(:OC8J: 9 

#I [ 9 l : : Ma t ch ( f CS x, Sy l , f [ x , a+ bl J 

#OC9l: !Sx ->x,Sy ->a+ bj 

#I c 1 el : : Ma t ch cs x .... $ x, x .... x l 

#OC18l: !Sx ->xi 

#l C 111 : : Ma t ch CS x .... S x , x .... y l 

#OUll: 8 



2.6 

#I C 12 l : : 

#fJC12l: 

#I C 13 l : : 

#fJC13l: 

#I C 14 l : : 

#fJC14l: 

#I C 1 S l : : 

#fJC15l: 

#I C 16 l : : 

#fJC16l: 

#I C 17 l : : 

#0 [ 171: 

#I C 181 : : 

#{JCi8l: 

#I Cl9 l : : 

#{JC19l: 

#I C 2 8 J : : 

#0C20l: 

#I C 2 ll : : 

#(JC21l: 

#I C 2 2 l : : 

#0 [221: 

#I C 2 31 : : 

#0£231: 

#I C 2 4 l : : 

#0 £241: 

#I C 2 5 l : : 

#{JC25l: 

#I C 2 6 l : : 

#0 [261: 

#I C 2 7 l : : 

#(JC27l: 

SMP REFERENCE MANUAL I Syntax 

MatchqSx,aj, !x+y,ajl 

!Sx->x+yj 

MatchC1£xl:Sa!, !Cxl:b+cjl 

!Sa -> b + c I 
11atchC!CSxl:a!, fcxl:a!J 

!Sx -> x I 
11atch[f[Sx,Sy,Sxl,fCa,b+c,aJJ 

!Sx -> a,Sy -> b +cl 

Match(f[Sx,Sy,Sxl,fCa,b+c,cll 

8 

Match ($f CSxl, f Cxl l 

!Sf-> C' f>,Sx -> xj 

MatchCSx a,2al 

!Sx -> 21 

11atch(b c Sx,a b cl 

!Sx ->al 

h....;Comm 

Comm 

MatchChCSx,al,hCa,bll 

!Sx ->bl 

Match Cf CSx,al f Ca,bll 

8 

r C x l : a -x 

x 
a 

r [ y l 

r Cy J 

r [Sxl: b-Sx 

Sx 
b 

lrCyl,rCa+bl 

y a + b 
lb • b I 
r 

x Sx 
!Cxl: a, CSxl: b 

2.6 
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#I C 2 81 : : S r f C x -2 , y -2 , x ~3 l , $ x -2 - >h cs x l l 

3 
#0 [ 2 8] : f [ h [ x] 'h [ y] 'x l 

#I C 2 9 l : : Po s C $ x ~s y , f C x -2 , y -2 , x -3 , z l l 

2 2 3 
#0£291: !!x ,!l l l,!y , ! 2ll,!x ,!3111 

#I C 3 8 l : : S x f C $ x l : hp C $ x l 

#0 (381: hp Chl 

#I C 3 ll : : I a b f [al , 2 f C 3 l , 2 a f [ 2 l , y -2 f C x ~2 l a x ~2 I 
2 2 

#0£311: lb hpC .:. l,2fC3l,2a fC2l,a y hp[x l j 

#I £32]:: Match [ a +c, a +b+c+dl 

#0£321: 8 

#1£331:: a+c:p 

#0£33]: p 

#I C 3 4 l : : a + b + c + d 

#0 [34]: b + ci + p 

#I C 3 5 l : : a . $ x : j [ $ x l 

#0 C35l: j CS x l 

#I [ 3 6 l 1 : ! '' . c. • b . y , a . x • y , a • x I 
#0£361: !x.jCbl.y,jCxl.y,jCxl I 
#I C 3 7 l : : a::•$ x : j p C $ x l 

#0£371: jp[$xl 

#I C 3 81 : : ! x a b y, a x y, a x I 
#0£38]: Ix y jp(bl , y jp:xl,jp[x] 

A pattern p2 matches pl if the simplified form of p2 after replacern.ea t of generic 
symbols is literally e;·J.i\·2.lent to pl . However, fer a';. le z.:: t one :::cc .. .:.:-r e ::-~ce of each 
generic symbol in p2 b.e necessary replacement r:mst follov,· fror:;. liter.s.i co:nparison 
with pl (and must thus appear as an explicit pa:-t of pl). 

#I C 1 l : : 11 a t ch ( f C $ x , 1- $ x l , f C x , 1 - x l l 

#CCll: !Sx -> xj 

#I C 2 l : : 11 a t ch [ f ( $ x , .:. - $ x l , f C x + y , 1 - x - y l l 

#0 c21: ISx -> x + y I 
#I C 3 l : : 11 a t ch C f C $ x , 1- $ x l , f C '3 , - 2 l l 

#CC3l: ISx -> 3 j 

#I r 4 l : : 11 a t ch c f cs x + t y , $ x - s y l , f c 2 , al l 

#0£41: 9 



2.6 SMP REFERENCE MANUAL I Syntax 2.6 

#1 C 5 l : : 11 a t ch [ f CS>< +Sy , S >< , Sy l , f C 2 , 1 , 1 l l 

#<JC5l: fh -> 1,Sy -> lj 

#1 [ 6 l : : q [Sa+$ b , g [$a , $bl l : h CS a, Sb l 

#<JC6l1 hCSa,Si:>l 

#I C 7 l : : I q C 7 , g C 3 , 4 l l , q Ca ~2 + b ~2 - 1 , g Ca ~2 - 2 , b ~2 + 1 l l , q C a , g C b , cl l l 
2 2 2 2 

#0 []]I fhC3,4l,qC-1 +a + b ,gC-2 +a ,1 + b ll,qCa,gCb,cllj 

#1 [ 8 l : : h _; C o m m 

#0 £81: Comm 

#1£91:: hCSa,Sa+ll:hpCSal 

#0 C9l: hp [Sal 

#1 [ 18 l 1 : ! h [ 4 , 3 l , h [ 2 , 31 , h Cb , al , h C a , bl I 
#<JC18l: !hC3l ,hC2l ,hCa,bl ,hCa,bl l 

The value t of the property [ 4]_Sx[Genl restricts all occurrences of the generic sym­
bol x to match only those expressions on which application of the template t yields 
"true" [5]. 

#1Cll1: Ji 

#0 Cll: fcGenl: lj 

#IC2l:: JiCGenl:lntp 

#<JC2l: lntp 

#1 C 3 l : : g CS i l : 2 S i 

#<JC3l: 2Si 

#1£411: gCxl+gC4l 

#0£41: II+ gCxl 

pat _= condor Gen £pat, condJ 
represents a pattern equivalent to pat, but restricted to match only those 
expressions for which cond is determined to be true [5] after necessary replace­
ments for generic symbols . 

#1 C 1 l : : f [Sn....; 1 n t p CS n l & S,, >al : $ n ! 

#0£11: Sn! 

#I C 2 l : : f C 2 l + f C - 3 l + f C >< l 

#<JC2l: 2 + fC-31 + f[xl 

#IC31:1 gCSx,Sy....;Sx+Sy >8l:tCSx,Syl 

#<JC3l: tCSx,Syl 

#I C 4 l : : g C >< , y l + g C -1, 8 l + g C 5 , 1 l 

#<JC4l: gC-1,81 + gCx,yl + t C5,ll 
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#I [5]:: u [$x...;Nc [S:xl <Bl :-u [-$xl 

#0[5]: -u[-$x] 

#I [ 6 l : 1 u [ - x l + u [a+ bl + u [ u [ - 7 l l 

#Ot6l: -u[x] + u[a +bl - u[u[7ll 

Multi-generic symbols [2.2] are a special class of generic symbols y;rhich i.·epresent 
sequences of expressions , corresponding to null projections [2 .3] of e.ny length. In d 

projection (or list), the sequence of filters matched by a multi-generic sym1.::>ol is ter­
minated when all subsequent filters can be otherwise matched. For projeclions with 
Comm or Re or [ 4] properties, all but one multi-g€neric symbol is required to match a 
zero-length sequence of expressions Cl • In a projection from a projector f ,•.ith pro­
perty FI at [ 4], a multi-generic symbol matches a sequence of filters ccrresponding 
to a further projection from f: in the original projection, it is not reprE.sen'~ed 1.::>y a 
single ordinary generic symbol. 

#I r 1 l : : Ma t :: h [ f [ X >: l , f r x , y l l 

#Otll: 8 

#I [ 2 ~ : : 11 a t ch [ f [ $ $ ::l , f [ x, y l l 

#Ot2l: !SSx --> r x ,yl ! 
#I [ 3 J : : Ma t ch [ f [ $ $ x, w, S $ z l , f [a , b , w , z l J 

#Ot3J: !SSz --> [;:J,SSx --> [a,bJj 

#I [ 4 l : : Ma t ch [ f [ $ $ x , w, SS z l , f [a , w , c , w , z l l 

#0 [41: f ssz --> re, w, zl, SSx --> Cal I 
#I [ 5 J : : Ma t ch [ f [ s s x , w, s S z l , f r a , b , c , w l l 

/fOCSl: !SSz --> CJ,SSx --> Ca,b,cl 

#I [ 6 l : : Ma t ch [ f [ $ S x , w , $ $ z J , f [ w J l 

#0 [6]: !SSz --> ~l, $$x --> []I 

#I [ 7 J : : 11 a t ch [ f C $ :i: x , S x l , f [a, b , c , d l l 

#Ot7l: fsx -> d,SSx --> ra,b,cl ! 
#I [ 8 J : : 11 a t ch [ f [ $ $ x , $ x , Sy J , f [a , b , c , d J J 

#Ot8J: fSx -> c,:Dy -> d,SSx --> [a,b] 

#I [ 9 J : : 11 ci t ch [ f [ $ $ x , $ x , $ y l , f [a , b J J 

#QC9J: fSx -> a,Sy -> b,SSx --> [] 
#I [ lltl : : Ma t ch [ f C !:: '.l x , $ x , Sy J , f Cal l 

#0[18]: 8 

#I [ 1 ll : : Match [ f [ $ $ x, $Sy J , f [a, b, c, cl l 

#Otlll: !SSy --> [a,b,c,dl,SSx -->Cl 

#I [ 12 l : : 11 a t ch [ f [ $ $ :< , a , SS x l , f [ b , c , a , b, cl l 

#OC12J: lssx --> Cb,cl l 
#I [ 13 l : : 11 a t ch [ f [ $ S x , a , $ $ x l , f [ b , c , a , b , d J J 
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#{JC13l: 

#I C 14 l : : 

#-0 [14] I 

#1 [ 15] I : 

#{JC15l: 

#I C 16 l : : 

#{JC16l: 

#I C 17 l : : 

#{JC17l: 

#I [ 18] : I 

#-0 C18l I 

#I C 19 l : : 

#OC19l: 

#I C 2 8 l : : 

#-0 C28l: 

#I C2 ll : : 

#<JC21l: 

#IC22l:: 

#-0 [22]: 

#I C 2 3 l : : 

#-0 C23l: 

#I C 2 4 l : : 

#{JC24l: 

#I C 2 5 l : : 

#-0 C25l I 

#I C 2 6 l : : 

/,.'-OC26l: 

#I [ 2 7 J I : 

#-0 [27]: 

#I C 2 81 : : 

#-0 [281: 

#I C 2 9 l : : 

#0 [29] I 

#I [ 3 8 l : : 

#fJ C38l: 

#I [ 3 ll : : 

SMP REFERENCE MANUAL I Syntax 

8 

Match[f[S$x,a,SSyJ ,fCa,b,c,d,ell 

fSSy --> Cb,c,d,eJ,SSx --> Clj 

Match If l$xl, f Cxl l 

!Sx -> xj 

Match [f CSSxl, f [x] l 

fssx --> Cxl I 
pa 1: f CSSx_;L is t [$$xl =Rev CL is t [$$xl l l 

fCSSx _; (List[$$xl = Rev[List[SSxlllJ 

Match Cpa 1, f Ca, b, all 

!SSx --> Ca,b,al I 
Match[pal, f Ca,b,bll 

8 

g_; Co•111 

Com111 

MatchCgCSSx,cl ,gCa,c,x,yJl 

!SSx --> Ca,x,yl I 
MatchCgCSSx,S:xl ,gCa,b,c,dll 

!Sx -> a,SSx --> [b,c,dl l 
MatchCgCSSx,Sx,Syl ,gCa,b,c,dll 

!Sx -> a,Sy -> b,SSx --> Cc,dl l 
Ma t ch C 9 [ $ $ x , $ x _;Na t p [ $ x l l , 9 [a, 2 , b , cl l 

!Sx -> 2,SSx --> Ca,b,cl I 
tlatchCgCSSx,w,$$yl ,gCa,b,w,zll 

!SSx --> Ca,b,zl I 
h....1Flat 

Flat 

Match[h[SSxl ,hCa,b,cll 

!SSx -> hCa,b,cl l 
Match Ch CSSxl, h Call 

!SSx -> h Cal I 
MatchChCa,SS x l ,hCa,bll 

!SSx -> h CbJ j 

Match[h[a,SSxl ,h[all 

8 

p CSx Syl: p CSxl +p CSyl 

2.6 



2.6 

#fJC31l: 

#I C 3 21 : : 

#fJ C321: 

#I C 3 31 : : 

#fJC33l: 

#I C 3 41 : : 

#fJC341: 

#I [35]: I 

#0 C35l I 

SMP REFERENCE MANUAL/ Syntax 

p CSxl + p CSyl 

lpCa bl,p[a bell 

!pCal + p[bl,pCa bell 

q [$x $$xl: q [$xl +q [$$xl 

q CSSxl + q CSxl 

fqCa bl,q[a ':i el,qCa be dl I 
fqCal + q[bl , qCal + qCbl + q[el,qC al + qCbl + q[e ; + q[dl l 
S Ca. b. a . e . d. a , a. $ $ x. a - >r CS$ x l l 

r[bl.e.d.a 

2 .6 
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2. 7 Templates 

A template t is an expression specifying an action to be taken on a set of expressions 
~sl,sZ, ... j . 
The result from an application oft depends on its structure : 

number or Nu I I t 
pattern The value of t obtained by replacement of generic symbols di 

occurring in it by any corresponding si. The association of si with 
di is determined by first sorting the di into canonical order. Any 
unpaired di are left unreplaced. If any of the di are multi-generic 
symbols, the first is paired v.ith the maximal set of si. 

'u or Mark [u] u . 

other expression tCsl, sZ, . . . ] 

• Ap [7.2] 
All operations represented by templates may equivalently be specified by suitable 
lists : templates are provided for ease of use in simple cases . 

#I c 1 l : : A p C 3 , ! a , b I l 
1/-0lll: 3 

#Il2l:: Aplf[Sx,$yl,!a,bll 

fl-Ol2l: fla,bl 

#I [ 3 l : : A p [ f [Sy , $ x l , ! a , b I l 
#<JC3l: flb,al 

#I C 4 l : : A p C f CS y J , I a , b I J 

#<JC4l: f[al 

#I C 5 l : : A p C f CS z , $ y , S x l , ! a , b l J 

fl-OCSJ: f£Sz,b,al 

#I cs J : : A p c f cs x, s x , s y l * 9 cs y ~s y l , I a , b I l 
b 

/JOCSlt fCa,a,bl gCb l 

#I C 7 l : 1 A p C f [SS x l , ! a , b I l 
#<JC7l: fla,bl 

#I C 8 l 1 : R p C f C $ $ x , 1 , $ $ x l , I a , b I l 
#<JC81: fCa,b,l,a,bl 

#I [ 91 : : A p [ $ f [ $ x] ' ! 9 , y I] 
#{JCSJ: 9Cyl 

#I C 1 8 l 1 : A p C ' C x + y ) , ! a , b I l 
#<JC18l: x+y 
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#I [1 ll : : 

#O(lll: 

#I C 12 l : : 

#rJC12l: 

#I C 13 l : : 

#rJC13l: 

#I C 14 l : : 

#0 [141: 

#I C 15 l : : 

#0[151: 

#I C 16 l : : 

#flClSJ: 

#I [ 17 l : : 

#0(171: 

#IC18l:: 

#0[181: 

SMP REFERENCE MANUAL I Syntax 

Ap[(x+y>, !a,bjJ 

Proj [x + y, !a,b jl 

Ap[f,!a,bjl 

f Ca, bl 

Ap£!al,a2,a3,a4,a5!, !J!J 
a3 

ArCS,fJ 

l f [lJ 'f C2l, f [3]' f [4], f [5] 

A:-CS,'fl 

!t,f,f,f,fj 

Ar CS, f [$xl l 

It c11, t c21, t c31, t [4], t cs1 

Ar[S,'f[$xll 

It ($xl, f [$xl, f [$x l , f [$xl, f [$xl I 
R r C ! 2 , 3 j , $ y ~$ x l 

!!1,2,3!, !1,4,9!! 

2.7 
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2.8 Chameleonic expressions 

A chameleonic expression is an expression containing chameleonic symbols [2.2]. If a 
chameleonic expression is assigned as a delayed value [3.2], then each chameleonic 
symbol which it contains is given a unique new name whenever the value is used. 
• Make [10 .6] 

#I [ 1 l : : t : : f [ ##a , #lfo l - ##c 

#0 [ l] : , f [ ##a 1 #lfo] - ##c 

#I C 2 l : : 

#0 [ 2] : f ( ##1 ' ##2 l - ##3 

#I C 3 l : : t - t 

#0 [ J] : f [ ##4 I ##5] - f [ ##7 ' ##8] - ##6 + ##9 

2.9 Commentary input 

Any input (including newlines) between '* and *' is treated. as commentary, and is 
not processed. Comments may be nested. 

#I [ 1l : : a + I* beg in comment 
com n1 en t 1 

#OCll: 

/*inner comment*/ 
comment2*/ b+c 

a + b + c 
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2.10 Input forms 

input form projection grouping 1 

(x) Tparentheses} 
~z1, x2, z3, •• • l CL is t) 

lCi11 :zl...L [i2J :x2..L ···l CL i st} 
x1* .... x2 x1*10 .... x2 (x1*"'x2) * .... x3 
@z #OCxl 
_;; Pro~[x] 

f Cx1, x2, z8.I (projection) f [x1, x2, x8.I (_.f [Ti er] : 0) 
( ( f [xll) [x2J} [xSJ ( f CT i er l : 1} 

[x1_._x2..Lx3J N~[x1..Lx2, x3J Cx1..Lx2..Lx3J 
<z I n~ut [x] 
x!! Dfctl [x] Cx! ! } ! 
x! Fct I Cxl 
x1.x2.x3 Dot [x1, x2, x3J xl. x2. x3 
x1 ** x2** x3 Omu It [x1_._x2,_x3J xl ** x2** x3 
:r:1 .... x2 Pow [xJ_._x2l xr<:r:2"x3) 
-:r: Mu It C-1, x] 
x11x2 Div [x1,x2J {x1/x2J lx3 
z1 * x2* x3 Mu It [xl_._x2__._x3J xl * x2 * x3 i_see also below_l 
x1+x2+x3 PI us [xl, x2, x3J x1+x2+x3 
xl - x2+ x3 PI us [x 1_,_ -x2_._ x3J xl + (-x2) + x3 
xl= x2 Eq [x1,x2J See note below 
x1 ""= x2 Uneq [x 1, x2.I See note below 
x1 >x2 Gt [xl, x21 See note below 
xl >= x2 Ge [xl, x21 See note below 
xl <x2 Gt Cx2, :r11 See note below 
xl <• x2 Ge [x2_._x1] See note below 
""z Not Cxl 
xl&x2&:r8 And [x 1_,_xZ_._ x3J xl & x2& x3 
xl I x2 f :r3 Or [xl, x2, :r3J :rl I xZ I x3 
xl il x2ll x3 Xor [xl...Lx2_._x3J xl l 1 x2ll x3 
:r:l => x2 I m~[xl..Lx21 xl=>(x2=>xtfJ 
xl =%2 Gen [xl..Lx21 fl;1 = x2) = x3 
:r:l •• x2 5~[x1,x21 {xl •. x2) •• x:J 
xl: :r:2 Set [:r:l, x2J x1: (x2: x3) 

I x: Set [x] 
xl:: x2 Setd [x1,x2l x1 : : (x2:: x3) 
xl -> x2 Rep [x1,x2l :rl -> {x2-> x3J 
xl --> x2 Repd [x 1, x2.I xl --> Cx2--> x:J) 
xl ....i :r2 Pr set [xl, :r2.I :r1 _; (x2 _; x:Jl 
:r:l _:r2 Tyset [xl, x2.I :r:l - <xE x3J 
xl := x2 Sxset [xl, x21 xl := <x2 := x:J) 
xl : -= Sxset [xl] 
xl; x2; x3 Proc [xl, :r2, x3J x1; x2; :r3 
:r: 1..i. xi?t ••• xn.i Pree [xli_x2..L ••• _._:r:n..L] :r:l_t x2: ••• xn.· ' !:r (pre-simplification) 
'x Ho Id [x] 
'x Mark Cxl 
?x Info Cxl 



2.10 SMP REFERENCE MANUAL I Syntax 2.10 

Forms given in the same box have the same precedence; the boxes are in order of 
decreasing precedence . 
If@@ is a form with precedence higher than##. thrm xl @@ x2 ## x3 is tre ated as (xl 
@@ x2) ## x3, while xl ## x2@@ x3 is treated as xl ## (x2@@ x3). 

#I C 1l : : x + y -2;: a 

2 
/µJCll: x +a y 

#IC2J:: <x+yl-(21o:a) 

2a 
#fJC2l: <x + yl 

-d a c -d y 
#0 [3]: + --- + c k - x 

e f b 

#I C 4 J : : I a+ b: c, a+ < b: c J ! 
#OC4l: !c,a + c! 

#I [ 5 l : : l 'a : b + c , C 'a J : b + c l 
#OCSJ: l' a: b + c,2cj 

#I C 6 l : : ! ®l Cl l , @< 4 C ll l l 
#OC6l: !c,/f<HProjC4, ll!Jl j 

#I c 7 l : : ( 3 + e >1, 3 + < e >ll l 
#OC7l: !l,3j 

#I [ 8 l : : I k : : ( l ; 2) ' k : : l ; 2 l 
#OC8l: j' 1; 2,2j 

#I csi:: !1>u&1>e, l>Ceeu >el 

#OC9l: p,aj 

#I [ l 0 l : : h l _; Ti er 

#0C101: Tier 

z 

#I { 11 l : : I h 1 ( x l [ y l [ z l ' h 2 [ x l [ y l [ z l l 
#OClll: !ProjCProjChl[xl, !yjj, !zjl,h2[x,y,zl 

#1£121:: !-1-(1/2J,a;:-b,a--b,-2! J 

-c 
#OC12l: !-1,-a c,a ,-2j 

# 1 c 1 3 l : : I 1 e h -- 1 ! , < 1 e a * -- u ! l 
#0£131: 11e,3s2ss00j 

The last column of the table indicates how multiple appearances of the oame form are 
grouped. When no parentheses appear, the corresponding proje:::tion is FI at [ 4. 7 . 7]. 
These groupings also govern lhe treatment of different forms w:~h th::i se..::i1s p re­
cedence. 
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/II C 1l : : fa/ b I c, a/ < b I c > I 
a a c 

#<JCll: f---,---1 
b c b 

c 
b b c 

#<J [2] I !• , • I 
/II [ 3 ] : : a I b : c 

#<JC3l: c 

#I [ 4 ] I I l • ' b I 
#<JUl: fc,cj 

/II [ 5 J : : a -b ~ .J y p a 

#<J CSJ: typa 

/II [ 6 ] I : I s [ )( ' )( - >y - >z] ' s [ )( ' ( )( - >y ) - >z ] I 
(/OC6J : !Y -> z,xj 

#I [ 7] I I f 3 I I ! ' ( 3 ! ) ! ! I 
#<JC7l: f6,48j 

Combinations of the relational operators [5] •, "' .. , >, >•, <, <• may be input 
together; if# and## represent input forms for two such operators, then xl # x2 ## x3 
is treated as (xl # x2} & (x2 ## x3}. 

#I [ 1l:: >< <y 

#<JCll: y >>< 

#I [ 2] I : )( .. y = z <.3 

#0 [2J I >< = y & y = Z & 3 > Z 

Products may be input without explicit * when their terms are suitably distinguished. 
For any numbers n, symbols s and f and expressions x the following input forms are 
taken as products: 

n n s n j[x]n 
ns s s j[x] s 
n/[x] s /[x] f [x] /[x] 
n(x) s(x) /[x] (x) 

n~x! s~xj /CxJ f x! 

(x) n 
(x) s 
(x) /[x] 
(x) (x) 

(x) f x! 

f x!n 
txjs 
fx!f[x] 
f xj (x) 

lxj fx! 
Precedence of such forms is a~ when explicit * are given. 

#I£ 1 l : : 22 2 3 

#0£1l: 132 

#I C 2 l : : f2a/4, a2 /4 j 

#0 [2J: fa12,a2/4 ! 
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#I C 3 J : : ! 3 f C x J 4 , 3 4 f C x J , 3 4 f C x J j 

#0~31: !12fCxJ,12fCxJ,34fCxJ I 
#I C 4 J : : c < x + y > + 2 < x + y > < y + z > -3 + 9 C x J f C x J -2 

3 2 
#0 [4]: c (x + y> + 2 (x + y> Cy + z) + f [x] 9 [xJ 

#I C 5 l : : a 12 b 

a b 
#O CSJ: 

2 

#I C 6 J : : a I < 2 b > 

a 
#0 [6]: 

2b 

#I r7 J : : a -2 b -c 

#Or7l: 
2 c 

a b 

#I C 8 l : : 2 ! ! a , b j , ! c , d l l 

#OCSJ: !l2a,2bl,l2c,2dll 

#I [ 9 l : : ! a , b l ! c , d j 

#OC9J: !a c,b dj 

2.10 

The symbol Nu i I [2.2] may be input as a blank when it appea;s as the value of an 
entry in a list, or as a filter in a projection given in standard form. Hence f [J is 
equivalent to f [Nu I I J and g [, , J to g rNL. I I, Nu I I , Nu I I J • 

#I C l l : : L pr r f C l + 9 C , , 1 , 2 , , 3 , l J 

fCNul IJ + gCNul l,Nul 1,1,2,Nul 1,3,Nul ll 

#I ( 2 J : : L p,.. C I a , , b , c , l J 

fa, Nu I l,b,c,Nul I j 

#: [ 3] : : L p,.. [ ! I] 

!l 
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2.11 Syntax modification 

cc:= dd or Sxset [cc. dd, (class :0). (prec :8)1 
assigns the name ccc::> of the symbol cc to be replaced textually on input by 
cd.d::> according to one of the following classes of transformations 

0 CCC:> 4 Cdd::> 

1 ccc::> x 4 cdd::> [x] 

2 x ccc::> 4 cdd::> [x] 

3 xJ ccc::> x2 ccc::> x3 4 cdd.::>Cx1, x2, x31 

4 xl ccc::> x2 4 cdd.::> [xl, x2J 
x1 ccc::> x2 ccc::> x3 4 cdd.::> [xl, cdd::> [x2, x3J J 

5 x1 ccc::> x2 4 cdd::> [x1, x2J 
xl ccc::> x2 ccc::> x3 4 cdd::> [ cd.d::> [xl, x2l , x3J 

and with precedence prec . Textual replacements are performed before 
input expressions are simplified. Input te xt, excluding any s +:.rings enclosed 
in" ", is scanned once only from the beginning, and at each point, textual 
replacements for the longest possible character strings are made. Transfor­
mations 1 through 5 may carry precedences from 1 to 3 : 1 is the same as 
Input, 2 as P I us and 3 as I n fa. 

cc:= or Sxset [cc] removes any textual replacements assigned for cc . 

Sx set [J removes all assignments for textual replacements. 
• [ 10.8] 

#I C 1 J : : i n : = o u t 

/ICCll: out 

#I C 2 J : : ! i n , i n i r. , i n i n , i n i n i n l 
2 

#0 ( 2): fout,o u t , outout,out outoutl 

#1 ( 3) : : II ) ( II : : WWW 

#0 [3): WWW 

#I C 4 l : : > < ~) ( 

WWW 

#0 [4]: WWW 

#I C 5 l : : ! 2 ( > < + 1) , a ) <, a ) < , a > < > < ) <) < l 
2 

#0 C5l: !2<1 + wwwl,awww,a www,a www wwwwwwj 

#I C6l:: <a+b) (c+d) 

/IC C61: a + bwwwc + d 

#I C 7 l : : <a+ b > Cc+ d > 

#lJC7l: (a+ b) (c + d) 

#IC8l:: (a+b")( "c+d) 

#OC8l: a+d+">C"bc 
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#I [ 91 : : JI++ ": = "@" 

#0 [91: "@" 

#I [ 101 : : ! + + x, + + 1 j 

/f0Cl81: !lfOCxl,outj 

#IClll:: ".":=x 

/fOClll: x 

#I [ 121 : : " .• ": = y 

#0£121: y 

#I [ 13 l : : II ••• ": = z 

/f0Cl3l: z 

#I [ 141 : : ! . , .. , ... , .... , ..... , ...... , ....... , ........ , ........ . 

#0 [ l 4 1 : ! x ' y ' z ' z x ' z y ' z z ' z z x ' z z y ' z z z l 
#IClSl:: " ":: "+ H 

#0£151: "+" 

#I [ 161 : : 

#0£161: 

#I U7l:: 

#0£171: 

#I [ 18 l : : 

!a b,2 3,a b,2 3,a b c,a 

!a b,6,a + b,S,a + b c,a +bl 

/fOC181: 

#I C 19 l : : 

#0£191: 

"* ": = ,,_,, 

! a * b , a b , a ~b l 
b b 

! a , a b, a 

"-"::"•JI 

#I C 2 0 l : : ! a* b , a b , a ~b , a* b * c , a ~b ~c l 
c 

b b 
#0 [2 01: 

#I [ 2 1l : : 

#I C 2 21 : : 

la ,a b,a b,a ,ab cl 

b 
#IJC22l: a 

#I [231:: Sxse t [] 

#I [241:: a:1eb 

#0 [24] I a b 

#I [ 2 S l : : S x set C JI++", 0 p I us, 5 , 2 l 

#0£251: Oplus 

#IC261:: !a++b,a+b,a++b++c,a++b cl 

#0£261: !Oplus[a,bl ,a+ b,Oplus[a,OplusCb,cll ,Oplus[a,b cl l 

2.11 



2.11 

#I [ 2 71 : I 

#-0 [271: 

#I [281 : I 

#-0 [281: 
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Sxse t [ 11
"'"'", Op ow, 5, ~l 

Op ow 

! a --b , a "'"'b c , a "'"'b + + c , a --b ! ! 
!OpowCa,bl ,c OpowCa,bl ,OpowCa,Oplus[b,cll ,OpowCa,bl ! l 
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2.12 Output forms 

Most input forms are also used for output. 

Parentheses are omitted in uutput when the required groupings follow the pre­
cedences of forms giver: in ~ 2 . 10]. -
Common additional out;mt forms: 
Mult[xl,x2,x3] xl x2 x3 

xl 
0 iv [xl, x2l 

x2 

x2 
Poi.1 [xl, x2l xl 
The outpm form of the projection P 1 o t [ 10.2] is a "plot". 
Fmt and Sx are printed in a special formatted form. 
Assignment of a Pr property [ 4] defines a special output form for a projection. 

The presence of specia'. forms in o.n output expression is indicated by * at the begin­
ning of the output. The labellin...g of parts in such special output foi:ns may not be 
manifest . A direct and LLJ.ambiguous representation of any expression is printed. by 
Lpr [:O. l]. 

#: [ 1l:: PsCExpCxJ ,x,a,41 

2 3 4 
x x x 

#0 [ 11 : ,; l + x + - - + + --
2 6 24 

#IC 21 : : L pr C%l 

PsCl,x,8,!8,4j,fC8l: !,Cll: 1,[21: l/2,C3l: 116,[41: 1/21'-jl 



3. Fundamental operations 

3.1 Automatic simplification 
3.2 Assignment and deassignment 
3.3 Replacements and substitutions 
3.4 Numerical evaluation 
3.5 Deferred simplification 
3.6 Pre-simplificati.on 

3. 7 Partial simplification 

• 
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3.1 Automatic sirnplification 

Any input expression is automatically "simplified" to the maximum extent possible. 
Unless further assignments are made, the resulting output expression can be simpli­
fied no further; if it is input again, it will be output unchanged. 

#I [ l] I 1 a:b 

#<JCll: b 

#I [ 2] : I b:c 

#0 C2l I c 

#I [ 31 I I a 

#0 [3]: c 

#I C 4 l : : a+l 

#0 [4] I l + c 

#I C 5 l : : c:d 

#0 [5]: d 

#I C 6 l : : a 

#0 [6]: d 

Even if part of an expression is apparently meaningless, no message is primed; that 
part is merely returned without further simplification. Processing impasses occur if 
simplification apparently requires infinite time or memory space [ 1.5]. 

#I c 11 : : f c x 1 + 8 -8 

8 
#0 [l]: 8 + f Cxl 

#I [ 2] : : 8-8 I 1 

#<JC2ls 1 

#I [ 3] I : @1 

• #0 [ 31 : 1 + f [ x] 

#I [ 4] : I f [ x] : a 

#<JC4l: a 

#I CSl : : @1 

#0 [5] I 1 + & 

#I C 6 l : : f C $ x l : f C $ x - ll + 1 

#<JC6l: 1 + fC-1 + $xl 

#I C 7l : : f C 18 l 

188 levels of recursion in simplifier - how many more? 8 

#0 [7]: 181 + f[-1 - 90] 
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The simplification of expressions proceeds as follows: 
Numbers 
Symbols 

Projections 

Ordinary numbers remain unchanged. 
A symbol is replaced by the simplified form of any value assigned [3.2] 
to it . 

1. Unless the projector carries the property Nos mp [ 4], each filter is 
simplified in turn. (Future parallel-processing implementations may not 
respect this ordering.) If any filter is found to be extedned [ 4] with 
respect to the projector, then the projection is replaced or 
encased as specified in the relevant property list [ 4]. 

2. Projections with FI at or Re or properties [ 4, 7. 7] are cast into 
canonical form. Built-in simplification routines are invoked for 
system-defined projections. 

3. If a value v has been assigned for the projector, then the filters of 
the projection are used in an attempt to select a part of v. If the 
required part is present, any necessary replacements for generic 
symbols [2.2] are performed, and the projection is replaced by the 
simplified value of the part . When v is a list, its entries are 
scanned sequentially until one is found whose indices match [2.6] 
the filters of the projection (and whose value is not Nu I I ). FI at 
and Reor properties are accounted for in this matching process. 

Lists Immediate values [3.2] for entries of a list are simplified in turn. 

/II C 1l : : a 1: a 2 

l/-0 Cll: a2 

/II C 2 l : : a 1 

l/-0 C2J: a2 

/II [ 3 J : : f [Pr C 1 J , Pr [ 1+1 J , Pr [ 3 J J 

1 
2 
3 

l/-OC3J: fCl,2,31 

/II C4 J : : f _; Nos mp 

l/-0 C4J: Nos mp 

/II C 5 J : : f C Pr C ll , Pr C 1+1l , Pr C 3 J J 

1/-0CSJ: fC' PrCll,' PrCl + ll,' PrC3JJ 

/II C 6 l : : _J CE x t r , h l : h 1 

1/-0CSJ: hl 

/II C 7 l : : h Ca, b J + h C j , al + h C j Cb J l 

#fJC7J: hCa,bl + hlCjCbll + hlCj,al 

/II C 8 J : : j _; F I a t 

#fJC8l: Flat 



3.1 SMP REFERENCE MANUAL I Fundamental operations 

#I C 9 l : : j C j Cal , j Cb , j Cc l l l 

IOCSl: jCa,b,cl 

fl Cl 8 l : : v: b ~c +a+ d 

c '° (18]: a + d + b 

#IC 1 ll : : vC3, 1l +v[Sl 

/lfJClll: b + v cs] 

fl [12] I I vdC8l:a, [Sxl: 1/Sx I 
1 

#fJ C12l: l [ 81 : a, C Sx l : --1 
Sx 

#I C 13 l : : v C8l +v Cxl +v Cyl 

1 1 
/lfJC13J: a + - + -

x y 

#I C 14 J : : v p : ! CS x J : 1 / s x , c 8 l : a I 
1 

#OC14J: !CSxl: --, C8l: aj 
$x 

#I C 151 : : v p C 8 l + v p C x l + v p Cy l 

1 1 1 
/lfJClSl: -+-+-

8 x y 

#I C 16 l : : a* c: t 1 

fOC16l: tl 

f I C 1 7 l : : II u I t 

/lfJC17l: !Cal: !Ccl: tljj 

/II C 18 l : : a* b * c 

/lfJC18l: b tl 

#I Cl 9 J : : 

vl 
v3 

'° [19]: 

!CPrCilll:PrCvll, CPrCi2ll::PrCv2l, CPrCi3ll:PrCv3l j 

!CPrCilll: vl, CPrCi2Jl:: PrCv2J, CPrCi3]]: v3j 

3.1 

Whenever an expression to which an immediate value has been assigned (th:-ough 
[3.2]) is simplified, the old value is replaced by the new simplified form. Delayed 
values (assigned by : : [3.2]) are simplified whenever they are requir ed, but are not 
replaced by the resulting simplified forms. 

#I r 1 l : : a : b ; b : c 

/lfJCll: c 

#I C 2 l : : a p : : b 

/llJC2l: , b 
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#I r 3 l : : ! a , a p ! 
#CH3l: !c,c I 
#I [ 4 l : : b: d 

#0[41: d 

#I [ S l : : ! a , a p I 
#D[Sl: !c,dJ 
#I C 6 l : : f 1 C S x l : D [ S x , x l 

#0[61: 8 

#I C 7 l : : f 2 C S x l : : D [ S x , x l 

#DC7l: 'D[Sx,xl 

#I [ 8 l : : I f 1 c x ~2 l ' f 2 c x ~2 l I 
#0[81: l8,2x! 

#I [ 9 l : : f C S x l : : f [ $ x l : f [ S x - 1l + f C $ x - 2 l 

#0[91: 'f[Sxl: fCSx - 11 + f[$x - 21 

#I [ 1 8 l : I f c 1 ] : f [ 8 ) : 1 

#0[181: 1 

#I r 111 : : 

#!)[111 : !Cll: 1, (0]: 1, [$xl:: fCSxl f CSx - 1l + f CSx - 21 ! 
#1£121:: f[18l 

#0[12]: 89 

#I r13l:: 

#0£131: ! [181: 39, £91: 55, C8l: 34, [71: 21, [61: 13, CSl: 8, £41: 5, 

[31: 3, [21: 2, [ll: 1, [81: 1, 

CSxl:: f CSxl : f CSx - 1l + f CSx - 21 j 

3.1 

When the value of a projection involves further projections from the same projector 
(recursion), these further projections are not immediately simplified; after one pass 
through the whole expression, further passes are made until the projections are com­
pletely simplified. 

{II C 1 l : : g[Sxl:Sx 9 [$x-ll 

#DCll: Sx g[-1 + Sx l 

#I C 2 l : : 9 

#D [21: I CSxl : Sx 9 [-1 + Sxl ! 

#I C 3 l : : 9 [ 181 

#D [31: 8 

#I C 4 l : : grll:l 

#D C4l: 1 
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#I C 5 l : : g Cl 8 l 

#IJ [5]: 3628888 

"Static" (manifestly non-terminating) recursive assignments in which the literal form 
of an expression appears in its simplified value are evaluated to one level only. 

#I C 1 l : : a:a+l 

#IJCll: 1 + a 

#I C 2 l : : a 

#IJ [2]: 1 + a 

#I [ 3] : I f:f[xl 

#0 [3]: f [ x] 

#I C 4 l : : 

#IJ [4]: f [ x] 

Smp [~, (n : lnf)l 
simplifies erpr making at most n passes . 

#I Cll:: g CSxl: Sx g CSx-ll 

#IJC1l1 Sx gC-1 + Sxl 

#I C 2 l : : S mp C g C 1 8 l , 2 l 

#IJC2l: 989[9 - 11 



3.2 SMP REFERENCE MANUAL I Fundamental operations 3.2 

3.2 Assignment and deassignment 

Assignment is used to define a value for an expression. Simplification [3.1] replaces 
an expression by any value assigned to it. 
Values for expressions come in two types: 
Immediate The value is simplified when it is assigned, and is maintained in a simpli­

fied form, being updated, if necessary, whenever it is used. 
Delayed The value is maintained in an unsimplified form; a new simplified form 

is obtained whenever it is used. 

~: e:r:pr2 or Set Ce.zprl, e.:cpr2J 
assigns e:r:pr2 to be the immediate value of the expression e:r:pr 1. 

~::~or Setd[ezprl,e.zpr21 
assigns e:r:pr2 to be the delayed value of the expression expr 1. 

#I [ 1l : : 

#CCll: 

#I C 2 l : : 

#0 [2]: 

#I C 3 J : : 

#0 [3] I 

#I C 4 l : : 

#0 C4l: 

rl:Rand[J 

.4768823 

r2::Rand[J 

' Rand Cl 

!r1,r2j 

1.4768823,.1359726! 

!ri, r2 ! 
I· 4768823,. 4165893 I 

Values e:r:pr2 are assigned to expressions expr 1 of different types as follows: 

Numbers 

Symbols 

Projections 

No assignment is made. 

expr2 replaces any value previously assigned to expr 1. No assignment 
is made for generic and chameleonic symbols [2.2]. 
First, the filters of e:r:pr 1 are simplified in turn, and any FI at or Rear 
properties [ 4] of its projector fare used. Then the specified part in the 
simplified form v of f is assigned the value expr2. The actions of the 
assignment for various types of v are as follows: 
Symbols The value off becomes a list (or nested set of lists) with 

one entry whose indices give the filters of e:r:pr 1 and 
whose value is e:r:pr2. 

Lists If the indices of an existing entry of v are equivalent [2.6] 
to the filters of expr 1, then the value of that entry is 
replaced by expr2. If no such entry is present, then an 
additional entry with indices given by the filters of e:r:pr 1 
and with value expr2 is introduced. New entries are posi­
tioned in the list immediately after any entries with more 
specific [2.6] indices. 

Projections Unless the relevant filter of expr 1 is an integer, no assign­
ment is made. If the filter corresponds to an existing 
part of v , this part is replaced by the expression e:r:pr2; 
otherwise, additional Nu I I filters are introduced so as to 
include the specified part. 



3.2 SMP REFERENCE MANUAL I Fundamental operations 3.2 

Llsts If expr2 is a list, then each entry in expr 1 is assigned (in parallel) the 
value of the corresponding expr2 entry (or Nu I I if no such entry 
exists); otherwise. all entries in expr 1 are assigned the value expr2. 

Any overall numerical coefficient in expr 1 is divided into expr2 before assignment . 

#I [ 1 J : : a:l 

#!JC!.J: 1 

#I [ 21 : : a 

#0 [21: 1 

#I [3 J : : a:2 

#0 [31: 2 

#I C 4 J : : a 

#!JC4l: 2 

#I C 5 J : : 9_;Co11m 

#!JCSJ: Comm 

#I £61 : : g Cb, al : >< 

#0 [61: )( 

#I [ 7 l : : 9 

#!JC7l: I c b 1 : l [ 2] : )( l l 
#I [ 8 l : : 9Ca,bl 

#0 [ 81 : )( 

#I [ 91 : : f[><,yl:a>ey 

#0 [9]: &>ey 

#I [ 10 J : : 

/f0Cl0J: I c )( l : ! [ y] : a>< Y l l 
#IC 111 : : f[>e,yl:b>ey 

#OClll: b>ey 

#I [ 12 l : : 

#0£121: ! [ )(] : ! [ y] I b ><y l l 
#! [ 13] : : f [ )( -2, z] : c 

#OC13l: c 

#I C 14 l : : 

2 
#0£141: !r>< l: !tzl: cj, [>e]: !Cyl: b><yj! 

#I [ 15 l : : f r S x , Sy l : d *Sy+ S x 

#OC15l: Syd+ h 

#I C 16 l : : 

2 
#0£161: !t>< l: !Czl: cl, [xl1 !Cyl: bxy!, [$xl: !tSyl: Syd+ Sxjj 
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#IC17J1: fCSq,a .... Sql:pCSql 

f0Cl7J1 pCSql 

#I [ 181 : I 

fOC18l: 
2 Sq 

l Cx l: fczl: c J, Cxl: I Cyl: bxy J, CSql: l C2 l: p CSql j, 

CSxl I I CSyl: Sy d + Sx J J 

#I C 191 : : f C 3, 8 l 

#tJC1911 3+8d 

#I C 2 8 l : : v C 1 l : v 1 

#0 [28] I Vl 

/II [ 21 l I : v 

fOC21l: jv!J 

#I [ 2 21 I : v [ 31 : v 3 

#0 C22l: v3 

#I C 2 3 l : : v 

#OC23): !C3l: v3, [11: v!J 

#I C 2 4 l : : v [ 2 l : v 2 

#0 C24l: v2 

#I [ 2 5] : I v 

fOC25l: jvl,v2,v3j 

/II C 2 6 l : : v r x l : v >< 

#0 C26l: vx 

#I [ 2 7 l I I V 

#0 [271: !Cxl: vx, [ll: vl, [21: v2, C3l: v3j 

#I r 2 8 l : : Log C 8 l 

#0 C28l: Log C8l 

#I C 2 9 l : : Log C 8 l : I n f 

#OC29l1 Inf 

#I [ 3 8 l I : L 0 9 

fOC38l: !C8l: infj 

#I C 3 1 l : : a+ b : 2 

#0£311: 2 

/II C 3 2 l : : P I us 

#0£321: !Cbl: fC2l: 2jj 

#I [ 3 3 l I : • + b + c 

#0 [331: c + 2 

#I C 3 4 l : : t : r C x , y -2 , b * >< l 
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2 
/IOC34l: rCx,y ,b xl 

#I [ 3 5] I : t [ 2] [ 1] : c 

#0£3511 c 

#I [ s 6 J I : 

2 
/IOC36l: rCx,c ,b xl 

#I C 3 7 l : : t C 3 , 8 l : Po w 

#CJ C37J: Pow 

#IC38l:: 

2 x 
/IOC38l: rCx,c ,bl 

#I C 3 9 l : : t C 2, - ll : 3 I 2 

#0 [391: 3/2 

#I C 4 81 : : 

2 
3 c x 

/IOC48J: rCx,---- 1 b J 
2 

#I £ 4 1 J : : t £ 4 J : e 4 

/jOC41l: e4 

#I C 4 2 l : : 

2 
3 c x 

#0 [421: r[x,----,b ,e4l 
2 

#1 C 4 3 l : : t C 7 l : e 7 

#0 C43l: e7 

#I C 4 4 l : : 

2 
3 c x 

/IOC44l: rCx,----,b ,e4,,,e7l 
2 

#I [ 4 5] I : t [ 3 , 8 J : p I us 

/jOC45l: tC3,8J: !Cbl: !£21: 2jj 

#IC46l:: tC3 1 8l::Plus 

#0 [461: ' PI us 

#I C 4 7 J : : 

2 
3 c 

/jOC47l: rCx,----,b + x,e4,,,e7l 
2 

#I C 4 8 l : : p : 1 ; q : 2 

/IOC48l: 2 

3.2 
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#I C 4 9 l : : fa,p,qj : f5, q,pj 

#0 [49]: l 5, 2, i I 
#I C58l:: la, P, q I 
#0 [581: f 5, 2, l j 

#I £5 ll:: a: b: c: 8 

#fJC5ll: 8 

#I [ 5 2 l : : fa, b, c ! 

#0 [5 21: f s, s, a! 

#I [ 5 3 l : : fa, b , cl: 7 

#0 [531: 7 

#I C 5 4 l : : fa,b,c+al 

#0 [54]: f7,7,14j 

#I C55l:: !a, b, c ! : ! 4 I 
#0 [551: !4 l 
#I C56J:: fa,b ,c,a +h,b+cj 

#O C56l: l 7. b' c, 7 + b,b + cl 

expr: orexpr:Nul I or Set[exprJ or SeUexpr,Nul I] 
removes any values u.ssigned for the literal exr:: :o:.s'.::i:i 2:::pr. ;~filters in pr::ijec­
tions are removed, the projections are cor:·esp:)!:.:i:.:1gly shortened. "Removal" of 
a projector results in its replacement by Np [;'.'..3]. If expr is a iist. values for 
each entry are removed. _symb: removes properties [ 4] assigned to the sym­
bol symb (restoring any initial properties if syrnb is syste:::l-defi.:led). 
• De I [7.3] 

Set[) 
removes values assigned to all expressions . 

#I Cl l : : a : b : 3 

#OCll: 3 

#I C 2 l : : fa , b , c j 

#fJC2l: f3,3,cj 

#I C 3 J : : a: 

#I C 4 l : : fa , b , c j 

#fJC4l: fa,3,cj 

#I [5}:: f Cxl: x~2; f [~]: 4; f [$xl: $x~3 

3 
#fJC5J: $x 

#I C6l:: 

2 3 
#0 [6]: fCyl: 4, Cxl: x, [$xl: Sx l 
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#I C 7 l : : f [ x] : 

#I C 8 l : : 

3 
#-0 [8]: I c Y] : 4' [ $x l : $x I 
#I C !! l : : f C Sy l : 

#I C 18 l : : 

3 
#0C1 SJ : l [ y] : 4' C $ x J : $x I 
#I C 1 ll : : f C Sx l : 

#! [ 12] : : 

#OC12l: I c Y J : 4 j 

#I C 13 l : : f : 

#I ( 14 J : : 

fl-OC14l: 

#I C 15 J : : f [ x] 

#OC15l: f [ x J 

#IC16J:: t:rCl,2,3,4,51 

#O C 161 : rC1,2,3,4,5J 

#I C 1 7 J : : t [ 2] : 

#I C 18 J : : 

#OC18l: rCl,3,4,51 

#IC19l:: t [ 8] : 

#I C 2 8 l : : 

#0 [ 28J: Cl,3,4,51 

#I C 2 ll : : a: b: c: 4 

#OC2ll: 4 

#I C 2 21 : : !a, b, c I 
#-0 C22l: I 4' 4' 4 l 
#I C 2 3 l : : !a, b ! : 
#I C 2 41 : : !a, b, cl 
fl-OC24l: !a, b, 4j 

#I C 2 5 l : : Set [ J 

#I C 2 6 J : : ! a, b, c I 
fl-OC26J: la, b, c ! 

Inc[~. (step: 1 )1 
incremenls lhe value of expr by step. 
• Do :a.2] 

3 .2 
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Dec[~, (step: 1 )l 
decrements the value of expr by step. 

#I C 1 l : : i: 1; x: a; 

#I C 2 l : : DecCi,6] 

#IJC2J: -5 

#I [ 3] I : 

#0 [3]: -5 

#I C 4 l : : Inc Cxl 

#0 [4] I 1 + a 

#I C 5 J : : x 

#0 CSJ: 1 + a 

Assignment and deassign:..nent projections have thG special capability to effec t pe r­
manent changes on their filters; all other projections must leave their filters 
unchanged. 
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3.3 Replacements and substitutions 

Values assigned for expressions [3.2] are used whenever they are applicable . More 
controlled evaluation is provided by the use of substitution projections. 
e:r:prl -> e:r:pr2or Rep [e:rprl, e:r:pr2, (levspec: Inf), (rpt : Inf), (max: Inf)l 

is a purely syntactic construct which represents a replacement cf ex:;:l'r 1 by 
expr2. The replacement is specified to be active when used in S projection sub­
stitutions on an expression expr only for the first max occurrences of expr 1 
appearing at or below level lev in expr, and during the first rpt passes ~hrough 
expr. expr1->expr2->expr3is equivalent to expr1->expr3. 

ezprl--> e:r:pr2 or Re pd [e:r:pr 1, e:rpr2, (levspec : Inf), (rpt : Inf), (ma.z: In f)l 
represents a replacement in which expr2 is maintained in an unsimplified form; a 
new simplified form is obtained whenever the replacement is perfo!.'med . 

S Ce:z:pr,{repl, rep2, . . . }, (rpt : 1 ), (levspec : Inf), (.dam.crit : 1 )l 
performs substitutions in expr specified by the replacements rep 1,re?2 .. .. in the 
domain defined by levspec and domcril [2.5]. Each successive subpart of expr is 
compared with the left members of each active replacement 'i"epi in turn; if a 
match [2.6] is found, then the part is replaced by the corresponding :'igh t 
member, with any necessary substitutions for generic symbols made. The result­
ing complete expression is scanned until no further replacements can be used, 
or at most rpt times . ( rpt may be Inf ). When a replacemr:mt is used, the 
resulting subexpression is not scanned for possible further substitutiom until it 
is reached on at least the next pass through the complete expression. 

/II C 1J:: S cx~2+y~2, x->a, y->ll 

2 
#OCll: l +a 

/II C 2 l : : S C 3 x -x C x + 1> , x - >2 b - 2 J 

/fOC2l: -6 + 6b - C-2 + 2bl C-1 + 2bl 

/II C 3 J : : S C f C i l : 3 i - 2 , C 2 i + 11 : S i ! , 2 i - >3 J 

/fOC3J: l£il: 512, C2 i + ll: 15/2j 

#I [ 4] : I g t : g [ 3 / 2] + g [ 41 + g [ x] 

/fOC4l: gC3/21 + gC41 + gCxl 

/IICSJ:: rl:gCSxl->flCSxl 

/fOCSJ: gCSxl -> flCSxl 

/II [ 6 J : : r 2 : g CS x _;Hat p CS x l l - >f 2 CS x l 

/fOC6J : gCSx _; NatpCSxll -> f2CSxl 

#1 C 7 J : : r 3 : g C $ x _;Numb p CS x J J - >f 3 CS x J 

#0 C 7J : g C S x _; N u m b p C $ x J J - > f 3 C Sx J 

#IC8J:: SCgt,rlJ 

/fOC8J: flC3/2l + flC41 + flCxl 

#I C 91 : : S Cg t , r 21 

/fOC91: f2C41 + gC3/2l + gCxJ 



3.3 

/II C18l:: 

#QC18l: 

/II [ 11 J : I 

#IJClll: 

#I [ 12 J : : 

#IJ [121: 

/II C 13 J : : 

#QC13l: 

#I [ 14] : I 

/llJ [14) I 

#I [ 15] : I 

#QC15l: 

#I C 16 J : : 

#QC16J: 

#I [ 1 7 l : : 

#IJC17l: 

#I C 18 J : : 

#QC18J: 

/II [ 19] I I 

#IJC1911 

#I C281:: 

#0 [28): 

#I C21l : : 

/IOC21l: 

#I [2 2 J : : 

#IJ [22) I 

#I [2 31 I l 

#0 [23]: 

/JI C 2 4 J : : 

#0 [24): 

#I [ 2 5] : I 

#0 C25l: 

#I [2 6 l I : 

#0 [261: 

#I C2 7 J : : 

SMP REFERENCE MANUAL I Fundamental operations 

SCgt,r2,rll 

f U3/2J + f lCxl + f 2 C4l 

SCgt,r3,r2,rll 

fl Cxl + f3 C3/2l + f3 C4l 

SCgt,r2,r3,rll 

fl Cxl + f2 [4] + f3 [3/21 

S [ x ~2 , x - >x + 1 l 

2 
(1 + x> 

S [ x ~2 , x - >x + 1 , 4 J 

2 
( 4 + x) 

s [ f [ x] + f [ y] , f [ x] - >1 , f [ $ x] - >$ x -2] 

2 
1 + y 

r f : f C $ '< J - >f [ $ x - 1l + f C $ x - 2 J 

f[$xl -> fC-2 + $xl + f[-1 + $>:} 

SCfC4l,rfl 

f[2J + f[3] 

SCfC41,rf,41 

f C-41 + 4f C-31 + 6f C-21 + 4f C-11 + f C8l 

r fa: l f [ 1 J - >1, f [ 8 J - >1 ! 
!Hll -> 1,f:e1 -> 11 
SCf [41 ,rf,rfe,41 

f C-41 + 4f C-31 + Sf C-21 + 4f C-ll + f C8J 

SCfC4J ,rfe,,..f,4] 

5 

SCfC4J 1 1"fe,rf, Inil 

5 

ht:SCx,Sx->hCSxl ,SJ 

h[h[h[h[h[xlllll 

hi': h [$xl ->y CSxl 

h CSxl -> y CSxl 

SCht,hrl 

y[h[h[h[h[xlllll 

SCht,hr,21 

yCyChChChCxlllll 

SCht,hl",-1,ll 

3.3 

• 



• 

3.3 

#0 [271: 

#I (281 : : 

#0 (281: 

#I £29 l : : 

#0 [291: 

#I C 3 8 l : : 

#0 C38l: 

#1 (311 : : 

#0(311: 

#I (321 : : 

#0 [321: 

#I (3 3 J : : 

#OC33l: 

#I [ 3 4 l I : 

#0 [34]: 

#I C 3 5 l : : 

#0 [351: 

#I C 3 6 l : : 

#0 (361: 

#I ( 3 7 l : : 

#0 (371: 

#I ( 3 8 l : I 

#0(38]: 

#I C3 9 l : : 

#0 [391: 

#I C 4 8 l : : 

#0 [481: 

#l [41] I I 

#OC4111 

#I C 4 2 l : : 

#0 [421: 

#I C4 3 J : : 

#0 C43l: 

#I ( 4 4 l : : 

/µJC44l: 

#I ( 4 5 J : : 

SMP REFERENCE MANUAL I Fundamental operations 

hChChChChCxlllJl 

SCht,hr,-2,11 

h Ch Ch Ch Cy Cxl l l l l 

S Cht,hr,-2,2) 

h[h[h[h[y[xJllll 

SCht,hr,-3,ll 

hChChChCyCxlllll 

SCht,hr,-3,21 

h[h[h[yCyCxlllll 

SCht,hr,-4,31 

h[h[y(yCy[xlllll 

hrp: Rep [h [$x], yp [$xl, 11 

h [$xl -> yp CSxl -> 1 

SCht,hrpl 

yp[h[h[h[h[xlllll 

SCht,hrp,21 

yp Cyp Ch[~. [h Cxl 1l1 l 

SCht,hrp,31 

yp Cyp Ch [h Ch Cxl J l l l 

SCht,hrp,3,31 

yp (yp Ch Ch Ch CxJ l l l l 

SCht,hrp,-3,ll 

h Ch Ch Ch Ch Cxl l l l l 

SCht,h->y,1,ll 

y[h[hChChCxl]Jll 

SCht,h->y,-1,ll 

yCh[h[h[h[xlllll 

r f n : Rap C f C $ x l , f [ $ x - ll + f n , In f , 2 l 

f[$xl -> fn + f[-1 + Sxl ->Inf -> 2 

rgn: g [$xl ->g C$x-ll +gn 

gCSxl -> gn + gC-1 + Sxl 

SCf [181 ,rfn,rgn,6] 

f [ 181 

rk: k CSxl --><Pr CSxl; sx~2) 

2 
k CSxl --> <Pr [Sxl ; Sx l 

tk:RrC4,tcl 

3.3 
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#Dc4s1: fic c11 ,1e c21 ,1e c31 ,1e c41 J 

#I C 4 6 l : : S C t k , r k l 

1 
2 
3 
4 

#0 [461: p,4,9,lSJ 

Many relations involving mathematical functions are given in external files [ 1.3] in the 
form of replacements, to be applied using S. 

Si [expr 1,{repl, rep2, . .. t. (levspec : Inf), (domcrit : 1 )1 
is equivalent to S [expr,irepl, rep2, .. . t, Inf , (levspec: Inf), (domcrit: 1 )J 
; the repi are repeatedly used in expr until the result no longer changes. 

Arep C{repl, rep2, . .. tJ 
performs explicit assignments using Set or Setd projections [3 .2] on the Rep 
or Repd replacements repi. 

#I [ 1 l I : r:a->b+c 

#lJCll: a -> b + c 

#I [ 2 l : : a 

#0 [21: a 

#I C 3 l : : Arep[rl 

#0 [31: b + c 

#I [ 4 l : : a 

#0 [4]: b + c 

I rep [{repl. rep2, . .. t1 
yields a list of "inverted" replacements. 

#I [ 11 : : f [ Sx J - >a ~Sx 
$x 

#OCll: fCSxl ->a 

#I ( 2 l : : I rap C % l 

Sx 
#0 [2]: a -> f [$x] 
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3.4 Numerical evaluation 

N [ezpr, (ace :6), (trunc: 10*"'-12)1 
<L.dist> 

3.4 

yields the numerical value of expr in terms of real or complex decimal numbers, 
maintaining if possible an accuracy of a.cc significant figures, and setting all 
numerical coefficier.ts smaller than trunc to zero. 

A , F and Cx projections [2.1] are generated when required. 
Numerical values for arbitrary expressions may be defined by assignments [3.2] for 
the corresponding N [expr] or N [expr, n]. 

/II C 11 : : N CG am ma C 3 • 2 l l 

flOCll: 2.423965 

/II C 2 J : : N CG am ma C 3. 2 l , 12 l 

#0 [2]: 2. 423965479935 

/II C 3 l : : N C C 1 • 2 + 5 I l ~ C 6 + 7 I l 1 

#0 C3l: * 1. 388713 + • 9422779 I 

/II [ 4 l : : N Clog C 2 + 2 I l -S i n CE x p [ 1 +As i n [ 2 I l l l , 18 l 

/JOCSlu -1.476712 + -6.159398 I 

/II [ 6] I : p I 

lfOC61: Pi 

/II C 7 l : : N C P i l 

/IOC7l: 3.141593 

/II [ 8 l I : N ( p i 2] : 1. 112 4 5 5 3 5 8 3 14 8 

/JOC8l: 1.112455 

/II C9l:: Pi 2~2+5P i 

2 
#<> [9]: Pi2 + 5Pi 

#I C 18 l : : N C % l 

lfOC18J: 16.94552 

#I [ 11 l : : N C f C $ x _;Numb p C $ x J l l : : N CS um ( $ x -2 I i -5 , i , l , 1 8 l l 

2 
Sx 

#OClll: 'NCSumC---,i,l,18JJ 
5 

I 

/II [ l 2 J : : N [ f [ x 1 +a* f C 2 l + b * f [ 3 + 4 I 1 + c * f [ 2 - S i n [ l 7 0 e g J J 1 

/IOC16l:* CfCxl + 3.823616a - 7.25835lb + 3.823616cl + 24.88578b I 

/II c l 7 1 : 1 u : 9 c e . i , e . a a i , a • a 8 e 1 , a . a a a 8 l 1 

#<> ( l 7 l : 9 [ • 1 ' • 9 3 l ' • 8 8 9 1 ' l • * -- 8 5 l 

/II c 181 : 1 N cu , , e • 8 8 l 1 
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#0~18]: gC.1,.881,8,8] 

#I c 1s1 : : N cu , 8. 1 , 8. a a 11 

n-0c1s1: 9 c.1,.aa1,8,8l 

Neq [exprl, expr2, (ace: 1'1«""-8), (n :2). (range : i-10, 10J)l 
tests for numerical equality of expr 1 and expr2 within fractional accuracy ace by 
evaluating them at least n times with random numerical choices (in the specified 
range) for all symbolic parameters appearing in them. 
• Eq [5] 

#ICll:: el:(x+y)-3 

3 
#fJCll: Cx+y) 

#I [ 2 l : : e 2 : Ex [ e 1 l 

2 2 3 3 
#!JC2l: 3x y + 3 x y + x + y 

#I [3]:: el=e2 

3 2 2 3 3 
#!JC3l : Cx + y> 3x y + 3 x y + x + y 

#I [ 4 l : : Ne q Ce 1 , e 2 l 

#!JC4l: 1 

#I [ 5 l : ; Ne q [ e 1 + 1 , e 2 l 

#f;CSl: 9 

#I [ 6 l : : N e q [ f [ x l , f [ x + 11 l 

#OC6l: Neq[fCxl,fCl + xll 

•0, Int [9.4] 
• Sum , Prod ~ 9 . 2] 
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3. 5 Def erred simplification 

'~or Hold[~] 
yields an expression entirely equivalent to ex-pr but all of whose parts are "held" 
in an unsimplified form, until "released" by Re I. 
(Prefix form is "forward-quote" or "acute accent" character.) 

Re I [exprl 
releases all "held" pa!"ts of expr for simplification. 

• Ev [3.7] 
Projectors in simplified projections are maintained in "held" form. 
Nosmp [ 4] filters in projections are converted to "held" form. 

Use of Ho Id projections allows expressions to be treated by "name" rather than. by 
"value". 

#I C 1l : : t I 'l+a+3 

#-OCll : 
, 

1 + a + 3 

#I C 2 l : : t [ 2 J 

#0 [2] : 
, 

a 

#I C 3 l : : RelCtl 

#0 [3]: 4 + a 

#I C 4 J : : t [3]: 4 

#0 [4]: 4 

#I C 5 l : : 

#<JCSl: 
, 

1 + 4 + 4 

#I C6 l : : u: f [ )(] 

#0 [6]: f [ )( J 

#I C 7 l : : u [ 8] 

#0 [7] : 
, 

f 

#I CSJ : : s [ u' f- >t] 

#0 [8]: Proj[' 1 + a + 4' l )( !J 

#I C9 l : : SCu,t->'tl 

#0 [9]: t [ x] 

#I C 18 J : : j_;Nosmp 

#<JC18l : Nos mp 

#I C 1 ll : : j[l+l,tl 

#<JClll: j [ , 1 + 1, 
, 

t] 
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3. 6 Pre-simplification 

!e:r:pr 
represents the simplified form of e:r:pr regardless of its environment. 

Simplifications indicated by ! are performed during input. 
may be used to insert sirnpl_ified forms as filters in Nos mp [ 4] projee:ti::ms . 
denotes pre-simplification only if it is not the first character of an input line [ l. 6]. 

#ICll:: f_;Nosmp 

#0 Cll: Nosmp 

#I C 2 l : : f [ ! l + 1 , l + 1 l 

#OC2l: f[' 2,' 1 + 1l 

#I [ 3 J : : a: b 

#0£3]: b 

#IC41:: a:c 

#OC4J: c 

#I C 5 J : : la , b , c j 
#0[51: !c,b,cj 

#I £61:: C!al :d 

#0[61: d 

#I C 7 J : : la , b , c I 
#0[7J: !d,b,dj 

#I [ 81 : : P r [ l l ; ! P r [ 2 l 
2 

1 

#0[8]: 2 

#I [ 9 l : : j : $ x ~2 

2 
#OC9l: $x 

#I [181:: Ar [4, jl 

#!)[101: !Sx,2, j [31, j [41 j 

#I [ 111 : : R r [ 4 , ! i l 

#OClll: !l,4,9,16j 
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3. 7 Partial simplification 

Ev[~,(k : l)l 
yields the result of k partial evaluations on the held [3 .5] form of e:r:pr. In each 
partial evaluation, symbols and projections are replaced by the held forms of any 
values assigned to them. 

#I £ 11 : : a:b 

#0£11: b 

#I C 21 : : b:c 

#0 [2]: c 

#I C 31 : : Ev Ca 1 

#0 [3]: 
, 

b 

#I C 4 l : : Ev C #IC 1l l 

#0 [4]: 
, a : b 



4. Properties 
Jl1P1lb or Prop Csym.bl 

is a list giving properties of the symbol symb used to specify treatment of symb 
or its projections. 

The operations of projection [2.3,7.3], assignment [3.2] and deassignment [3.2] may 
be applied to _symb just as to symbols. 
JYl7Lb: causes the properties of a system-defined symbol symb to revert to their ini­
tial form [3.2]. 

#I [ l] : I ....JJ 

l/IJC1l1 _a 

#I [ 2] : : J : ! [ p 1] : 1 • [ p 2] : 8 I 
/IOC2l: !Cpll1 1, Cp2l: 8j 

#I [ 3 ] : I ....JJ [ p 2 ] 

#OC3l: 8 

#I [ 4] : : _a [ p 3 l I )( 

#{lC4l: x 

/II C 5 l : : _a 

#0 [5) I fCp3l: x, Cpll: 1, Cp2l: ej 

#I [ 6] I : _a [ p 1l I 

#I (7] : I _a. 

#CJC7l: !Cp3l: x, Cp2l: 8j 

#I C 8 l : : _Do t 

#OC8l: jCTierl: 1, CFlatl: 1, CSysl: lj 

/II c 9 ] I I _D 0 t [ c 0 mm] : 1 

/llJC9l: 1 

/II C 18 l : : _Do t 

/IO C18l: j CComml: 1, CT i erl: 1, CF I atl: 1, CSysl: 1 j 

/II [ 11 ] I I _D O t I 

A symbol is considered to "carry" a particular property p if the value of _symb [p] is 
not "false" [5]. 
Properties such as FI at which affect treatment of assignments for projections must 
be defined before the projections are assigned. 
The following are system-defined properties for a symbol s : 

Sys System-defined symbol [2.2]. 
Gen Generic symbol [2.2], representing the class of expressions on which 

application of the template J[Gen] yields a non-zero number [2.6]. 
Mgen Multi-generic symbol (2.2]. 



4. 

Cha• 
In it 

Tier 
Nosmp 

Pr 

Trace 

Flat 

Re or 

Co•m 

Dist 

Poudist 

Ldist 

Const 
E>etr 

E>ete 

Type 

•Ser [1.11] 
• Cons [10.9] 
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Chameleonic symbol [2.2]. 
Any value assigned for J [I n i t l is simplified, and then removed, 
whens next appears as a projector. 
The projections s Cxl [y] and s [x, yl are distinguished [2.3]. 
The ith filter in a projection from sis automatically simplified [3.1] if 
J[Nosmpl [iJ is not "false", and is otherwise placed in a "held" form 
(3.5]. 
The value of J CPr l is used as the print form for s and its projections. 
• F111t, Sx [10.1] 
If the value of JCTracel is "true", then any projections from s are 
printed before evaluation. Any other values are applied as templates to 
projections from s . 
• [10. 7] 
All projections from s are flattened (7 .7), so that s is treated as an 
"associative n-ary function" . 
Filters of projections from s are placed in canonical order, by reorder­
ing them using permutation symmetries given as the value of 
JCReorl [7.7]. 
Equivalent to _s CR earl : Sym [7. 7]. Causes filters of projections from s 
to be placed in canonical order, so that s represents a "commutative 
function". 
JCD is tl: :I.CJ 1,g(hl :gl),(kl:fl),(pspecl :I nf)}} defines f to be distribu­
tive over projections from gi appearing as its filters in positions speci­
fied by pspeci, yielding projections of hi and ki. The definitions are 
used as defaults in Ex [7.B]. 
JCP01-1d i st]: :{gl,(hl:P I us)}} defines projections of f to be "power 
expandable" over projections of gi appearing as their first filters, and 
yielding projections from hi. The definitions are used as defaults in Ex 
[7.8). 
Projections from s are "distributed" over the entries of lists appearing 
as filters in projections from s [7. 7). 
s is treated as a numerical constant. 
The projector f of a projection containing s (as an isolated symbol or 
as a projector) in its filters is replaced by a template given as the 
value of J[Extr,.fJ (see below). 
The value of J CE>< tel is applied as a template to any projection 
whose filters involves (as an isolated symbol or as a projector), and for 
whose projector f no entry J CE>< tr, .fJ exists (see below). E >< t e is 
also effective for entries in lists . 
s is treated as carrying the additional properties assigned to a symbol 
given as the value of JCTypel. These additional properties are con­
sidered only if properties given directly for s are inadequate. Any 
number of Type indirection levels may be used. 

Some additional properties used for special purposes are described below. 
All system-defined symbols carry the property Ti er. 
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/III1l11 Jx 

/IOCll: f CG en): 11 

#I C 2 l : c Jx [Gen] t Intp 

/IO C2l I Intp 

/II [ 3] I : fCSxl:Sx-2 

2 
/IOC3l1 Sx 

fl ( 4 J I I f[xl+fC3J 

/lfJUJ1 9 + f Cxl 

#IC 1l a: .J [ I n I t J 1 1 P r I "U • I n g f "] 

#fJUJ1 'PrC"Using f "J 

/II [ 2] I I 

/IO [2): f 

/II ( 3 J I : fCxl+fCyl 

"Using f" 

/IOI3J: f [ )() + f[yJ 

#IC4lc: .J 

/JIJ C4J I .J 

fl C 1] I I f Cxl Cyl 

/llJ Cl]: f Cx, yl 

#I [2 J : I f...JTler 

i/O C2J I Tier 

#I C3l I: f Cxl Cyl 

/IO C3J: Proj Cf Cxl, fy P 

fIUJ:: g...JNoa•p 

/Ill Cll 1 Noa•p 

#1£21:: ...bCNos•pl:fl,8,tJ 

/IOC2J: f1,8,8J 

/II C3J:: _j CNos•pl CSxl: 1 Evenp CSxl 

/IO C3J 1 ' Evenp CSxJ 

/JI c 4 J : I I f c 1 + 1 • 1 + 1 J • 9 c 1 + 1 , 1 + 1 • 1 + 1 J • h c 1 + 1 • 1 + 1 • 1 + 1 • 1 + 1 J • i c 1 + 1 • 1 + 1 • 1 + 1 • 1 + 1 • 1 + t 
/llJC4J: ffC2,2J,gC' 1+1,'1+1,' 1 + ll,hC' l + 1,2,2,' 1 + ll, 

I C2,, 1 + 1,2, I 1 + 1,21 I 
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fl [ lJ S I JCPrl:a 

/lfJ Cl] I a 

fl (2] I I f ""2 + f ( x J 

2 
/IO (2) :$ a + fCxl 

#1 ( 3] I I Lpr CXJ 

f ""2 + f C xl 

fl ( 4] I I _q C Pr J 1 F • t C f f 8 , 8 I , f 8 , 1 11, "CJ ", "I I "l 

/IOC4l1 

fl [ 5] I I 

II 
[] 

q+f [q""q] 

II 
11 11 tl 
[] + f [ [) J #OCSl1• 

fl ( 6 J I I 

#0 (6] I 

-JJ [Pr J [ Sx, Sy l : F • t C f f 8, 8 ! , f 8, -1 !., I 1 , -1 ! ! , Sx, "; ", Sy J 

Sx 
; Sy 

#I [ 7] I : lg ta+ b, cl , g [ x ""2+1, x I < x + y > l , g C 3 J 

/IO C7J u fa + b , 1 + x 
a c 

#I Cl l 1 : f _: Tr a c e 

/IO Cll: Trace 

f I [2 ] I I f [ f [ >< ] ) + f [ y ] 

f ( )( J 

fCfCxJJ 

f ( y J 

2 

tfO (2) I f Cyl + fC fCx] l 

, 9 t 31 I 
x 

)( + y 

/II CSJ 11 ....g CTraceJ 11 Pr CL en CSxJ l 

/lfJ C3J 1 ' Pr Cl en CSxJ] 

#I C4] I I g ( 9 [ 1 , 2 , 3] , 1J + g C4] 

3 
2 
1 

/IOC4l1 gC4J + gCgU,2,31,ll 

#I CS J : 1 Set _:Trace 

#0 CSJ: Trace 

4. 
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/II [6] I I 

a (b 

b c 

#0 [6] I 

#I [ 1] I : 

#0 [l) 1 

//.I C2l:: 

/IO (2) I 

/IIC3l: I 

#OC3l1 

#I [ 4] : I 

#0 [4]: 

/II [5 l I: 

#0 CSl: 

#I CS l : : 

#0 [6]: 

/fIC7l:: 

/µlC7l: 

#IC8l:: 

#0 [8]: 

SMP REFERENCE MANUAL I Properties 

a:b:c 

c) 

c 

f_JFlat 

FI at 

f[f[a,bl,f[c+f[d,el,f[f[clll,el 

fCa,b,c + fCd,el,c,el 

g_JCoa1111 

Co111111 

glb,al +g Cd, cl +g Cc,dl 

gCa,bl + 2gCc,dl 

....h CReorl: Rsy111 

Rsym 

!hlb,al ,hCa,bl ,h[a,al ,hCc,b,al ,hCa,c,bl ,hCa,b,al 

1-hCa,bl ,hCa,bl ,8,-hCa,b,cl ,-h[a,b,cl ,ej 

..J CReorl: !Cycl lcll,2,3J ,Rsym[4,Sl 

!Cyct icC1,2,3J ,Rsym[4,Sl I 
Ii lb,a,c,e,dl, I Cb,b,a,d,el, i Cb,c,a,e,dl 

l-1 Ca,c,b,d,el, I Ca,b,b,d,el ,-1 Ca,b,c,d,el 

#I C 1 l : : _J CD I s t l : : P I us 

#flUJ: •Plus 

#IC2l:: ExCfCa+fCb+clll 

#!JC2l: f[al + f[f[bll + f[fCcll 

#I [ 3] I I _j [ D i s t ] : I I,, u I t • D 0 t I 
#flC3l: fl!ult,Dotj 

#I C 4 l 1 : E x C f C a b c l + f C u • v • w l + f C x + y l l 

/IOC4l: f[u].f[v].f[w] + f[a] f[bl f[cl + f[x + yl 

#I [ s] : : -.i [ D i s t] : : I I 9 • h • k I ! 
#!JC5l: ffg,h,kjj 

#I C 6 l : : t : j [ 9 Ca , bl , g p [ x , y l , g [ c , d , el l 

/IOC6l: j CgCa,bl ,gpCx,yl ,9Cc,d,ell 

#IC7l:: ExCtl 

#0 [ 7 l : h [ k [a, g p [ x, y l , g [ c, d, el l , k [ b , g p [ x, y l , g [ c , d, el l l 

4. 
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#I [ 81 1 I 

/l!JC8l: 

#I C 9 l : : 

#0 [9]: 
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_J CDistl:: f !g,h, j j,gp J 

, lfg,h,d,gpj 

Ex Ct l 

hChCgpCjCa,x,cl,jCa,y,cll,gpCjCa,x,dl,jCa,y,dll, 

gpCj Ca,x,el, j Ca,y,elll, 

h Cgp C j [b, x, cl, j Cb, y, cJ l, gp C j Cb, x, dl, j Cb, y, dl l, · 

gp [ j [b, x, el, j [b, y, ell l l 

#IC1J1: .J[Powdistl::l'lult 

#IJCll: 'Hult 

/{:I C 2 l : 1 Ex C f Ca+ bl ~3 l 

3 
#fJC2l: fCa +bl 

#I [ 3 l : : .J [ p 0 w d i s t] : : 11 l'I u I t , p I us ! , ID 0 t , 9 l l 
#fJC3J: 'l!Mult,Plusl,fDot,gJj 

#I C 4 l : : Ex [ f Ca+ b + c, 2 l l 

/IO [4] I 

#I cs] : I 

#CJ CSl: 

/II [ 1l : I 

#!JCll: 

#1 £21 I : 

#0 [21: 

/II C 3 l : : 

#0 (3): 

/II [ 4 J : I 

/µJ [4] I 

/{:I C 5 J : : 

#0 [5]: 

2 2 2 
2a b + 2a c + 2b c + a + b + c 

ExCfCgCa,bl ,311 

gCa.a.a,a.a.b,a.b.a,a.b.b,b.a.a,b.a.b,b.b.a,b.b.bl 

f_;Ldist 

Ld i st 

tc!al,a2,a3j. !bl,b2j,cJ 

It Cal,bl , cJ, f [a2,b2,cl, f [a3,cl 

Hl!1,2l, l3,4jl,c, !a1,a2,a3jl 

!ltcl,c,all,fC2,c,alJ j, !te3,c,a2J,fC4,c,a2l l,tCc,a3J l 
fCjCxJ :ax, CyJ :ayJ, jCzl :bz, Cxl :bxj,cJ 

!CxJ: f [ax,bx,cJ, [yJ: f Cay,cl, [zl: f [bz,cJ I 
j4,S,3 j+a !3,4, j2,s j j 

j4 + 3a,5+4a,13 + 2a,3 +Sall 

#I [SJ:: r [$xl : Sx+3 

/l!JCSJ: 3 + Sx 

#I [ 7 l : : r 

#!J c11: I cSx1: 3 + Sx I 
lf:I C 8 l : : r p: r ~2 

4. 
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2 
#rJC8l: !CSxl: <3 + $x) j 

#I C 9 ] : 1 r p [ x] 

2 
#rJC9l: C3 + x> 

#I [ 1] I : f.....: Nos mp 

#0 C11: Nosmp 

#I C 2 l : : f [1+11 + g[1+11 

#0 £2]: f [ , 1 + 1l + g [ 2] 

#I C 31 : : g _J 

#0 £3]: 

#l [ 4] : : _g 

#0 C41: !CTypel: f I 
#I C 5 l : : f[1+11 + gCl+ll 

#0 C5l: f [ , 1 + 1J + g [ , 1 + 11 

symb _; p or Prset [symb,p] 
is equivalent to _symb Cpl : 1 and assigns the property p to the symbol symb. 

symb _st or Tyset [symb, st] 
is equivalent to _symb [Type]:: st and assigns the symbol symb to have the type 
of the symbol st. 

#I C 1 l : : f __; p 1 

#£JC1l: pl 

#I C 21 : : _J 

#0 [21: I Cp 11: 1 ! 
#I C 3 l : : f_;g_;p2 

#0 [31: p2 

#I [ 4 l : I _J 

#0 [4]: ! [p 2] : 1 J [ p 1l : 1 ! 
#I C 5 l : : f_g.Jl 

#0 (5] : t 1 

#I C 61 : : _J 

#0 [6]: I CTypel : t 1 J [ p 21 : 1, [p 11 : 11 

Entries _s CEx tr J and _s CEx tel in the property list of a symbol s allow for "type 
extension". Standard projections may be replaced by special projections if some of 
their filters are of some special extended type. Hence, for example, a product may 
be entered as a projection of Mu It, but is replaced by a projection of Psmu It if one 
or more of its filters is a power series (Ps projection [9.5]). Projections reached by 
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type extension are usually not described separately in this manual. 

#I C 1 l : : 

#fJCll: 

#I [ 2] : I 

/llJC2J: 

#I [ 3] : I 

/llJ (3] I 

#I C 4 l : : 

/Ill C4l: 

#I c 5] : I 

#0 [5]: 

#I [ 6] : I 

#0 [6]: 

#I C 7 l : : 

#0 [7] I 

/II C 81 : : 

#fJI8l1 

. ' ' 

.J CExtr,gl: fg 

fg 

.J CExtr,Mul tl: fMul t 

f lllU I t 

gCfCxl ,yl+gCx,yl•fCa,bl+c•a•b•f 

a c fmult[b,fl + fgCfCxl,yl + fmultCgCx,yl,fCa,bll 

.J CExtel: fgen 

fgen 

g Cf Cxl, yl +f Cf Cxl, yl 

fgCfCxJ,yl + fgen[fCf[xl,yll 

j .J 

••f+b•J 

fmultCa,fl + f11ultCb,jl 

!Hll,fC2l! 

fgenC!fCll,fC2l jJ 

4. 



5. Relational and logical operations 
An expression is treated as "false" if it is zero, and "true" if it is any non-zero number. 
P Ce.:z:prl 

yields 1 if e:z:pr is "true", and 0 otherwise. 
The relational and logical projections described below yield 0 or 1 if their "truth" or 
"falsity'' can be determined (by syntactic comparison or linear elimination of sym­
bolic parameters); otherwise they yield simplified forms of undetermined truth value. 
When only one filter is given, the relational projections defined below yield as images 
that filter. When more than two filters are given, they yield the conjunction of results 
for each successive pair of filters. 

ezpr 1 ... ezpr2 or Eq Cerpr 1, e.:z:pr2J 
<Co••> 

represents an equation asserting the equality of e:z:pr 1 and e:z:pr2. Equations 
represented by Eq projections are used in So I [9.3). 
• Neq [9.6] 

ezpr1 -. e:z:pr2or Uneq[e.zprl, e.:z:pr21 
<Co••> 

asserts the inequality of e:rpr 1 and e:rpr2. 

e.:z:pr 1 > e.:z:pr2 or Gt [erpr 1, e.zpr2J 
asserts that e:z:pr 1 is numerically larger than e:rpr2. 

ezpr1 >- e:z:pr2or Ge [e.:z:pr 1, erpr2J 
asserts that e:rpr 1 is numerically larger than or equal to e:rpr2. 

e.:z:pr 1 < e.:z:pr 2 
is equivalent to e:rpr2 > e:rpr 1 

ezpr1 <• e:z:pr2 
is equivalent to e:rpr2 >= e:r:pr 1. 

The assignment [3.2] exprl > expr2 : 1 defines the expression exprl to be 
greater than expr2. The projection Ge tests for assignments of relevant Gt projec­
tions. 
If # and ## represent special input forms for relational projections then e:rpr 1 # e:r:pr2 
## e:r:pr3 is converted to (expr 1 # ezpr2) & (e:rpr2 ## e:r:pr3) (2.10]. 

fl C 1] I I f 2+1=3 1 X :s l, P C X = 1] , P [ 2 +la 3 l J 

#IJC1l1 fl,x. 1,a,lj 

/II C 2 l 1 1 f E q C 2 l , Un a q [ 2 l , 2._2+1 , Un a q Cl , 2 , 1 l , Un a q [1 , 3 , -2 , 4 l j 

#OC2l1 f2,2,1,8,lj 

fl C 3 l 1 1 f x <y , x + 3 »< + 2 , x +a <x + b , 2 x +a »c-3 a I 
#(IC3l1 fy >x,1,b >a,4a + x >8j 

/II [4) I I . f x >y >z • x >y >- z • x '"'y .. z I 
#0 [4] I f x > y & y > z, y >= z & x > y, x '"' y & y 

/II [ 5 ] I I I >8 I 1 

#(lCSl: 1 
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#I [ 6 J : 1 I a >e, a <8, 8 <a, a>- 8, a >1 l 
#0 C6J 1 f 1, 8 > a, 1, 1, a > 1 I 
#I [7J: I f CSxl >t CSyl I Sx >Sy 

/JOC7l I h >Sy 

f I [ 8 J 1 : I f C 3 l >t C 2 J , f C x l >f Cy l , f C x +a l >f C x l , f [ x + b l >f C x l l 
#0 ( 8) I I 1, )( > y, 1, b > 8 J 

ezpr or Not C ezprl 
yields 1 if e:r:pr is 0 and 0 if e:r:pr is "true". 

azprl & ezpr2 & azpr3 ... or And Ce.zprl, e:r:pr2. ezpr3 •.. .l 
<Co1H,Flat> 

forms the conjunction of the e:r:pri. 

ezprl I ezpr2 I ezpr3 .. . or Or Cezprl. e:r:pr2, e.zpr3, ... 
<Co••, Flat> 

forms the inclusive disjunction of the ezpri .. 

e:tt:prl 11 e.zpr2 11 ezpr3 .. . or Xor Ce:r:prl, e.zpr2. e.zpr3 •.. .l 
<Co••,Flat> 

forms the exclusive disjunction of the expri. 

ezpr1 .. > e.zpr2or l•p Ce:r:pr1, ez:pr2J 
represents the logical implication "if expr 1 then expr2 ". 

/II [ 1] : I 1 & 8 I 4 >3 

#0£1l1 1 

#I [ 2] I I 0 u tar [ f , I 1, 8 j, I 1, 8 jl 

IJOC2J1 lltel,ll,fCl,81 J, lfC8,ll,fC8,8J jj 

fI [ 3 l 1 1 0 u t a r CA n d, I 1 , 8 j , f 1 , 8 I J 

#Ot3J: 111,aJ,fe,eH 
f I C 4 l : 1 0 u t a r C 0 r , I 1 , 8 J , I 1 , 8 l l 
/IOUJ: II!,lj, 11,8!! 
f I [ 5] : : 0 u t a r C X or , I 1 , 8 J , f 1 , 8 I ] 
#<JCSJ: f le,lj, ll,8JI 
#IC 6 l : : 0 u tar C Ill p , I 1 , 8 I, I 1 , 8 l l 
#<JC6l: lll,8J,ll,ljj 

Is Ce.zprl 
yields 1 if expr represents a lobical tautology "true" regardless of the "truth" or 
"falsity" of any symbols appearing in it, and yields 0 otherwise. 
• Neq [9.6] 

#I [ 1] : I I I s ( p I ...,, ] • I s [ p I I p ] • I s ( p & ...,, ] • I s [ ( p = >q ) <<""'q> => c...,,>>1 I 
#0 (1] I 11,a,e,lj 
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fIC2J11 baaa1 Cavan I odd)•> (Int & r-aat> 

fOC2J1 avan I odd .. > Int & r-aal 

#I C3J 1 1 f Is Cbasaa>odd•>I n t), Ia Cbasa•>I n t->odd), Is Cbaaa:o>C"'l"aa I>• ><""llvan) l I 
fOC3J1 11,e,lj 

• If [6.1] 
• Intp, •• (7.6] 

Ord[e2:p7'1,e.zpr21 
yields +1 if exprl is lexically [10.6] ordered before expr2, -1 if expr 1 is lexi­
cally ordered after e:r:pr2 and 0 if they are literally equivalent (2.6]. 
• Reor (7.7] 
• Sort [7.7] 

f I t 1 J 1 1 IO ,. d [ a , b J , 0 ,. d [ b , al , Or d [ f [ x l , x J , O ,. d C a , a l J 

fOC1J1 11,-1,-1,ej 



6.. Control Structures 

6.1 Conditional statements 
6.2 Iteration 
6.3 Procedures and flow control 
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6.1 Conditional statements 

I Hpred. (azpr 1 :Nu I I), (e.zpr2:Nu 11 ), (a.zpr3:Nu 11 )l 
yields e:r:pr 1 if the predicate expression pred is determined to be "true" [5]; 
e:r:pr2 if it is determined to be "false", and e:r:pr3 if its truth or falsity cannot be 
determined [5]. Only the expri. selected by evaluation of pred is simplified. 

fl ( 1] I I f1Cl1Cl : 1IfCS1C>8,al 

flJUl1 , If [SIC > 8,al 

fl [ 21 I I f2(11Cl I: If CSx>t,a,bl 

flJ [2] I ' IfCSx > 8,a,bl 

#I [3] I I f3CSxl 11 If CSx>t,a,b,cl 

'° (3] : ' If C Sx > 8,a,b,cl 

fl [ 4] I I f fl Cll, f2 Cll, f3 Cll J 

'° (4] I fa,a,al 

fl [5] I I (fl C-11, f2 C-11 'f3 £-lJ I 
fOCSl: fflC-ll,b,bj 

#I CB] I I f fl CIC], f2 Cxl, f3 C1Cl I 
/IO (6] : ffl (IC] J f2 [IC] ,c J 

Swtch CpredJ, e.zpr 1,pred.2, e:i:pr2, .. .l 
tests predl, pred2, . . . in turn, selecting the expri associated with the first one 
determined to be "true" [5] (Nu I I if none are "true"). Only the predi tested and 
the ezpri, selected are simplified. 

f I [ 1l I I f U X ] I I 5 W t c h [ S X >S 1 a , S >< <3 1 b] 

/IOUl1 'SwtchCSx > S,a,3 > S><,bl 

#IC2l si ff C7l, H4l, f C2l, Hxl) 

/IOC2l: fa,fUl,b,fCxlJ 

fIC3l11 gCS><l11Swtch£Sx>S,a,Sx<3,b,PrC"no value ior",S1C]] 

fOC3l1 'Swtch[Sx > S,a,3 > Sx,b,PrC"no value for",Sxll 

#I [ 4] I : f g [ 71 , g [ 4 ] , g ( 2 ] I g [ x ] J 
"no value for" 4 
"no value for" x 

/IOUl: fa,gC4l ,b,gCxl I 
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6.2 Iteration 

Rptr.!:E, (n:l)J 
simplifies e:r:pr n times, yielding the last value found. 

#I [ 11 : : R p t [ Pr [ x l , 3 ] 

)C 

)C 

)C 

#0Cll1 x 

#I [2) I I r I>< 

#0 (2) I X 

fIC3J:: RptCr:l/(l+r>,31 

1 
l/lJC3J1 

1 
1 + 

1 
1 + 

1 + )C 

loop [ (precond : 1), !!..:I!!:.• (postcond : 1 )J 

6.2 

repeatedly simplifies precond, expr and postcond in turn, yielding the last value 
of expr found before precond or postcond ceases to be "true" [5]. 

/II C 1 l : : I 1 8 ; Lo o p [ i <S , P r C I , l I J ; I n c [ i J J 

• 1 
1 1 
2 2 
3 6 
4 24 

#OCll: s 

fl [ 2] I I 

#OC2J: S 

{II [ 3 J : : I : 8 J Lo o p [ , Pr [ I l I I n c [ i l , I <3 l 

• 1 
2 

#'JC3J: 3 

#I C 4 J : : I : 8 ; Loop C I <8, Pr C i l J Inc [ i J l 

/II [ S J 1 1 I 1 8 ; Lo o p [ , P r [ I J ; I n c [ I l , i <8 l 

• 
#'JCSJ1 1 

For [in.it, test, next,~] 
first simplifies init, and then repeatedly simplifies expr and next in turn until 
test fails to be "true" (according to the sequence init <test e:r:pr next>), yield­
ing the last form of e:r:pr found. 
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#I [ 1 l a I f o r [ I a 8 , I <S , I n c [ I l 1 Pr [ I , I I l l 

8 1 
1 1 
2 2 
3 6 
4 24 

/JOClla 24 

/II C2] I I 

#(lt2l1 5 

/II C 3 l a : For C >< : 18 8 8 8, >< ""= 8, >< : G i n t [ x / 3 3 l , Pr C >< l l 

18888 
383 
9 

/JOC3l1 9 

Do C,!!!!!, (start :1). end, (step: l),.!:11!:1 

6.2 

first sets va:r to start and then repeatedly evaluates e:r:pr, successively incre­
menting the value of var by step until it reaches the value end ; the image is the 
last form of e:r:pr found. 

#I [ 1 l : : Do C I , 4 , Pr C i , i I J J 

1 1 
2 2 
3 6 
4 24 

/IO (1] I 24 

/II [ 2] I : 

/ID [2]: 

/II C 3 l 1 : Do C I , 2 , 8 , 3 , Pr C I , i I l l 

2 2 
5 128 
8 48328 

(/0 [3] I 48328 

/II [ 4] 1 : Do [ I , >< 1 >< + 2 , f [ l / I l : I ] 

/IOUl1 2 + x 

#I [5] I I 

#OCSl 1 

1 
f C-----l I 2 + x, 

2 + x 

• Inc, Dec [3.2] 
• Ret, Jmp [6.3] 

1 1 
[-----]I 1 + x, C-l: )( l 

1 + )( )( 
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6.3 Procedures and flow control 

esprl; ~; ... or Proclesprl, erpr2, .. . , e:rprnl 
represents a procedure [ 1.8] in which the expressions e:z:pri are simplified in 
turn. yielding finally the value of e:qrrn. 
In the form exprl; expr2; ••• ; exprk; the last filter of Proc is taken to be 
Nu 11 [1.1]. 
The value of %% [1.B] is reassigned at each segment in a Proc to be the last 
non-Nu I I erpri. simplified. 
The unsimplified form of each e:z:pri is maintained throughout the execution of a 
Proc, so as to allow resimplification if required by a control transfer. 
Proc Cl initiates an interactive procedure [1.B]. 

#IC1l2: PrC1J1PrC2l;PrC7l 

1 
2 
7 

fOClls 7 

#I [ 2 ) I I p r [ 1) ; p r [ 2 ] J 

1 
2 

#IC3J 12 f CSxl:: <Sx-1;%% - %% .... 2> 

2 
IO c31: ' tx - 1 , n - n 
#I [ 4 ] : I f f [ >< ] , f [ 2 l f 

2 
f{JC4J1 f-1 + >< - <-1 + x> ,ef 
f 1 ( 5 ) : I p r O C [ ] 

IIC1l11 y-1 

IOC1J1 -1 + y 

U [2) I 2 1% .... 2-4 

IOC2l I -4 + (-1 + y> 

UC3J21 RetC14l 

10(3) I 14 

#IJCSJ1 14 

Le I [sl, s2, . . .1 

2 

declares the symbols sl,s2, ... to be "local variables" in the current Proc (and 
any nested within it) ; the original values and properties of the si are removed, to 
be restored upon exit from the Proc. 
Local variables are conventionally given names beginning with the character % 
[2.2). 
Le I may be used in interactive procedures [1.B]. 



6.3 

#I [ 1] I : 

s 

#0Cl11 

fl C21 : : 

#0 C2l: 

#I C31 : : 

#0 [3] I 

/II [ 4] : I 

lICl111 

%0Cllt 

lIC21:1 

%0 [2]: 

UC3l:: 

XO [ 3] I 

%IC4111 

%0C41t 

UCSl:: 

%0 [ s] : 

u [61:: 

%0 C61: 

lIC7111 

%0 [ 7] I 

#0 [4]: 

/II [ 5] I I 

/IO CS] I 

#I [ 6] I ' 

7 
3 

/IO [6] I 

Lbl C~l 

3 
3 

SMP REFERENCE MANUAL I Control Structures 

Lei Ca1 ;a:S;PrCal ;• 

s 

• 
• 
b:1 

1 

Proc Cl 

c12 

LclCb,cl 

LclCb,cl 

! b. c J 

!b, c J 

b:c:S 

s 

f o • c I 
ts, s I 
Re t Cbl 

s 

L c I C % x l 1 %y 1 % x: 3; ( L c I C %x l ; Xx : 7; Pr C % x, Xy l ) ; Pr C % x, % y 1 ; % x 

3 

6.3 

represents a "label" within a Proc ; its "identifier" e:r:pr is resimplified when a 
Jmp might transfer control to its position. 

J11p [e.zprl 
causes . "control" to be "transferred" to the nearest label which matches 
Lb I Ce:r:prl The current Proc, and then any successive enclosing Proc are 
scanned to find a suitable Lb I. After Jmp has acted, the remaining segments of 
the Proc containing the Lb I are (re)simplified. For positive integer n, Jmp CnJ 
transfers control to the nth segment in the current procedure. Jmp may be used 
in interactive procedures: if the specified Lb I is not present, input lines are 
read without simplification until it is encountered. 
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#I ClJ 1 t Pr Ul; JMp Con]; Pr C2l; Lb I Con]; Pr [3) 

1 
3 

*° Ul I 3 

/II [ 2 l t 1 P r Cl] ; ( x ; J • p [ o n l ) ; P r [ 2 l ; L b I [ o n l ; Pr [ 3 l 

1 
3 

#(lC2l1 3 

#I [ 3 l t : Pr [ 1l ; J 11p Con l ; Pr C 2 l 

1 

/llJ [3] 1 Jmp Con] 

fl [ 4 J 1 ; I : 8; Lb I [al ; Pr C I ] ; I n c [ I l ; I f C I <3, J mp [al l 

• 1 
2 

/II C 5 l : 1 Pr Cal ; J • p [ 4 l ; Pr Cy l ; Pr C z l ; Pr Cw l 

• .. 
/llJCSJ1 w 

fl [ 6 J 1 1 i : x J Lb I [ i + x l ; Pr [ I l ; Inc C I l ; J • p C x + 1 l ; J • p C x + 2 l 

)( 

j/O [6] I Jmp Cx + 1l 

Ret [e.zpr. (n: 1 )J 

6.3 

exits at most n nested control structures, yielding e:r:pr as the value of the outer­
most one. Ret is effective in Pree, Apt, For and Oo. It may be used to exit 
interactive subsidiary procedures [1.B]. Ret Ce:r:pr, I nfl returns from any 
number of nested procedures to standard input mode [ 1.8]. 

#1 Cl] I I a;Ret[bl1c 

/llJClJ I b 

#I [ 2] : I f[Ret[al,bl 

/JlJC2l: fCa,bl 

#I [3] c c a; (b;Ret Cxl) ;c 

#0 [3) I c 

/II (4) I : a; (b;Ret Cx,2l > ;c 

/IO [4] I x 

#I C 5 l : : · a; (b;RetCx,Infl);c 

/llJ [5] I )( 
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#I [ 6 l : 1 Do [ i , 18, I f [ i >3 , Re t [ i l J J 

#DCSl: 4 

#I [ 7 l : : D o [ I , 18 , I f [ i >3 , R e t C i l J ; P r [ i J l 

1 
2 
3 

#DC7J: 18 

#I [ 8 J : : Do C i , 18 , I f C i >3 , Re t C i , 2 l l ; Pr C i l l 

1 
2 
3 

#DC8l1 4 

• [10.7] 

6.3 



7. Structural operations 

7.1 Projection and list generation 
7.2 Template application 
7.3 Part extraction and removal 
7 .4 Structure determination 
7.5 Content determination 
7.6 Character determination 
7. 7 List and projection manipulation 
7.8 Distribution and expansion 
7.9 Rational expression manipulation and simplification 
7.10 Statistical expression generation and analysis 
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7.1 Projection and list generation 

z y or Seq Cz, yl 
yields if possible a null projection [2.3] consisting of a sequence of expressions 
whose integer parameters form linear progressions between those in x and y. 
For two integers m and n, (with n > m} m. • n yields [ m, m+ 1, m+2, ... , n-1 , nl . 
Similarly, /[ml. m21 •• /[ nl, n2J yields 
C/CmJ,m2J, /Cml+l, m2+il, f [m1+2, m&2il, •.• , /Crd,n2J l if i = {n2-
m2)/(nl-m1} is an integer. Only the values of integer parameters may differ 
between x and y, and all such differences must be integer multiples of the smal­
lest. 

#I [ ll : : 1 •• 5 

#OCll: Cl,2,3,4,Sl 

/II C 2 l : : f 1 •• S f 
#OC2l: fl,2,3,4,SJ 

#1 ( 3] I I f [ 1 • . 5, 18, 2 IC •• 6 X] 

tJOC3l: fC1,2,3,4,S,18,2x,3x,4x,Sx,6><l 

#l [ 4] : : f [ 1] •• f [ s] 

tJOUl1 CfC1l,fC2J,fC31,fC4J,fCSJJ 

fICSJ:: fC8,8l..tU,8l 

#0 ( 5] I [ f [ 8, 8] , f ( 1, 2) 1 f [ 2, 4) , f [ 3, 6] , f ( 4, 81 ] 

#I [ 6 ] J I f [ 8 • 8] •• f C4 ' 9 ] 

tJOC6l1 fC8,aJ •• fC4,9l 

/II C7l:: x .... 2 •• x-4 

2 3 4 
fOC7l1 Cx ,>< ,>< l 

#I ca 1 1 : f c 9 Cle < x + y > , el , 1ee1 •• f c 9 cs 8 < x + y > , s 1 , see 1 

#0£81: CfCgH8C>< + y>,8l,188l,fCgC28C>< + y>,1l,288l,fCgC38Cx + y),21,3881, 

fCgC48h + y>,3l,488l,fCgCS8<>< + y),41,S88l,fCgC68C>< + y>,SJ,68811 

Ar [spec, (tem.p:Eq), (icrit:1), (tJcrit :1)1 
generates a list whose entries have sets of indices with ranges specified by spec, 
and whose values are obtained by application of the template temp to these 
indices. Sequences of indices at each level in the list are defined by 
n 
fs, e, (i:lH 

1,2, ... n 

s, s + i, s + 2i, ••• , s + bi where k is the largest integer such 
that s + lt:*i is not greater than e. 

f fzl,z2, .. J J :r:l, z2, .. . 
and collected into a complete specification l spec 1, spec2, ••• J. For a contigu­
ous [2.4] list with one level, spec may be given as n . Entries with sets of indices 
on which application of the template icrit would yield 0 are omitted. Entries 
whose values would yield 0 on application of the template vcrit are also omitted. 
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• Outer [9.6] 
•Dim[7.4] 
• [3.6) 

/II c 1] : I 

l/-0 [ lJ I 

/II C 2 l : : 

l/-0 [21: 

#I C 3 l : I 

l/-0[3]: 

/II [ 4] I I 

l/-0 [4] I 

#I t 5 l : : 

l/-0 [51: 

#I [6 l : I 

l/-0 [61 : 

#I t 7 l : : 

l/-0 [71: 

#I C81 : : 

l/-OC8l1 

#I C 9 l : : 

#0 [91: 

/JI Cl8] I: 

l/-0c181 : 

#I Cl 11:: 

1/-0CllJ: 

#I [ 121 : I 

#0 C12l: 

#I Cl 31 : : 

l/-0 [131: 

#I [ 14] : I 

#Ot141: 

#I [ 151 : I 

l/-0 [15]: 

/II C 16 l : : 

ArC5,fl 

ff Cll, f t21, f C3l, f C41, f t5l j 

Artfj2,12,3fl,fl 

1£21 I f [21. [5] I fCSJ. [8]: f [8]. [11]: f Clll I 

ArCjjx,x+4jf,fl 

f Cxl 1 f Cxl, Cl + xl: f Cl + xl, C2 + xl: f C2 + x], [3 + xl 1 f ~3 + xl j 

Ar Cl I l 11, 12, i 3 f j j, fl 

jCill: fCill, Ci21: fCi2J, Ci3l: fCi3JI 

Artf2,2j,fl 

jjtel,11,fCl,21 j, jfC2,ll,fC2,2l II 

Ar£12,2,2j,fl 

!lltCl,l,ll,fCl,1,21 j, ltCl,2,ll,fC:,2,21 IL 

fltC2,1,ll,fC2,1,2l I. !H2,2,11,fC2,2,21 Ill 

Arcj2,f2,5jj,fl 

f!C21: fCl,21, £31: fCl,31, £41: fCl,41, C5l: fC1,5Jj, 

fC2J: fC2,21, £311 fC2,3l, C41: fC2,4J, C51: fC2,5ljl 

Art5J 

jl,2,3,4,5 J 

ArC5,Fctll 

fl,2,6,24,128j 

Arcj3,3ll 

111,8,8!, j8,1,8j, !8,8,1 f J 

Ar £!4, 21, <Sx+l> ""(Sy-1> l 

111,2j, p,af, j1,4j, 11,51! 

Ar£2,@11 

f Hll' fC2l I 

Ar£!j3,5jj,@ll 

fC31: f£31, £41: f[4J, [51: f[5ll 

Ar £18, f ,Evenpl 

l C21: fC2], C4l I fC4]. C61: fC61, [81: fC8l, [18]: f [181 I 

Ar C I 3, 3 j, f, Sx >Sy-11 

l ff Cl, 11 1. l f [2, 11'f[2,21 I. l f [3, 11, f [3' 21. f [3' 31 l I 
Ar£18,sx~2-3Sx,Evenpl 
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l/IJ [16]: I [ll: -2, [2] I 4, [3]: 18, [4]: 48, [5]: 78 I 
#IC17l1: ArC 1 8,Sx-2-3Sx,1,Evenpl 

l/IJ Cl71: I Cll: -2, [2]: -2, [3]: 4, [4]: 18, [5]: 18, [6] I 28, [7]: 48, 

[8]1 54, [9]: 781 

/II C 181 : : u : 8; Ar [ 18, ' Inc Cul l 

#QC18]1 fl,2,3,4,5,6,7 , 8,9,181 

Repl [ezpr. (n:l)J 
yields a null projection [2.3) containing n replications of e:r:pr. 

#I [ 1 ] : : R II p I [ f [ x ] • 4 l 

l/IJ C111 Cf Cxl, f Cxl, f [xl, f Cxl 1 

#I [ 2 ] : : f R • p I [ 8 • 5 ] I 
f{Jc211 te,0,0,e,0f 

#I [ 3] I : A r [ 4 • R. p 1 r s 1 • s l l ] 

l/IJC311 fc11,c2,21,cJ,3,3l,c4,4,4,4l I 

Li et [ezpr1, e.zpr2, .. .l 
yields the contiguous list ~ e:r:pr 1, e:r:pr2, . .. J 

#I [ 1 ] : I L I Ill t [ x • y • z ] 

l/IJCll: !x,y,zj 

f I C 2 1 : : A r C 5 , L i s t l 

l/IJC2l: ffl j, f2 j, fl j, f4 j, !5 j j 

7.1 
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7.2 Template application 

Ap [tem.p, f ezpr 1. (expr2 •.. . )11 
applies the template temp to the expri [2. 7]. 

#I C 11 : : A p C f , fa , b , c j 1 

if-Otll: fta,b,c1 

/II t21:: Ap CSz-Sx-Sx, fa, b jJ 

a 
#0 t21: -a + b 

#I t 31 1 1 A p C fa , b , c , d j , ! 2 ! 1 

/JOC31: b 

#IC41:: f:g 

#(IC41: g 

#I CS 1 : : A p t f , fa , b I 1 

#<JCSJ: fCa,bJ 

If.I C 6 J : : A p C ! f , fa , b j l 

/JOC61: gta,bJ 

#I t 7] : : A p CA p , f f , ! a , b l I 1 

/µJt7l: gta,bJ 

Map [temp. ezpr. (Levspec: 1 ), (dam::rit : 1 ), (Ltemp :Nu I I )J 
yields the expression obtained by recursively applying the templale iernp at 
most max times to the parts of expr in the domain specified by levs-,Jec and dom­
crit [2.5]. ("Multiple Apply") Any non-Nu I I result obtained by applying the tem­
plate ltemp to the (positive or negative) integer specifying the level in expr 
reached is used as a second expression on which to apply temp. (With lev: e r1ap is 
equivalent to Ap with a single expri.) 

#I t 11 : : t : ! ! a , b ! , ! x ~z , y ~2 j , z l 
2 2 

#(lt11: !fa,bl,fx ,y l,zl 

#I t 2 l : : 11 a p C f , t l 

2 2 
#0 [21: ffC fa,b jl, fC !x ,y jl, fCzl l 

/II C 3 l : : l'I a p [ f , t , 2 J 

2 2 
#<JC3l: ffcfHal,fCbljl,fr!fCx J,fCy l!l,fCzlj 

#IC41:: l!apCf,t,2.,:'lxJ 

2 2 
#0£41: ftt!fCa,21,fCb,21 J,11,H!fCx ,21,fty ,21 l,ll,Hz,11 l 
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#I C 5 l : : nap C f , t , Inf , , S x l 

H2,3l f[2,3l 
/IOCSl: !teffCa,2l,fCb,2l J,ll,fC!HfCx,31 ,2l,HfCy,3J ,21 j,ll, 

fCz,ll 

#I C 6 l : : II a p C f , t , -1 l 

f[2] f[2] 
/IO C6l: ! If Cal, fCbl !, If Cxl , fCyl j, fCzl l 
#I C 7 l : : II a p C f , t , - I ro f , , S x l 

/IOC7l: IH!Ha, - ll,Hb,-ll j,-21, 

fC2,-ll fC2,-ll 
fC(fCfCx,-ll ,-21,fCfCy,-ll ,-21 !,-31,fCz,-ll j 

#1£81:: u:ArC181 

/IOC8l: !1,2,3,4,5,6,7,8,9,18j 

#I C 9 1 : : n a p C f , u , 1 , E v e n p l 

/IO C9l: fl, f [21, 3, f C41, 5, f C61, 7, fC8l, 9, f £181 

#I [ 181 : I v : a A ( b + c a A2 ) + 2 9 [a - b ' c A2 + d A21 

2 
b + a c 2 2 

/IOC181: a + 2gCa - b,c + d l 

#I C 11 l : : II a p C f , v , -11 

f[2] 

f Cal fCcl + fCbl fC21 fC21 
/IOClll: f Cal + 2g CfCal + fC-bl, f Ccl + f Cdl l 

#I [ 12 J : : II a p C f , v, -1, ""Numb p CS x l l 

2 
f[al f[cl + fCbl 2 2 

/IOC12l: f Cal + 2 g cf cal + fC-b l , fC cl + f c cl 1 l 

#I C 13 l : 1 II a p C f , v , - I n f , "'I n Ca , S x l J 

fC2l 

• fCcJ + fCbl fC2l fC21 
/IOC131: a + 2gCa + fC-bl,fCfCfCcJ l + f[f[d) 111 

#I C 14 J : 1 II a p C f , v , I n f , Sy & "'I n C a , $ x l , $ 1 >2 1 

fC2' 11 
a fCc,ll + fCb,ll 

/IOC14l: a 

fC2,11 fC2,11 
+ 2gCa + fC-b,11,fCfCfCc,ll ,ll + f[fCcl,11 ,ll,011 
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7.3 Part extraction and removal 

~CfiltJ,filt2, .. . J or Proj Cexpr, f/iltl,filt2, ... )J 
extracts the part of expr specified by successive projections vvith the filters filt 1, 
futz . .. . [2.3]. 
• [2.10] 

Po s CtformJ}, e:rpr, ( levspec : Inf). ( ma:r: Inf) , ( cfomcrit: 1 )l 
gives a list of sets of filters specifying the positions of (at most m.ax) occurrences 
of parts in e:r;pr (in the domain specified by levspec and domcrit [2.5]) matching 
any of the farmi. If formi are patterns [2.6], the actual subexpressions matched 
are also given. 
• In [7.5] 

#I C 1 l : : t : a* h Ca ~2 + 4 b -2 + 2 c J + h Cc -2"' ( h Ca* cl - b -2 l J 

2 2 2 2 
/JOlll : a h[2c +a + 4 bl + h[c (- b + hCa clll 

#I [ 2] I : p 0 s [ b -2 ' t ] 

/JOC2l: lll,2,1,3j, 12,1,2,ljj 

#I C 3 l : : Po s £ S x ~2 , t l 

2 2 2 2 
/JOC3J: Ila ,ll,2,1,2IJ.lb ,ll,2,1,3jl,lc ,f2,l,ljl,lb ,12,1,2,!lll 

#I C 4 l : : Po s [ ' h , t l 

#<JC4J: 111,2,ej, 12,e1, 12,1,2,2,e11 

#I C 5 l : : Po s [ I a, b L t l 

#<JCSJ: lll,lf, {1,2,1,2,11, f2,1,2,2,1,lj, {1,2,1,3,11, {2,1,2,1,1jl 

#I C 61 : : Po s Ca , t , 3 l 

#<JC6l: 111,l)I 

#I C 7 l : : Po s £ h CS x l , t , - 3 l 

2 2 
#0 [7]: f{hC2c +a + 4 b l,{1,2jl,lhCa cl,f2,l,2,2\ll 

#I C 8 l : : Po s Ca , t , I n f , 2 l 

#<JC8l: !fl,ll,fl,2,1,2,lll 

#I C 9 l : : u: a ~b + c 

b 
#0 C9l: c + a 

#I C 18 l : : Po s CS x, u l 

b b 
#<JC18l : llc,llll,la,12,ljj,lb,f2,2jl,la ,f2ll,lc +a ,10111 

EI e• Ce:rpr. lnl, n2, . . . P 
extracts successively the nith values in the list ezpr, irrespective of their indices. 
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#I C 1 l : : t1 !Cxl :a, Cyl :b, Cll :c ! 
#flCll: I c x l : a' [ y l : b' [ 1l : c I 
#I [ 2] I : ElemCt, fljl 

#0 C2l I a 

#I C 3 l : : t [ 1l 

#0 [3] I c 

Last Uist1 
yields the value of the last entry in list. 

#I [ 1] I : t: f Cxl :a, Cyl 1b I 
#{JCll: I c x l : a' [ y] : b I 
#I [ 2] I : Last[tJ 

#0 [2] I b 

#I [ 3] I I Last Cal 

#-0 C3l: Last Cal 

Ind Clist, nl 
yields the index of the nth entry in list. 

#I C 1 l : : I n d C ! C x l : a , Cy l : b j , 1 l 

#flCll: x 

#I C 2 l : : Ind C ! x , y, z l , 21 

#flC2l: 2 

0 is Ce.:z:pr, (Lev : 1 )l 
yields a list i::i which all projecliollS in expr (below· level Lev) are "disassembled" 
into lists with the same parts. 

#I C 1 l : 1 t : f Cg C a , bl , c -2 , d l 

2 
#0Cll1 fCgCa,bl,c ,dl 

#I [ 2 ] I : D i 6 c t ] 

#0 C2l: !Ctl: 'f, Cll: fun: '9, Cll: a, c21: bl, 

C2l: fC8l:, Pow, Cll: c, C2l: 2j, C31: d! 

#I C 3 l : : D I s C t , 1 l 

2 
#0 C3l: fC8l: , f, Cll: 9Ca,ul, C21: c, C3l: dj 

#I C 4 l : 1 D I s C 5 a/ 6 l 

#flC4l: fC-ll: 516, C8l: aj 
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As Ce.zpr, (l1n1: 1 )l 
yields an expression in which any suitable lists (at or below level Lev) in e:r:pr are 
"assembled" into projections with the same parts. 

#I [ 1) I I D I • [ f [ )( • y • z .... 2 ] ] 

#0 [1]: 
2 

fC8l: 'f, Cll: x, C2l: y, C3l: z l 
/II ( 2 ] I I A. [ % ] 

#0 C2l I 

2 
fCx,y,z l 

De I C/arm., ezpr, (l1n1 : Inf), (n: I nf)l 
yields an expression in which (at most n) parts matching form (and appearing at 
or below level Lev) in erpr have been deleted. 
• Set [3.2] 

#I ( 11 t I Del Ca, fa,b,a,c jl 

#0 (1) I f b. cl 

#I [ 2] I I ta Ca+b .... 2+cea> .... <a+bt:c) 

2 a + b c 
#<JC21: Ca + a c + b ) 

#I [ 3] : I Del Ca,t] 

2 b c 
#0 [3): Cc + b ) 
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7.4 Structure determination 

Tree Ce.zpr. (nl811: 1 )J 
yields a list of successive replacements specifying the construction of e:r:pr from 
its level "'1tlev parts. 

•Dis [7.3] 

II [ 1l I I 

Ill Cll I 

#I (21 I I 

#IJ (21 I 

Len Ce.zprJ 

tsa-<b+c>+d 

b + c 
d + a 

Tr a a C%l 

/13 111 -> d + #2, #2 -> a , /13 -> b + c I 

the number of filters or entries in a projection or list e:r:pr, and 0 for a symbol 
e:r:pr. (The "length" of e:r:pr ). 

/II ( 1] I l t 1 a-2+b-2+c+d 

2 2 
#IJCll1 c + d + • + b 

II ( 2] : I Lan [ tl 

#IJC2l1 4 

fl [3] I I Lancfa,bJl 

#lJC3l1 2 

Dep Ce.zprJ 
the maximum number of filters necessary to specify any part of e:r:pr. (The 
"depth" of e:r:pr [2.5]). 

II c 1] I I Oap Cal 

#lJ [l] I 1 

II C2la : Oap Ca-21 

Ill [2] I 2 

fIC3l 11 Oap Ca-2+b-2l 

Ill [3] I 3 

fl [ 4] I I Oap Ca-2+b-2+c-2l 

#IJ C4] I 3 

#I C 5 l I I OepCf Ct Cf Calll+f Call 

#lJ CSl: 5 

Di• Clist, (U811 : In f)J 
gives a description of the ranges of indices at or below level llev in list (in the 
form used by Ar [7.1]). 
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/"1Cll:: !!a!,!b!! 

#<JC11: f!a!,!bj! 

#I C 2 l : : D i "· C % l 

#fJC2l: (2,1! 

#I C 3 l : : Ar C f 2 , 3 , 1 ! l 
#fJC3l: llf1j, !~I!. fa!!, f!a!, !a!, Ht!ll 
#I C 4 l : : D i m [ % l 

#fJC4l: !2,3,l! 

#I [ 5 l : : D i m C % l 

#0[5]: !3! 

Hash fozpr, (n :2"'15)1 
a positive integer less than r.. which provides an almost unique "b.z..sh code" for 
expr. Two e~~pressions with different hash codes cannot be identical. 

#I C ll : : H as h [al 

#fJ[lJ: 93S368 

#I [ 2 ~ : : H as h Ca ~2 + b -21 cl 

#0 (2]: 5323468 
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7.5 Content determination 

In C{forml~. e:rpr. (lGv: I nf)1 
yields 1 if a part matching any of the formi occurs in expr at or below level lev, 
and 0 other1-1ise. 

2 2 
//OCll: x + a x y + x 

#I C21:: In Cy~2, tl 

/l.fJC21: 1 

#I C 3 l : : In C ! z, x ~2 !, t 1 

/l.fJC3l: 1 

#I C 41 : : I n C x ~s i _,, Even p [ $ i J , t l 

#OC41: 1 

#I C 5 l 1 1 I n [ z , t l 

/l.fJC5l: 8 

#I C 6 J : : I n Cy ~2 , t , 1 l 

#0 [6]: 0 

Cont [<e.zpr: (all symbols)>. (crit:l)J 
yields an ordered list of the symbols in cxpr on which application of the template 
crit does not yield e (default is to o:::-ni'.:. symbols appeari:1t; ::.2 projectors). 

#I [ 1 l : : t : a + b ~c 

c 
#<JCll: a+b 

#1 [ 2 l : : Con t ( t l 

#<JC2]: !a,b,cj 

#I C 3 l : : Con t C t , .! l 

#()C3J: !Plus,Pcw,a,b,cj 

#I [ 4 l : : a__; b __; d _; spec 

#0£41: spec 

#I C 5 l : : _a 

#<JC5l: !Cspecl: li 
#I [6]:: Cont (t, .....Sx [spec] l 

#<JC6l: !a,bj 

#1 [ 7 l : : Cont [, J x (spec l l 

#<JC7l: ' !a,b,dl 
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7.6 Character deter mination 

The following projections yield 1 if erpr is determined to be of the specified charac­
ter, and 0 otherwise. The determination includes use of any assignments made for 
the testing projection; In tp (><] : 1 thus defines >< to be an integer. 

Symbp Ce.zprl Single symbol 
Nu•bp Ce:z:prl Real or complex number. 
Re a Ip Ce.zprl Real number. 
l •agp Ce.zprl Purely imaginary number . 
I ntp Ca.zprl Integer. 
Natp Ce.zprl Natural number (positive integer) . 
Evenp Ce.zprl Even integer. 
Oddp Ce.zprl Odd integer. 
Ratp Ce.zpr. (m.a:r;den : 1*~). (ace: 1•"-13)1 

Rational number (to within accuracy a.cc ) with denominator not 
greater than m.a.xden. 

ProJp Ce.zprl Projection. 
Li stp [e.zpr] List. 
Contp Ce.zpr, (lev : Inf)J 

List or list of lists contiguous (2.4] to at least level lev. 
Fu 11 p Ce.zpr, (lev : I nf)J 

"Full" list whose indices (and those of its sublists at or below level 
Lev ) are "contiguous" and have ranges independent of the values of 
any other indices (so that the list is "rectangular"). 

Va Ip Cezprl Value other than Nu I I. 
He I dp Ce.zprl "Held" expression (3.5]. 
Po I UP Ce.zpr, (Vonnlt)J 

Polynomial in "bases" matching /orm.i (9.1]. 

/II [ 1) I I flntp[3J, Intp C3/2l, IntpCx l J 

/IOC1l1 fl,8,8J 

/II [2] I: Intp[xl:l 

/llJI2J1 1 

#I [3 J I : flntpCxJ, Int p C x .-.21 , IntpCylJ 

fOC3l: 11 ••• 8 J 

/II UJ I I IntpISx_.JxClntll 11 

/Ill C4] : 1 

#IISJ11 I n t p CS x -2 l 1 : In t p [ S x l 

/IO [5]: 
, 

Intp CSxl 

#I [6] I I y.Jlnt 

/µl [6] I Int 
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/IIC7l I I 

IJO [7] I 

/II [ 8] I I 

IJO [8] I 

/II C9] : I 

IJO [9] I 

/II [181 I I 

/JO [18] I 

#I Cl ll 1 I 

IJOC1ll1 

#I C12l : I 

/JO [121 I 

/II [13] I I 

l/IJC13l1 

/II [ 141: I 

IJO C14l: 

iJI C15 l I I 

IJO [15] I 

/II C16l I: 

/JO [16] : 

#I [ 171 I I 

/JO [171 I 

fl [18] I I 

/JOC18l1 

SMP REFERENCE MANUAL I Structural operations 

fl n t p C x -2 l , In t p [ y l , In t p [ y -2 J , I n t p [ z -2 l I 
p,1,1,ej 

!RatpC8.773l ,RatpCNCPil1 ,RatpC213,4l ,RatpC2/3,2l I 
11,e,1,ej 

! Cont p £!a, b, c I l , Cont p [ IC x J 1 a, Cy J : b l J I 
! 1, •I 
t:!!a,bJ,!cll 

!!a,bj, lcH 

u1 l!a,bJ.!Cxl:clJ 

!fa,bj,!£xl1 cJJ 

fContpCul ,ContpCu,11,ContpCu,21 ,ContpCtl I 
fe,1 , e,lJ 

v1 !!a,bJ, !c,djj 

!fa,bj,!c,dll 

!Fut lpCtl ,Ful lpCt,ll ,Ful lpCt,21 ,Ful lpCvl I 
11,1,1,q 

f[xl:xv 

xv 

IV a I p Cf l , Va Ip C t C x l J , Va I p C f Cy l l , Va I p C 1l I 
f1,1,e,ej 

I H. I d p [ 'fl , H. I d p [#I [ 15] [ 8] ] • H. I d p [ f] I 
fe,1,ej 

f Po I yp Cx-2-x+lJ, Po I yp Cx+Exp [x]] I 
f 1, 8 j 

7.6 
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7. 7 List and projection manipulation 

Cat Ui.st1. list2 •. . .l 
<Fl•t> 

7.7 

yields a contiguous list [2.4] obtained by concatenating the entries in listl, 
list2,... Cat [list] renders the indices of entries in list contiguous, without 
affecting their values. 

#IC ll : : tl: fa,b,cj 

fOCll: fa, b, c I 
fl (2] I I t21fd,fa,tjj 

fO C2l I fd,fa,tll 

#I C3] I I Cat Ctl, t2, tl, tll 

/µJ [3] I fa,b,c,d, fa,tJ,a,b,c,a,b,cj 

#I [4] I I Cat cf Cxl :1, Cyl :2 j, tll 

fOUJ2 fl,2,a,b,cJ 

fl cs] : : Cat C f Cal : x, Cb l : y, Cc l 1 z I l 
fO CSli fx,y,zj 

SortUist. (ca.rd:Nul I), (ard:Ord)l 
yields a list v obtained by sorting the top-level entries in list so that either the 
expressions Ap [card, ~Ent Cv, ~ip] are in canonical order (for increasing i), or 
Ap Cord, ~Ent [v, ~ip, Ent Cv, ~jp P is non-negative for i > j and is non-positive 
for i <j. 

#I [ 1 ] I I t I f 2 • 1 • 3 ' 4 • 1 I 
fOClJ: f2,1,3,4,lj 

/JI C 2 l 1 r S or t C t l 

fOC2J: f1,1,2,3,4J 

fIC3lt: SortCt,Evenpl 

fOC3J1 fl,1,3,2,4j 

#I u] I I s 0 r t [ t " 0 rd [ $ x • s y] l 

#OC4l1 f4,3,2,1,lj 

fICSl:: Sortcfb,c,ajl 

fOCSl1 fa,b,cJ 

fl C 6) : : Sor t C I Cb l : 3, [cl : 1, Cal : 2 J l 

/JIJC6l1 feel: 1, Cal: 2, Cbl: 3j 

Cyc Ce.zpr, (n : 1 )1 
gives a list or projection obtained by cycling entries or filters in erpr to the left 
by n positions with respect to their first index. 
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Rev[e.zprl 
yields a list or projection obtained from ez:pr by reversing the order of entries or 
filters with respect to their first index. 

#IC 1] I ' t ' f •• b , c , d I 
/IOC1J1 fa,b,c,dJ 

f I [ 2 J : I c y c [ t ] 

#OC2l1 fb,c,d,•I 

f I [ 3] I I Cy c ( t , - 2 ] 

#OC3l1 fc,d,a,bJ 

f I [ 4] I : Re V ( t ] 

#OUlr fd,c,b,•I 

#I [ S] I : r I f [ X 1 y , Z , W ] 

#OtSJs fCx,y,z,wl 

fIC6l11 Cyct%,1Sl 

#OC6l: fCw,x,y,zl 

fIC7111 RevC%l+CycC%,-3l 

#OC7li fCx,y,z,wl + f[z,y,x,w] 

#I [ 8] I I R. v [ l [.] : 1, [ b] : 2 I] 
fOC8li !tbl 1 2, Cal: !I 

Reor Caspr. (/: e.zprC8l ). (reord:Sy11)J 
places filters of projections from Jin ez:pr in canonical order using the reorder­
ing (permutation) symmetries specified by reord. Symmetries are represented 
by the following codes (or lists of such codes applied in the order given): 

Sy• 
Asy• 

Cyclic 

Sym Cil, i2, •• J 
Aeym [il, i2, •• l 

Completely symmetric under interchange of all filters. 
Completely antisymmetric . 
• s i g [9.6] 
Completely cyclic. 
Symmetric with respect to interchanges of filters il, i2, ... 
Antisymmetric with respect to interchanges of filters il, i2, 

Cyc I i c Cil, i2, •• ] Symmetric under cyclic interchange of filters il, i2, ... 
Greorqperm.1,(wtl : l)J, tperm2,(wt2 :ll J, •. l 

Projections are multiplied by the weights obtained by appli­
cation of wti to them when their filters are permuted so that 
the jth becomes the permi[j]th. 

Projections from a symbol f are automatically reordered according to any permuta­
tion symmetries given (using the above codes) as the value of the property JCReor] 
[ 4]. 
•Comm [4] 
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#I [ ll 1 1 ...J s CR• or l 1 Sy• 

#0 Cll: Sy• 

f I [ 2 l 1 1 I t s Ca , b , c l , t s C b , a , c l , t s C c , a , bl , t s C c , a , a l J 

#(JC211 fts[a,b,cl,tsCa,b,cl,ts[a,b,cl,tsia,a,cl { 

#I [ 31 t : ...J a C Re o r l : A s y 111 

#0 C3l: Asy• 

(/I [ 4 l 1 1 I ta Ca, b, cl , ta Cb , a, cl , ta [ c, a, bl , ta Cc , a, al I 
fOC4l 1 ftaca,b,cl ,-taCa,b,cl, taCa,b,cl ,ej 

#I [ S l 1 1 ...J c [ R e o r l t C y c I I c 

#(JCSl: Cyclic 

f I C 6 l 1 1 I t c C a , b , cl , t c C b , a , c l , t c C c , a , b l , t c [ c , a , al I 
#OC6ll ltcCa,b,cl,tc[a,c,bl,tc[a,b,cl,tc[a,a,cl { 

#I [ 7 l I 1 ...J C R e or l I f C y c I i c [ 1 , 3 , 4 l , As y • [ 2 , S l I 
/µJC7l: !tyclicU,3,41,Asy11C2,Slj 

/II C 8 l 1 : I t C a , c , b , a , e l , t Ca , b , d , c , e l , t [ a , a , b , c , a l , t C c , b , d , a , a l , t C a , c , b , a , a , f , g ~ 

fOC8]1 ltCa,c,a,b,al,tCa,b,d,c,el,8,-tCa,a,c,d,bl,t[a,c,a,b,£,f,C!ll I 
#I [ 9 l 1 1 ...Jg [Rao r l : Gr e or [ ~ f 3, 1, 2 j, w 1 I, I ! 1, 3, 2 j , w 2 j l 

#(JC9l: GreorCU3,l,2j,wlj. !l1,3,2j.w2ll 

#I C 18 l 1 : It g Ca , b, cl , t g Cb, a, cl , t 9 Cc, a, bl , t g Cc, a, al , t g Cc, a , b, d l I 

Ld i etCezpr, (/: ezprC81 ), (levspec: Inf), (domcrit: 1)1 
"distributes" projections from f in the domain of expr specified by levspec and 
d.omcrit over lists appearing as their filters. 
f q C i 1l : v 11 , C i 2 l : v 12 • • • J , l C i 1l : v 21 • [ i 2 J : v 2 2 , • • J , a • • • 1 becomes 
l Ci 1l : f Cvll , v21, a, •• l , [ i 21 : f [ vl 2, v22, a ••• ] , •• J where a is not a list. 

Projections from symbols carrying the property Ld i st [ 4] are automatically distri­
buted over lists appearing as their filters. 

fl [ 1] I I 

#0 [ 111 

#I C2l I I 

#0 [2] I 

#I [ 31 I : 

/µJ [3] I 

#1 [4] I I 

(/lJ [4] I 

#I CS l : : 

#0 CS]: 

t:tcfa,bl,e,lc,d!J 

fC la,b l,e, fc,d P 
LdistCtl 

lfCa,e,cl, fCb,e,dl I 
u 1 f [I a, b I. !c, d I. f [ Ii, j I, It, I Pl 

te!a,bl, lc,dl,te!i,j I, It, I Pl 

LdlstCul 

!tea,c,fCi,tll,fCb,d,tej,lll I 
LdlstCu,f,11 

It Ca,c, f CI i, j I. It, 1 ll l, f Cb,d, f C ! i, j I. It, I jl l I 

' 
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/II [6] I I fx,y,zJ•fl,2,3) 

#0 [6] I fx,y,zj = fl,2,3) 

#I [ 7] I : Ldlst[XJ 

#{)C7J: Ix .. i, y .. 2' z .. 3) 

FI at Ce.zpr, (Zevspec: Inf), (/: e:z:prC0l or), (domcrit: 1 )J 
"fiattens" nested projections from f or lists in e:r:pr in the domain specified by 
Levspec and domcrit [2.5]. f projections appearing as filters ·within f projections 
are replaced by null projections (2.3]. Sublists in lists are "unraveled". Indices 
in fiattened lists are contiguous [2.4]. 

#I [ 1 J a I t : f [ f [ a , b ] , f [ c ] , f [ f [ d ] ] , e] 

#0 Ul 1 f[f Ca, bl, fCcl, f[f Cdll, el 

#IC2] I I FI. t[ t] 

#{)C2l: f[a,b,c,d,el 

#I [ 3 ] I I F I • t [ t ' 2 ] 

#{)t3Ja f[a,b,c,d,el 

/II c • 1 : : u : I I• • b J • I c , I d J J , • I 
/IOC4la ffa,b!,fc,fd)j,eJ 

#I [ 5 ] : I F I a t [ u l 

#0£51: fa,b,c,d,eJ 

#IC 6 l :i v 1 f t x J : a , Cy l : b , C z l : c I 
#<JC6J1 fcx11 a, Cyl: b, Czl: cJ 

#I t 7 l 1 1 F I a t [ v l 

/IOC7Jr fa,b,c) 

Projections from symbols carrying the property FI at are automatically "flattened" 
[ 4]. 

Uni on Uisf 1, List2, .. .l 
<Co••,Flat> 

yields a sorted contiguous [2.4] list of all entries appearing in listl, list2, .. 

#l [ 1] I I ta fa,b,a,a,d,c I 
#0 [l) I fa,b,a,a,d,cj 

#I t2l : 1 Union{t) 

#0 [2] I fa,b,c,dj 

#I [ 3) : t u1fa,b,t,eJ 

#0 [3): fa,b,f,ej 

#I t4] : I UnionCu,t,ul 

/l-0 Ul : fa,b,c,d,e, f J 



7.7 SMP REFERENCE MANUAL I Structural operations 

Inter Uist1,list2, .. .l 
<Coaim,Ftat> 

yields a sorted contiguous [2.4] list of the entries common to listl, list2, ... 

#I [ l] I : t: !a,b,a,a,c,dj 

/llJCll: la,b,a,a,c,dj 

#I C 2 l : : u:!b,a,a,fj 

/llJ [2] I lb,a,a,fj 

#I [ 3] I I IntarCt,ul 

lflJ [3) I la' b I 

7.7 
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7.8 Distribution and expansion 

E>e Ce.zpr, (dlist), (ndlist: In. (ryt: Inf), (levspec: Inf), (domcrit: 1 )1 
"expands" expr in the domain specified by levcrit and domcril [2.5] using distri­
butive replacements for projections specified in dlist but not in nd I i st, per­
forming replacements on a particular level at most rpt times. The default 
replacements in dlist are standard mathematical results for Mu I t, 0 i v, Dot, 
Pow, Exp, Log, G and their extensions [4], together with any replacements 
defined by Di et or Powdi et properties [4]. 

#I Cl l : 1 t : <a+ x > .-.2 < b + x < x +a > + < b + x > -2 > 

2 2 
#{J [1] I (a + x> (b + x <a + x> + (b + x) > 

#I [ 2 l I : E )( [ t J 

3 2 3 2 22 22 3 2 2 
#{JC2l: Sa x + b x + 2b x + a b + a b + 4 a x + a x + b x + 2 a b x 

2 2 2 4 
+ 4a b x + 2a b x + 2 a b x + 2 x 

#I [ 3 l : I E )( [ t , p 0 w ] 

2 2 2 2 
#IJC3l: <2a x + a + x > Cb + 2b x + x <a + x> + b + x > 

#I C 4 l : : Ex Ct , 'nu I t l 

2 3 2 2 
#0 [4] : b <a + x) + x Ca + x> + <a + x> (b + x) 

#I [ s ] I I E )( [ t , , p 0 w ] 

2 3 2 2 
#{JCSl: b <a + x) + x (a + x> + (a + x) (b + x> 

#I [ 6 l I I E )( [ t , , , 1 l 

2 3 2 2 
#0 [6] I b (a + x> + x (a + x> + (a + x) Cb + x) 

#I [ 7 ] I : E )( [ t ' ' ' 2] 

2 2 2 2 3 3 
#0 [7]: b (2a x + a + x ) + x <3a x + 3 a x + a + x > 

2 2 2 2 
+ <2a x + a + x > <2b x + b + x > 

#I [ 8] I : E )( [ t , ' ' ' 11 

2 3 2 2 
#0 [8] I b (a + x> + x Ca + x) + Ca + x> (b + x) 

#I [ 9 l I : E )( [ t ' ' ' ' 2 ] 

3 2 3 2 2 2 2 2 3 2 2 
#{JC9lr Sa x + b x + 2b x + a b + a b + 4 a x + a x + b x + 2a b x 

2 2 2 4 
+ 4a b x + 2a b x + 2 a b x + 2 x 
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#I C 1 8 l : : E x C t , , , , -1 l 

2 2 
/IOC18l: Ca + x> (b + >< Ca + x> + (b + x> > 

#I [ 11 l I : E )( [ t ' ' ' ' - 3 l 

2 2 2 2 
l/OClll: <2a x + a + x > (b + a x + 2b x + b + 2 x > 

#IC12l:t ExCt,.,,,""lnCb,SxlJ 

2 2 2 2 
lf-0 C12l I <2a x + a + x > (b + a x + x + (b + x> > 

(II C 13 l : : E >< C t , , , , , L e n CS x l .. 2 l 

3 2 3 2 22 22 3 22 
/IO [131 I 3a x + b x + 2b x + a b + a b + 4 a x + a x + b x + 2a b x 

2 2 2 4 
+ 2a x C2b x + b + x > + 2 a b x + 2 x 

#IC14l:: ExC2<u+v>l 

/l-0 C14l: 2u + 2v 

#I C 1 5 l : : E >< C a < u + v > l 

#OClSl: au+av 

#I [ 16 l : I E x [ ( u + v ) -3 l 

2 2 3 3 
/PJC16l: 3u v + 3 u v + u + v 

#IC17l:: ExC<u+v)/al 

u v 
/IOC171: -+-

a a 

(II C18l:: Ex Ca. <u+v) l 

#(IC18l: a.u + a.v 

#I C19l:: Ex [Exp Cu vl l 

/IO C19l: Exp Cu vl 

#I C28l:: Ex [Log Cu vl l 

#0 C28l: Lo9 Cul + Log lvl 

#I C 2 1 l : : E >< C L o g C u I v l l 

lf-0 l21l 1 Log Cul - Log lvl 

/II C22l:: Ex [Log Cu-vl l 

/l-0 [221: v Log Cul 

#I l 2 3 l : : Ex C f Ca+ b +cl l 

lf-OC23l1 fla + b +cl 

#I [ 2 4 l : I .J [ D I s t l : I p I u. 
/IOl24l: 'Plus 
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fl C25l 1: Ex Cf Ca+b+cl l 

#{JC25l 1 f Cal + f [bl + f Ccl 

#I [ 2 6] I I -9 ( p 0 w d I • t ] : I h 

#OC26l I , h 

#1£27111 ExCgCa+b,311 

#OC27l: h[h[a,al,al + hChCa,al,bl + h[h[a,bl,al + hChCa,bl,bl + h[h[b,al,al 

+ hChCb,al,bl + hChCb,bl,al + hChCb,bl,bl 

Di st Ce.zpr.U/ 1. gl, ((hl: gl), (kl :/1)), (pspec 1: Inf) Jt, (ryt: Inf), (Let1spec: Inf), 
(domcrit: 1 )J 

distributes occurrences of the projectors fi in e:rpr (in the domain specified by 
levspec and d.omcrit [2.5]) over projections from gi appearing as their filters, 
yielding projections of hi and ki. Distributions on a particular level are performed 
at most rpt times. A distribution specified by U, g, h, k,pspec J corresponds to 
the replacement 
/CISl, g Cxl,x2, .. .l , 1121 -> hCk CSSl, x1, H2l , k CHl, x2, 1121 , .. .l . The possi­
ble positions at which the g projection may appear in J are specified by pspec 
according to 

i 

PJ 
f i,j J 
f i,j, pcritJ 

1 throughi. 
i only. 
i throughj. 

i through j and such that application of the template peril 
yields "true". 

/II ( l] I I t I f ( g [a, b] , c, g [ >< , y , Z] ] 

#OCll: fCgCa,bl,c,g[x,y,zll 

fIC2l11 DistCt,!t,gjl 

11'1 [ 2 l : g Cg [ f Ca, c, x l , f Ca , c , y l , f Ca, c, z l l , g Cf Cb , c, >< l , f Cb, c, y l , f [ b, c, z l l l 

#I [ 3 ] I I D I 8 t [ t • I f • g • h • k ! ] 
#OC3l: h[k Ca,c,gCx,y,zll ,k Cb,c,gCx,y,zlll 

#I [ 4 ] : I D I • t [ t • I f • g • h ' k , 2 ! ] 
/l'J C4l: h Ck Ca, c, g [x, y, zl l, k Cb, c, g Cx, y, zl l l 

#I [ 5 ] I : D i 8 t [ t • l f • g • h ' k • I 3 ! I] 
#" [ 5 J : h [ k [ g Ca, bl , c, x l , k Cg Ca, bl , c, y l , k Cg [a, bl , c, z l l 

#I [ 6 ] I I D i 8 t [ t ' I l f ' g ' h ' k 1. l k ' 9 ! I] 
IO C 6 l 1 h [ g [ k Ca, c, x l , k [a , c , y l , k [a, c, z l l , g Ck [ b, c, x l , k Cb, c , y l , IC Cb , c, z l l l 

/II C 7 l : 1 s: a+ b < c + d > 

#{J C7l: a + b (c + d) 

#I [ 8 J I I D I • t [ s • I" u I t ' p I u 8 I] 
#OC8l: a+bc+bd 
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/IIC9l:: DistCs,fPtus,nultjl 

#CJ C9J 1 <a + b> Ca + c + d) 

Powdi st [e:r:pr.HJpow1,fm.ult1, (fplusl :PI us)J}, (rpt : Inf), (Levspec : Int). 
(do merit : 1 )J 

performs a "power expansion" on projections from fpowi appearing in expr (in 
the domain specified by levspec and domcrit) over projections from /plus 
appearing as their first filters, and yielding projections from qmult. Expansions 
on a particular level are performed at most rpt times . A power expansion speci­
fied by Upow,fmult,fplusj corresponds to the replacement 
fpow[fplus [llll, ln_=Natp [In] l -> fmultCRep I [/plus[SUJ, Sn] followed by 
distribution of fmult over /plus. 

#I C 1l : : t: Ca +b > -3 

3 
#CJCll: Ca+b> 

#I [ 2 ] : I p 0 w d I B t [ t ' ! p 0 w ' 11 u I t I ] 
2 2 3 3 

#CJ [2) I 3a b + 3 a b + a + b 

#I [ 3] : : p 0 w d is t [ t ' ! p 0 w. D 0 t I] 
fOC3l: a.a.a+ a.a . b + a.b.a + a.b.b + b . a.a + b.a.b + b.b.a + b.b.b 

#I C 4 J : : P o w d i s t C f C g C a , b l , 3 l , I f , h , g I l 
#CJ C 4 J 1 9 Ch Ch [a, al , a J , h Ch Ca, al , bl , h [ h [a, bl , al , h Ch Ca, bl , bl , h Ch Cb, al , al , 

hChCb,al ,bl ,hChCb,bl ,al ,hChCb,bl ,bll 

• Ldi st [4,7.7] 
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7_.9 Rational expression manipulation and simplifica­
tion 

Ne Ce:z:prl 
gives the overall numerical coefficient of expr. 
• [2.5] 

#I C 1l : : I N c C a I b J , N c C 2 a I b J , N c C 2 I < 3 b > J , N c C 2 / 3 l I 
#0Cll1 ll,2,213,213j 

Coe f Cterm, ezpT, (temp: PI us )l 
yields the result of applying temp to the set of coefficients of term in expr. 

#I Cl l 1 s t 1 E >< C C 2 a+><+ b * >< > -3 l 

2 3 2 23 33 2 22 
#0 £1] I Sa >< + 3b >< + 12 a x + 3 b x + b x + 12a b x + Sa b x 

2 3 3 
+ 12 a b x + 8 a + x 

/II C 2 l : 1 Co a f C x -2, t l 

2 
#!JC2l1 Sa+ 12a b +Sa b 

/II C 3 l 1 : Co a f Ca* x -2, t l 

2 
fOC31: S + 12b +Sb 

#I C4 l : : Co a f Ca* b * x, t l 

#0 u1 : e 

/IICSl1: CoafCx,t,fl 

2 2 
#0 CSJ 1 fC12 a ,12 a bl 

E><pt C/orm, e:rpr, (temp:Max)l 
yields the result of applying temp to the set of exponents for form in expr. 

/II [ 1l : I t : Ex [ ( x -3 + f [ y J -b + z Ix -2) -2] 

b 2 

/IO £1] I 

2z fCyl z 3 b s 2b 
-------- + + 2x z + 2 x f[y] + x + fCyl 

2 4 
)( x 

/II [ 2] : I Exp t [ x , t ] 

/IOC2l1 6 

#I [ 3 ] I : E x p t [ f [ y ] , t ] 

/PJ [31: l'lax Cb, 2bl 

/II [ 4 ] I I E x p t [ x , t , h ] 

fllOUJ: hC-2,-4,1,3,Sl 
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Nu•Ce%J"1 
numerator of e:r:pr. 

#I Cll 1 1 !Nu• C2a/ (3b•c> l, Num CS/61 I 
#OCll: !2a/3,5j 

/II r 2 l : : ! Nu• C 8. 7 5 l , Nu m C N C P i l l I 
#0£211 !3,3.141593! 

Den [e%p7"1 
denominator of e:r:pr. 

(II Ul 1: !Den C2•/ <3•b•c> l, Den [5/61 I 
/JOCll: !bc,Bj 

(II C 2 l 1 1 ! D a n [ 8 • 7 5 l , D a n C N C P i l l I 
#CJC2l1 !4,q 

RatCe%J", (crit: 1), (levspec: Inf), (dom.crit: 1)1 
combines over a common denominator terms in the domain of e:r:pr specified by 
levspec and d.omcrit [2.5], and on which application of the template crit does not 
yield 0. 

fI C 1] I I t1l/a+l/b+l/Ca b) 

1 1 1 
/IO [1] I ~ + - + 

• b • b 

(/:IC2l:: Rat CtJ 

1 + a + b 
#0 [2] I ---------

a b 

Co I [e%p7", (crit: 1), {levspec: Inf), (domcrit: 1 )1 
collects terms with the same denominator in the domain of expr specified by 
levspec and domcrit, but on which application of the template crit does not yield 
0. 

#I Cll: 1 t: (x+a> <x+b) <x+c> I (a;:b) + <y+a> <y+b) /b 

#0 Cl] I 

(a + y> Cb + y> (a + x) (b + x> <c + x> 

--------------- + -----------------------
b • b 

#I [ 2] : : u I E )( [ t J 

2 2 2 3 2 

• y c x c x c x x x x y 
#0 C2l : • + c + x + y + + --- + + ---- + -- + -- + --- + 

b • b • b • b a b b 

#I [ 3] I : Co I Cul 

2 2 3 2 2 
c x + x c x + x • y + c x + x + y 

#0 [3] I • + c + x + y + -------- + --------- + -------------------• • b b 
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Cb [ expr, {form.1}, (Lev spec : Inf), ( do'mcrit : 1 )1 
combines coefficients of terms matching forml, form2, . . in the domain of expr 
specified by levspec and domcrit. 

#I C 1 J : : t: Ex C <x+a+b > .... 41 

3 3 3 2 2 2 2 3 3 2 
#0£11: 4a b + 4a x + 4b x + 6 a b + 6 a x + 4 a b + 4 a x + 6 b 

3 2 2 2 4 4 4 
+ 4 b x + 12a b ' x + 12a b x + 12 a b x + a + b + x 

#I C 2 J : : CbCt,xl 

3 3 3 2 2 3 3 2 
#0 (2) I 4a b + 4a x + 4b x + x (12a b + 12 a b + 4 a + 4 b ) + 6 a 

2 2 3 2 2 2 4 4 4 
+ 6 a x + 4 a b + 6 b x + 12a b x + a + b + x 

#I C 3 J : : c b c t , I b -2 , a -2 , b l 1 

3 3 2 3 3 2 2 
#0 [3]: 4a b + 4a x + b <12a x + 4 a + 4 x ) + a <12b x + 6 x ) + 4 a 

2 2 2 3 4 4 4 
+ b <12a x + 8 a + 6 x ) + 4 b x + a + b + x 

#I C 4 l : : c b c t , I x , x -s i l 1 

3 2 2 3 3 2 2 3 
#0 C4J: 4a b + x C 12a b + 12 a b + 4 a + 4 b ) + 6 a b + 4 a b 

2 2 2 3 4 4 4 
+ x (12a b + 6 a + 6 b ) + x < 4 a + 4b) + a + b + x 

•Fae, Pf [9.1] 

2 
x 

2 
b 

3 
x 



7.10 SMP REFERENCE MANUAL I Structural operations 7.10 

7.10 Statistical expression generation and analysis 

Rex C(n: 10), (Hunitl, (uwtl: 1 )t, ... I), (HteTnpl, (twtl: 1 ), (nl: 1 )t, ... Dl 
generates a pseudorandom expression containing on average n "units" selected 
from the uniti with statistical weights uwti, and combined by application of tem­
plates selected from the tempi with weights twti; each tempi acts on ni expres­
si.ons (or an average of -ni expressions for negative ni ). Simple defaults are pro­
vided for the uniti and tempi. 
• Rand [8.3] 

#I [ 11 : : R a x C J 

1 2 2 
#fJCll1 -7 T )( + - - 2a )( - 12 )( 

)( 

#I C 2 J : : R a x C l 

2y (3 + 2a + 2y + 2z + 4x z) 
#0 C2l: Exp [ f [----------------------------] l 

f[f(96x/7ll 

#I C 3 l : : R e x C 5 l 

2 
#CJC3l : -2g C2,x + 6 z l 

#I C 4 J : : p [ $ n l : : Rex [ $ n, ~ x, 1, -1 j, ! ! 11 u I t , 1 , -3 j, ! P I us , 1 , -4 11 l 
#OC4J: 'Rex[Sn,fx,1,-ll,!(11ult,l,-31,fPlus,1,-4jll 

#I c s 1 : : p r un 

4 
#0 [5]: -2 + x + x (1 + 2x> 

#I [ 6 l : : p [ 13 l 

2 
#fJCSl: (2 + x > <3 + 4x> 

#I C 7 l : : p [ 18 J 

2 
#fJC7l: x <1 - 3xl 

#I C 8 l : : p C 2 8 l 

#!J C8l 1 -3 + 15x 

#I C 9 l : : p C 2 8 l 

2 
#0 [9] 1 -x <-3 + 2x > < 1 - x > ( 1 + x > <x - x ) 

Aex [e:.r:pr 1, e:z:pr2, .. J 
performs a simple statistical analysis on the expri. and yields a held [3.5] Rex 
projection necessary to generate further expressions with the same "statistical 
properties". 
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#I [ ll : 1 A ex [a+ bl 

#OCll: 'RexC2, !fa,lj, !b,ljj, !fPtus,1,2jjl 

#I C 2 l : : Rex Cl 

-12a x z f[2xl 
/1-<J [2] I 

4 + x 

#I [ 3 l : : v: Rex [ % l 

fOC3l: 'Rex CS, !!a,lj, !x,31, !z,lj, !4,l!I, 

!fDiv,1,2!, f11ult,1,4j, !f,l,lj, !Ptus,l,2jjl 

#I C 4 l 1 1 Re I C v] 

• 
/J'JC4l: f[f[f[--------------------------111 

• a+ x + fCa + x + -------] 

#I CS l : : Re I C v l 

#OCSl: 
4 2 x 

a x fC--------l 
2 2 

f [. x ] 

/II CS l : : Rex C ~ , @i l 

3 
f Ca x l 

#<JCSl: 'Rexes, !fa,71, !x,SI, !3,11, !4,1J, !2,3JI, 

7.10 

l!f,7,lj, !Div,3,2!, fPlus,2,3j, f11utt,3,-1.333333j, !Pow,S,2jll 
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8.1 Introduction 

Reductions of mathematical functions occur through simplification or numerical 
evaluation. Simplification yields an exact transformation; numerical evaluation is per­
formed only in the absence of symbolic parameters, and may be approximate. 
Simplifications for arithmetic operations [8 .2] and numerical functions [8.3] are 
automatically performed. Elementary transcendental functions [8 .5] are simplified 
only when the result is a rational number or multiple of a constant [8.4]. Many addi­
tional relations and transformations are given as replacements [3.3] defined in exter­
nal files, and applied selectively by S projections [3 .3]. 
Real or complex numerical values for any of the functions described below are 
obtained by N projections [3.4]. 
Whenever a mathematical "function" is used to represect solutions of an equation, it 
may take on several values for any particular set of arguments, as conventionally 
parametrized by Riemann sheets. For such multivalued "functions", numerical values 
are always taken on a single "principal" Riemann sheet; at the conventional positions 
of branch cuts, the limiting values in a counter-clockwise approach to the cut are 
given. 
Differentiation, integration [9.4] and power series expansion [9.5] of mathematical 
functions is performed where possible. 
All projections representing mathematical functions carry the property Ld i st [ 4]. 
Definitions of mathematical functions are based primarily on four references: 
A'S "Handbook of Mathematical Functions", ed. M.Abramowitz and I.Stegun, NBS 

AMS 55 (1964); Dover (1965) . 
GR "Table of Integrals, Series and Products", I.Gradshteyn and I.Ryzhik, Academic 

Press (1965) . 
MOS "Formulas and Theorems for the Special Functions of }lathematical Physics", 

W.Magnus, F.Oberhettinger and RP.Soni, 3rd ed, Springer-Verlag (1966). 

BMP "Higher Transcendental Functions", Bateman Manuscript Project (A.Erdelyi et 
al.) Vols 1-3, McGraw-Hill (1953). 

Citations in which notations or conventions differ from those used here are indicated 
by t. 
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8.2 Elementary arithmetic operations 

e:i:pr 1 + expr2 + ... , e:z:pr 1 - expr2 + ... , or PI us [e%pf" 1, expr2, .. .1 
<Comm, Flat> 

B%Jl"'l • expr2 * ... ,or Mu It [e:z:prl, expr2, .. .1 
<Comrn ,Flat> 

e:i:pr 11 expr2 or Div Ce:rpr 1. e:z:pr2J 

B%JI"' r·e:rpr2 or Pow Ce:rpr 1. e:i:pr2J 

Sqrt Ce:z:pr] 

e:i:pr 1 • e:z:pr2 • . .. or Dot Cexpr 1. e:z:pr2, . . .1 
<Flat> 

B.2 

forms the inner product of expr 1, expr2,.... For two lists x and y the inner pro­
duct is a list obtained by summing >< [ i [1] , i C2J , ••• , i [n-lJ , k] * 
y [k, j [2], ••• , j [m] J over all values of the index k for which entries are 
present in both >< and y. 
• Inner (9.6] 

#I C 1 l : : I a , b , c j • I>< , y , z l 

#OCll: ax+by+cz 

#I [ 2] : : Iv • w I · 11 a • b 1. l c • d l I . Ir • s I 
#fJC2l: r (av+ cw)+ s (b v + d w) 

/II C 3 l : : l C >< l : a, Cy l : b j. I C x l : l u 1 , u 2 ! , Cy l : Iv 1, v 2 ! l 
fOC3l: fa ul + b vl,a u2 + b v2j 

#I C 4 l : : f b , c J • la j 

#fJC4l: lb,cj.!aj 

e:i:prl ** e:rpr2 ** ... or Omul t Ce:rprl, e:z:pr2, .. .1 
<Co111111,Flat> 

forms the outer product of expr 1, expr2, ... 
• Outer [9.6] 

/II C 1 ] : : I a , b j * * ! c , d I 
/µHll: !fa c,a dj,!b c,b djj 

#I c 2 1 : : 111 , 2 , 3 I , I 4 I l * * I a , b l * * ! c , d ! 
#(JC2l: !!!la c,a dj,!b c,b dj!,!l2a c,2a d!,!2b c,2b dj!, 

l!3a c,3a dj,f3b c,3b djjj, 

!!l4a c,4a dj,l4b c,4b djJ!I 

Multiplication of an expression by a numerical coefficient does not involve an explicit 
Mu I t projection. Such products may nevertheless be matched by a pattern in which a 
generic symbol representing the coefficient appears in a Mu I t projection (2.6]. 
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#I [ 1 l : : t : x *a 

#£!Cll: a>< 

#I C 2 l : : t C 8 l 

#£JC2l: 'Mult 

#I C 3 l : : u: 5 x / 6 

#0 C3l: Sx/6 

#I C 4 l : : u C 8 l 

#0 C41: Sx/6 

#I C 5 l 1 : h CS n * x l : j C $ n l 

#0 CSJ: j [Snl 

#I C 6 l : : ! h C t l , h Cul , h C 6 l , h C x / 3 J J 

#0 C6l: f j Cal, j CS/61, h C6l, j Cl/31 I 

PI us [expr] and Mu It [exprl are taken as expr; PI us[] is 0 and Mu It[] is 1. 
• Fct I, Dfct I, Comb [8.6] 

8.2 
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8.3 Numerical functions 

G int Czl 
the greatest integer not larger than the real number x 

• Mod [8.10] 

#I [ 1] I I ! G i n t [ 2 • 4] • G I n t [ -2 • 4] ' G i n t [ - x l! 
/µJC1l1 f2,-3,GintC-xl! 

Sign Czl 
1 or -1 if xis a positive or negative real number, and 0 if xis zero. 

#I C 1 l : 1 ! S I g n [ 2 • 3 l , S i g n C -2 • 3 l , S i g n C -x l ! 

/µJCll: !1,-1,Sign[-xl! 

Theta Czl 
Heavyside step function ,,(x). 

De I ta [z] 
Dirac's delta function 6(x) . 

Integrals and derivatives involving Th a ta and D a I ta are treated. 

Abs C.zl 
the absolute value of a real or complex number x. 

/II Cll 1: !Abs C-4/51, Abs C2+Il, Abs Ca+b~cll, Abs C-xl 

1/2 2 2 1/2 
/µJCll: !415,5 ,<a + b) ,Abs[x] I 

Conj Cezprl 
complex conjugate. 

Re Ce.zprl 
real part. 

h [exprl 
imaginary part. 

/II C 1 J : : <a+ b * I > * < c + d * I l I ( a+ f * I l 
a <a c + d fl - b <a d - c fl a (a d - c fl + b ta c + d f) 

/µl[l]:• ----------------------------- + -----------------------------
2 2 2 2 

a + f a + f 

#I [ 2 J : : Ra a I p C x J : Im a g p Cy l : 1 

/µJC2l: 1 

#IC3l :: !Conj C2I+3l ,Conj Cal ,Conj Ca+bOi<ll ,Conj Cxl ,Conj Cyl ,C·onj Cx+I~cy] j 

#()C3l:* 13 - 2!,ConjCal,ConjCal + -Conj[b] I,x,-y,x + y Ij 

/II [ 4 l : : IR a [ 3 + 4 *I l , Ra [a+ I* bl , Ra [ x l , Ra [ y l , Ra [ x +a+ y l 

#()C4l1 j3,-ImCbl + ReCal,x,8,RaCa + x + ylj 

8.3 
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Ma>< (zJ, :i:2, .. .l 
<Co11111,Fl111t> 

SMP REFERENCE MANUAL I Mathematical functions 

the numerically largest of xl, x2, .. if this can be determined. 
Min £:.i:l, :i:2, . . . l 
<Co1111,Flat> 

the numerically smallest of xl, x2, . . if this can be determined. 

#ICll:: MaxC-2,3 , 5,3,21 

/IOCll: 5 

#I [ 2 l 1 : M i n [ x + 2, y -1, y + 3 l 

/IOC2l1 MinC-1 + y,2 + xl 

RandC(z:l), (seed} l 

8.3 

pseudorandom number uniformly distributed between 0 and x . A number seed 
may be used to determine the sequence of numbers generated. 

#I [ 1l : : Ran d [ l 

/IOCll: .9919248 

#I C 2 l : : R 111 n d Cl 

#0£2]: .1170436 

#I C 3 l 1 : Ar [ 5 , 'Rand C -10 l l 

/µJC3l: !-7.743285,-7.426181,-.3662663,-2.85419,-9.781653j 
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8.4 :Mathematical constants 

Pi 
E 
Euler 

Deg 

rr = 3.1'=159 .. 
e = 2.71828 .. 

Euler-Mascheroni constant 7 = 0.577216 .. [AS 6.1.3; GR 9.73; MOS 1.1] 

rr/180 = 0.0174533 .. 
Phi Golden ratio rp = 1.61803 .. 

Cata I an Catalan's constant 0.915966 .. [AS 23.2.23; GR 9.73] 

• I , Inf [2.2] 

#I [ 11 : : C a t a I an -1 

#<JCll: -1 +Catalan 

#1£21:: HCXl 

#0 [21: -. 88403441 

#I C 31 : : N C @1 , 151 

#0 [3]: -. 88483448582278097 

8.4 
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8.5 Elementary transcendental functions 

Exp (z] 

Log Cz, (base :E)l 
logarithm with branch cut along negative real axis [AS 4.1. l ]. 

Sin [zl Asi n (z) Si nh [zl Asi nh [zl 
Cos [z] Acos [z) Co sh [zl Acosh [z] 
Tan [zl A tan CzJ Tanh Czl Atanh [ zl 
Csc (z] Acee [z) Csch [z] Acsch [ z] 
Sec (zl Asec [z] Sech [z] Asech [ z] 
Cot [zl Acot Czl Co th Czl Aco th Czl 

trigonometric and inverse trigonometric funct ions with arguments in radians [AS 
4.4.1-4.4.6; AS 4.6.1-4.6.6]. 

• Deg [B.4] 

Gd Czl, Agd [z] 
Gudermannian functions gd(z), gd-1(z ) [AS 4.3.117]. 

#I C 11 : : l Log [ 1 l , Log C 5 l , Log [ - 5 l , Log [ 3 + 4 I l j 

/IOCll:c l8 , Log[SJ,Log[-5J,log[3 + 4Ilj 

/II [ 2] I : N { % ] 

#OC2l:c !8,1.689438,1.689438 + 3.1415 9 3 I ,1. 6 e 9438 + .9272952Ij 

#I ( 3 l : : ! S i n [ 5 P i I 2 l , S i n [ 5 P i I 3 J , Ta n C P i / 2 l , R s i n [ 1 l , R c o s C 6 l , R c o s [ 6 + I l j 

/IOC3l :c !1,SinCSP i /31 ,TanCPi/21 ,Pi/2, Rc os[6J ,Acos[6 + IJ j 

#I C 4 l : : N [ % l 

#OC4l: c !1, - .8668254,Tan[l.5787961,1.5787 96 , Rcos[SJ,.167383 - 2.49216Ij 
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8.6 Gamma, Zeta and related functions 

Gam•a Cz. (a.;8)1 
Euler r function r(z) [AS 6.1.4; GR 8.310; MOS 1.1; BMP 1.1] and incomplete r 
function r(z,a) [AS 6.5.3; GR 8.350.2; MOS 9.1.1; BMP 6.9.2.21]. 

n! or Fct I [nJ 
factorial [AS 6.1.6). 

n! ! or Dfct I [nJ 
double factorial [AS 6.1.49 (footnote); GR p.xliii] 

Poe [z, n.1 
Pochhammer symbol (x)n [AS 6.1.22; MOS 1.1). 

Co111b Cn. m[l]. (m[2] •... m[J:-1]. (m[.I:]: n-m[l]-wi[2]-.. . -wi[k-1]))1 
Multinomial coefficient (n ;m[l],m [2], · · · ,m[k-1],m[k]) [AS 24.1.2]: 
Comb Cn, ml gives binomial coefficient ~) [AS 6.1.21; MOS 1.1] 

E i Czl 
Exponential integral Ei(z) [AS 5.1.2: GR 8.2; MOS 9.2.1; BMP 6.9.2.(25)]. 

• Erf [8.7] 
E>epi C(n:l), zl 

Exponential integrals En(z) [AS 5.1.4; MOS 9.2.1]. 

Logi Czl 
Logarithm integral function li(z) [AS 5.1.3; GR 8.24; MOS 9.2.1]. 

Si ni [z] 
Sine integral function Si(z) [AS 5.2.l; GR 8.230.l; MOS 9.2.2]. 

Cosi [z] 
Cosine integral function Ci(z) [AS 5 .2.2; GR 8.230.2; MOS 9.2 .2]. 

Si nhi Cz1 
Hyperbolic sine integral function Shi(z) [AS 5.2.3; MOS 9.2.2]. 

Coshi Cz1 
Hyperbolic cosine integral function Chi(z) [AS 5.2.4; MOS 9.2.2]. 

Lob Czl 
Lobachevskiy's function L(z) [GR 8.26]. 

Beta C.:r, y, (a.: 1 )1 
Euler B function B(x,y) [AS 6.2.l; GR 8.380; MOS 1.1; BMP 1.5] and incomplete B 
function B(x,y,a) [AS 6.6.l; GR 8.391; MOS 9.2.5; BMP 2.5.3]. 

Psi Cz, (n: 1)1 
Digamma function 'lf(z) [AS 6.3. l; GR 8 .360; MOS 1.2; BMP 1.7.l] and polygamm.a 
functionsiprn-l)(z) [AS 6.4.1; MOS 1.2; BMP 1.16.l]. 

Ler (z, (s; 2), (a.: 0)1 
Lerch's transcendent ~(z ,s ,a) [GR 9.55; MOS 1.6; BMP 1.11]. 

Zeta(z, (ri:l)l 
Riemann (function ((z) [AS 23.2; GR 9.513,9.522; MOS 1.3; BMP 1.12] and gen­
eralized (function ((z ,a) [GR 9.511,9.521; MOS 1.4; BMP 1.10]. 

L i C ( n : 2), zl 
Dilogarithm (Spence's function) Li2(z) [t AS 27.7; MOS 1.6; BMP 1.11.1] and poly­
logarithm function Lin (z) [BMP 1.11. (14)]. 

Catb Cnl 
Catalan's {:J function (3(n) [AS 23.2.21]. 
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EpsZ [ ~g1,g2, . . . J. lhl, ~· .. . J •f•Phil 
Epstein's Z function z~ i ~~ ::J(s)91 [BMP17.8]. 

Ber [n, (x:0)1 
Bernoulli numbers Bn [AS 23. l.2; GR 9.61; MOS 1.5.1; BMP 1.13.(1)] and polynomi­
als Bn(x) [AS 23.l.1 ; GR 9.62; MOS 1.5.1; BMP 1.13.(2)]. 

Eu I Cn, (x)1 
Euler numbers En [AS 23.l.2; GR 9.63; MOS 1.5.2; BMP 1.14.(1)] and Euler polyno­
mials En(x) [AS 23. l.1; MOS 1.5.2; BMP 1.14.(2)] (note relative normalization 
between numbers and polynomials). 

#I [ l] I I l 18 ! , 18 8 ! , 7 I ! • 8 I ! l 
#fJCll: f3628888,l88!,185,384j 

/II C 2 l : : IC om b C 17, 4 l , Comb Cl, l l , Comb C 1, 2 l I 
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8. 7 Confluent hypergeometric and related functions 

Chg Ca., c, zl 
Confluent hypergeometric (Kummer) function 1F 1(a;c ;z ) [AS 13.l. 2; GR 9.210; 
MOS 6.1.1]. 

ICumU [a., b, zJ 
Kummer's U function U(a. ,b ,z) [AS 13.l.3; GR 9.210.(2); MOS 6.1.1]. 

IJh in U, m.., zl 
Whittaker's M function M, ,,,.(z ) [AS 13.1.32; GR 9.220.(2); MOS 7.1.1]. 

lolh i&Hl, m.., zl 
Whittaker's W function W,,,,.(z) [AS 13.1.33; GR 9.220.(4); MOS 7.1.1]. 

Par Cp, zl 
Parabolic cylinder functions Dp(z) [t AS 19.3.7; GR 9.240; MOS 8.1.1]. 

CouF U, e, rl 
Regular Coulomb wave function FL (77,r) [AS 14.1.3]. 

CouG U, e, rl 
Irregular Coulomb wave function ~(77 ,r) [AS 14.1.14]. 

BesJCn, zl 
Regular Bessel function Jn(z) [AS 9.1.10; GR 8.402; MOS 3.1]. 

BesY [n., zl 
Irregular Bessel function (Weber's function) Yn(z) [AS 9.1.11; GR 8.403. (1) ; MOS 
3.1]. 

Besj [n., zl 
Regular spherical Bessel function in (z) [AS 10.1.1; MOS 3.3]. 

Besy Cn, zJ 
Irregular spherical Bessel function Yn (z) [AS 10.1.1; MOS 3.3]. 

BeslC Cn, zl 
Modified Bessel function Kn(z) [AS 9.6.2; GR 8.407.(1); MOS 3.1]. 

Besl Cn, zl 
Modified Bessel function In(z) [AS 9.6.3; GR 8.406; MOS 3.1). 

BesHl [n., zl 
Hankel function HJ1>(z) [AS 9.1.3; GR B.405.(1)]. 

BesH2 [n, zl 
Hankel function HJ2>(z) [AS 9.1.4; GR 8.405.( 1)]. 

Ke I be Cn, z] 
Complex Kelvin functions bern(z) + i bein(z) [AS 9.9.1; GR 8.561]. 

ICe Ike Cn, zl 
Complex Kelvin functions kern(z) + i kein(z) [AS 9.9 .2; GR 8.563.(2)]. 

StrH Cn, zl 
Struve functionHn(z) [AS 12.1; GR 8.550.(1)]. 

Strl Cn, zl 
Modified Struve function Ln (z) [AS 12.2.1; GR 8.550.(2)]. 

AngJ Cn, zl 
Anger functionJn(z) [AS 12.3.1; GR 8.580.(1)]. 

IJe bE Cn, zl 
Weber's function En(z) [AS 12.3.3; GR 8.580 .(2)]. 

Lo• Cm., n, zl 
Lommel's tunctionsm,n(z) [GR 8.570.(1) ; MOS 3.10.1]. 
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AirAi [z) 
Airy's function Ai(z) [AS 10.4.2]. 

Ai rBi [z] 
Airy's function Bi(z) [AS 10.4.3]. 

Er Hz] 
Error function erf(z) [AS 7.1.1; GR 8.250.(1)]. 

Erfc [z] 
Complementary error function erfc(z) [AS 7.1.2]. 

•Gamma, Ei [8.6] 
Free Cz1 

Fresnel's function C(z) [AS 7.3.1; GR 8.250.(1)]. 
FreSCz1 

Fresnel's function S(z) [AS 7.3.2; GR 8.250.(2)]. 
Lag[n,(a. :l),zl 

(Generalized) Laguerre function I..Jii>(z) [AS 22.2.12; GR 8. 970]. 
Her [n, zl 

Hermite's function Hn (z) [AS 22.2.14; GR 8.950]. 
Pep [n, nu. zl 

Poisson-Char lier polynomials Pn (11,z) [AS 13.6.11; MOS 6. 7.2]. 
Tor Cm.. n, z] 

Toronto function T(m,n,z) [AS 13.6.20; MOS 6.7.2]. 
Batk Cn. zl 

Bateman's functionk.,(z) [AS 13.6.33; MOS 6.7.2]. 

8.7 
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8. 8 Hypergeometric and related functions 

Hg Ca., b, c, zl 
Gauss hypergeometric function 2F 1(a,b;c;z) [AS 15.1.1; GR 9.10; MOS 2.1]. 

JacP [n, a., b, zl 
Jacobi functions pJa.b)(z) [AS 22.2.1; GR 8.960; MOS 5.2. l]. 

Geg Cn, L, zl 
Gegenbauer (ultraspherical) functions c;.[t>(x) [AS 22.2.3; GR 8. 930; MOS 5.3.1]. 

CheT [n,z] 
Chebyshef function of first kind Tn (x) [AS 22.2.4; MOS 5 .3. l]. 

CheU Cn, z] 
Chebyshef function of second kind Un(x) [AS 22.2 .5; MOS 5.3.1]. 

LegP [l, (m:0), z] 

(Associated) Legendre functions P1m(z) [AS 8.1.2; GR 8. 702; MOS 4.1.2, 5.4. l]. 

LegQ U, (m : 0), z) 

(Associated) Legendre functions of second kind Q1m(z) [AS 8.1.3; GP. 8 .703; MOS 
4 .1.2, 5.4.2]. 

• Beta [8.6) 

El IKCk,(t :Pi/2)1 
First kind elliptic integral K(k It) [t AS 17.2 .6; t GR E.1~1.(2); MOS 10.l] 

El IECk,(t:Pi/2)1 
Second kind elliptic integral E(k It) ~ t AS 17.2.8; t GR B.111.(3); MOS ~ 0.1) 

El I Pi Ck, (t :Pi/2)1 
Third kind elliptic integral TI(k ;t) [t AS 17.2.14; t GR 13 .111. (4); :MOS 10.l] 

JacSn Cz, (m:0)1 
JacCd [z, (m:0)1 
JacDc [z, (m:0)1 
Jadis [z, (m:0)l 

JacAm [z, (m:8)l 

JacCn [z, (m:0)1 
JacSd [z, (m:0)l 
JacNc [z, (m:0)l 
JacDs [z, (m.."0)1 

JacOn [z, (rn.:B)l 
Jacl\!d (z, (m:0)l 
JacSc [x, (m.:6)1 
Jaccs [x, (rn.:G)l 

Jacobian elliptic functions Sn(xlm) etc . [AS 16.l; GR 8.144; MOS 10.3]. 
Jae th Ci, ul 

Jacobi '19- functions ~,(u) [AS 16.27; GR 8.18; MOS ~0.2]. 

We iP Cw 
Weierstrass function P(u) [AS 18; GR 8.160; MOS 10.5]. 

l.leiz[u] 
Weierstrass (function ((u) [GR 8.1 71. ( 1); MOS 10. 5]. 

1Jeis[u1 
Weierstrass a function a(u) [GR 8.171 .(2): MOS 10.5). 

#I [ 1] : : IE I I K [ 1 I 4 ] ' Le 9 p [ 2 ' a] ' Le 9 p [ 2 • 2 ' a] ' H 9 : 3 ' 5 ' f . ' 2 . 8] l 
#DCll: !Et IKC.251,LegPC2,81 ,LegPC2.2,8l ,HgC3,5 , 4,2.8l j 

#IC21:: NC%l 

#DC2l: !1.596242,-.5,-.4581419, .82857796 j 



8.9 SMP REFERENCE MA.NUAL I Mathematical functions 

8. 9 Further special functions 

Ghg[p,q, fa1,a2, .. . J, lb1,b2, .. . J,zl 
Generalized hypergeometric function [MOS 2.9]. 

Mei Cm,n,p,q. la.1, .. .,a.pJ, fbl, .. .,bqJ.zl 
Meijer G function [GR 9.30]. 

MacE Ca, b, z] 
MacRobert E function [GR 9.4; MOS 6.7.2]. 

Ma tee C n, :z:, q1 
Matse Cn, z, ql 

Mathieu functions cen(x,q),sen(x,q) [AS 20: GR 8.61]. 

IJ i g [bl, mlJ, lj2, m2J. lj3, m3Jl 
Wigner 3-j symbol (Clebsch-Gordan coefficient) ~\ 7~22 Ji.33) [AS 27.B.1 ]. 

Rae c;1,;2,j3,;4,j5,j6J 

Racah6-j symbol~~~~~~) 
#I [ 1] I : ~l i g [ ! 5' 1 ! ' ! 4 ' -2 J. ! 6 • 1 I] 

1/2 
#Jl Cll: 16/6435 

8.9 
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8.10 Number theoretical functions 

Mod[n,ml 
the integer n modulo the integer m. 

Gcd [nl, n2, .. .l 
the greatest common divisor of the integers n1, n2, ... 

Oivis[n.J 
a list of the integer divisors of an integer n. 

Nfac Cn.l · 
a list of the prime factors of an integer or rational number n, together with their 
exponents. 

Pr i•e Cn.l 
the n th prime number 

Stil Cn, ml 
First kind Stirling numbers sJm> (AS 24.1.3]. 

St i2 Cn. ml 
Second kind Stirling numbers s~m) [AS 24.1.4]. 

Mob C(k: 1). nl 
Mobius µ functionµk(n) of order k (AS 24.3.l]. 

Jacsym Cp, ql 

Jacobi symbol[~ (BMP 17.5). 

OivsigC(k:l),nl 
Divisor function ak(n) (a0(n)=d(n)) (AS 24.3.3]. 

Manl [n.J 
Mangoldt A function (BMP 17.1.1]. 

Part Cnl 
Partition function [AS 24.2.1]. 

Rrs Cnl 
List containing reduced residue system modulo n. 

Toti entCnl 
Euler's totient function 9'(n) [AS 24.3.2]. 

Li 0 [n] 

Liouville's function v(n) [BMP 17.1.1]. 
Jor [k,nl 

Jordan's function Jk (n) (kth totient of n) [BMP 17.1.1]. 
• Comb [B.6] 

#I Cl] : I I G c d Cl 5 , 2 5 ] , c c d [ 9 I 5 , 6 /7 ] J 
#0£111 f5,3/35J 

#I [ 2 ] I I I " 0 d [ 5 , 3 ] , 11 0 d [ - 5 , 3 ] ' M 0 d [ N [ p i ] , 1 ] J 

/µJC2l1 f2,1,.1415927j 

#I [ 3 l I 1 0 I v I s [ 12 l 

//!H3l1 fl,2,4,3,6,12f 
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/II [ 4 l I I 

/µJ [41 I 

#I [ 5 J : I 

/µJ [51 I 

/II C 6 l : : 

/µJ [61 I 

#I [ 7 l : I 

/JO [71 I 

/II [ 8] I I 

IJOC8l1 

#I [ 9 l : I 

/µJ [91 I 

#I C 181 : : 

IJOC18l: 

#I Clll : I 

l/!JClll: 

#I C 121 : : 

IJO [121: 

/IIC13l:: 

IJOC1311 

#I [ 141 : I 

IJO [141: 

#I [ 15 l I : 

/µJ [151 I 

SMP REFERENCE MANUAL I Mathematical functions 

Hfac [6661 

112,q, l3,2j, 137,lll 

NfacC35/99l 

!f5,ll, !7,lJ, l3,-2J, 111,-111 
PrimeC188J 

541 

fst 1us,41,st12cs,41 I 
l-67284, 7778 I 
fnob [7J. 11ob C12J, nob [2, 121 I 
l-1,8,-lj 

Jacsymt888,1999l 

-1 

fDivsigC12l ,DivsigCPl,121 J 

3P i 2P I 
<-1 + 2 ) (-1 + 3 ) 

!28,-----------------------1 
PI PI 

<-1 + 2 > C-1 + 3 > 

llanl C 1251 

LogC5l 

Part £581 

284226 

Rrs C12l 

fl,5,7,llj 

!LenC%l,TotientC12l,JorC1,12l J 

14, 4, 4 ! 
Jor[Pf,121 

PI -PI -PI 
12 Cl - 2 > <1 - 3 > 

/II C 1 6 l 1 : L I o C 1 2 l 

IJOC16l: -1 

8.10 



9. Mathematical operations 

9.1 Polynomial manipulation 
9.2 Evaluation of sums and products 
9.3 Solution of equations 
9.4 Differentiation and integration 
9.5 Series approximations and limits 
9.6 Matrix and explicit tensor manipulation 
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9.1 Polynomial manipulation 

Polynomials consist of sums of powers of "base" expressions. The bases in an expres­
sion are by default taken as the literal first filters of Pou projections. 
• Po I yp (7.6.] 

Pdiv[e.zprl, (expr2:1), (Jonn)l 
the polynomial quotient of e:r:pr 1 and e:r:pr2 with respect to the "base" form.. 

fIUJ11 PdivCx+•,x+b,x] 

f0Cll1 1 

#IC 2] I I Pd I v [ x + • , X + b , a] 

• x 
f0t2J1 ----- + ----­

b + x b + x 

fl [ 3 J I I Pd i V [ X -3, x -1, X] 

2 
fOC3l1 l + x + x 

#I C4) I I p d I v [ x -· + x -2 , )( + s q r t [ )( 1 + 2 , s qr t [ x ] l 

1/2 3/2 2 5/2 3 '° Ul I 
252 + 28x - 84 x - 9 x + 3 x - x + x 

#I [ 5 l 1 : Pd I v Ca-< 3 b > , a -t>-1, a-bl 

b 2b 
fO [51 I 1 + a + a 

P•od [e.zpr 1, expr2, (Jorm)l 
the remainder from division of e:r:pr 1 by e:r:pr2 with respect to form (polynomial 
modulus). 
• Mod [8.10) 

#I Cl] I I p • O d [ >< + 8 1 X + b , >< ] 

fOCll: a-b 

fit2l11 P111odCx+a,x+b,a) 

f0t2l: 8 

#I C3J 11 P111od Cx-7, x"'4+1, xl 

3 
fOC31: - x 

Pgcd ( e.zpr 1, expr2, (/orm.)1 
greatest common divisor of the polynomials e:r:pr 1 and e:r:pr2 with respect to 
form. 
• Gcd [8.10] 

#I [ 1l I I t1 I E )( [ ( )( + 1> ( )( + 2 ) ( )( + 3 ) ) 

2 3 
#OC1J1 6 + llx + 6 x + x 
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f 1 [ 2 ] I I t 2 I EX [ ( X + 1> ( X + 2 ) ( X - 4 ) ] 

2 3 
#IJ C2l I -8 - 18x - x + x 

f I [ 3 ] I I p g C d [ t 1 1 t 2 1 X) 

2 
#IJC3l1 14+21x+7x 

fil4l st F acC%J 

#0 [4] I 7 (1 + )() (2 + x) 

flCSl1s Pgcd[x+a,x+b,xl 

#IJCSJ1 a - b 

flC8J11 PgcdCx+a,x+b,al 

fOCSls b + x 

Fae Ce.zpr. (Lev: 1 ). ({forrn1n. (crit: 1 ), (iraplt)l 
factors polynomials appearing at or below level lev in expr (and not yielding 
"false" on application of the template crit) with respect to "bases" matching 
Jonnl, /orm2, .. The smallest available bases are taken as default. (The replace­
ments rep 1, rep2, . . will specify polynomial equations defining algebraic exten­
sions to the default real integer factorization field.) 

#I Ul :c F ac Cx-4-11 

2 
fOUl: <-1 + x) (1 + x> (1 + )( ) 

fl [2 J I I t : (1 + )() ( )( - 7) .... 2. ( )( .... 2 + 2) 

2 2 
(µJC2J1 <-7 + x) <1 + x> (2 + )( ) 

#I [3] I s u:ExCtl 

2 3 4 s 
{µJC3l1 98 + 78x + 23 )( + 37 )( - 13 )( + )( 

fl UJ:: Fae Cul 

2 2 
#0 [4) I <-7 + )() (1 + )(, (2 + )( ) 

fICSJ I: F. c [ )( ..... -1 • I)( -2 I] 
2 2 

#0 [5): (-1 + )( ) (1 + )( ) 

f1C6J I I FacCx-2-1, lx"'<l/3) jl 

1/3 1/3 1/3 2/3 1/3 213 
/JO (6) I <-1 + x ) (1 + )( (1 - )( + )( , (1 + )( + )( ) 

#I c 7] I : V I ( 8+1 ) ( b + 2 ) ( C - 7 ) "'2 

2 
#IJ [7] I <-7 + c) (1 + a> (2 + b) 
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#IC 8] I I w I E )( [ v J 

2 2 
l/.-0 [8] I 98 + 98• + 49b - 28c + 49a b - 28• c + 2a c - 14b c + b c - 14a b c 

#I C 9 l : 1 Fa c Cw l 

2 
#{JC9l: <-7 + c) <1 + a) <2 + b) 

• N fac [8.10] 
Pf Cezpr, (Jorm.)l 

yields a partial fraction form of e:rpr with respect to the "base" form. 

fIC1l:1 til/{{x-a)(x-b)) 

1 
(IOCll1 

<-a + x> (-b + x> 

II [ 2] : : PfCt,xl 

-1 1 
#{JC2l1 ----------------- + -----------------<-a + b) <-a + x) 

/IIC3l11 PfC1C-3/<1-><>,1Cl 

1 2 
l/.-Ol3l1 -1 - x + ----- - x 

1 - x 

<-a + b > <-b + x > 

fl l 4 l : 1 u 1 < x ""'2 + 1J I <1 +Sq r t C x l + x > 

(/0 [4] I 

2 
1 + )( 

1 + x + x 
1/2 

II [ 5] : I p f [ u. IC] 

112 1/2 
1 - <-1 - )( ) (1 + x ) 1/2 

#!J [5] I -1 + x + -------------------------- - x 
1/2 

l + )( + x 

#I C 6 l 1 : P f Cu • S qr t C >< l l 

#0 [6]: 2 + IC + 

1/2 
s - 4 x 

1/2 
1 + IC + IC 

1/2 
- )( 
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9.2 Evaluation of sums and products 

Su• C~, 11a.r, (sta.rt :8), (end : Inf) , (step : 1 ), (test : 1 )J 
sums the values of e:rpr obtained when var takes on values from start to end with 
increment step (and such that the value of test is not 0 ). 

/II ( 1 l : 1 S u 11 ( f [ I l , i , 1 , 5 ] 

fllOCll: fCll + fC2l + fC3l + tC4l + fCSl 

#IC 2 l : : Su In C f[ I l , I , x, x + S , 2 l 

fllOC2l1 fCxl + f[2 + xl + f[4 + xl 

f I ( 3 ] 1 : 5 u 11 [ f ( i ] 1 I , 1 , 2 8 , 2 1 11 o d [ I , 3 ] ] 

fOC3l1 f[ll + fCSl + H7l + fClll + fC13l + fC17l + tC19l 

f I [ 4 ] I : 5 u 11 ( 1 I i -2 , I 1 1 , 18 8] 

fOC4l1 1.634984 

#I ( S l : : S u 11 C f [ i J , i , 1 , n l 

fOCSl1 SumCHil,1,l , nl 

fl ( 6] 1 1 SU II [ S [ ><, $ X ->f [ $ X] , i ] , i , 1, 4] 

fllOC6l: f(xJ + fCfC><ll + fCf[f[xllJ + f(f[f[f[><llll 

Prod C~, va.r, (sta.rt : 8), (end : Inf), (step: 1 ). (test : 1 )J 
forms the product of the values of e:r:pr obtained when var takes on values from 
start to end with increment step (and such that the value of test is not 0 ) . 

fICll11 ProdCCx-21>, 1,1,41 

#OCll: C-8 + x> C-6 + xl (-4 + xl C-2 + xl 

Sums and products with infinite limits may be evaluated numerically with an N pro­
jection [3.4]. 
• Do [6.2] 
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9.3 Solution of equations 

So I Cieqnl},{form1t. ({elim.lt)J 
takes the equations eqnl, .. (represented as Eq projections [6]) and yields a list 
of simplified equations or, if possible, replacements giving solutions for forms 
matching /orml, .. after eliminating forms matching eliml, .. where p:issible. 
Undetermined parameters in solutions appear as indices in the resulting list. 

Solutions for classes of equations may be defined by assignments for the relevant 
So I projections [3.2]. The assignment So I [ f [Sxl =Sy, Sxl : : So I [S><= f i CSyl , Sxl 
thus defines an "inverse" for the "function" f • 

• Mdi v [9.6] 

/II Cl]:: So I [aax+bsc, xl 

-b + c 
ll!JC1l1 Ix->------! 

a 

/II [2]: I t: Ex [ (x-4) <2x-3) <5-x) (x+l) l 

2 3 4 
#tJC2l1 68 - 7x - 46 x + 19 x - 2 x 

/II [ 3] I : s 0 I [ t .. 8, )( l 

ll!JC3l: lx ->-1,x ->312,x ->4,x ->SJ 

/II [ 4 ] : I s 0 I [ x -3. 3 • )( l 

1/3 1/3 1/3 
lltJ [4] u fx -> 3 Exp C4P i/3 ll, x -> 3 Exp C2P i/3 Il, x -> 3 I 
/II [5] 1 I 

*° [5] ia 

/II [ 6] I I 

/JO [6] I 

#I [ 7] : I 

/IO [7] I 

#I [8] : I 

IJO [8] 1 

#I (9] I 1 

*° [9]: 

#1 [ 18] I I 

#tJC18l: 

/II [ 11] I I 

#tJClll1 

N [%] 

lx -> -.7211248 - 1.249825I,x -> -.7211248 + 1.2498251,x -> 1.442251 

Sot [flxlay,xl 

So IC f CSxl =Sy, Sxl:: So I [Sx= f Inv CSyl, Sxl 

' Sot CS>c " f invCSyl ,Sxl 

So IC f Caax+bl •y+c, xl 

-b + ftnvCc + yl 
fx -> ----------------! 

a 

u: f2x+3y•S, 7y-x•9a I 
f2x + 3y "5,7y = 9a + xj 

SotCu,fx,yJl 

78/17 - 54a/17 2(5/2 + 9a> 
Ix -> --------------,y -> -----------! 

2 17 

Sole!x-3+2x-2 y + 2y <y-2> x+y-2=4,x-2+2x y+2y-2-5y+2=8f,!x,yjl 

!Ix ->-1,y ->31,lx ->-S,y ->31,lx ->8,y ->21,lx ->-4,y ->211 
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#I [ 12 l : : So I [ ! x = 1 -2 - t + 1 , y = 2 t -2 + t - 3 j, , 1 l 

2 
#rJC12l: !<-1 + x) <-18 + 4x - 2y) + (-3 - yl 

= 7 + 2x + 3y + C-1 + x) <7 + 2y) l 
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9.4 Differentiation and integration 

A "variable" is an expression containing a single symbol (either on its own or in a pro­
jection; in the latter case the necessary Jacobian factors are extracted) . 

D Cexpr,jvar 1, (nl: 1 ), (ptl: var 1)~.ivar2, (n2: 1 ), (pt2 : var2)~ . . .l 
forms the partial derivative of expr successively ni times with respect to the 
"variables" vari, evaluating the final result at the point vari 4 pti. 

Dt [expr,jvar 1, (nl : 1 ), (ptl : var 1)~,jvar2, (n2: 1 ), (pt2: var2)~ . . .1 
forms the total derivative of e:r:pr with respect to the variables vari. 

Ot[exprl 
forms the total differential of e:r:pr. 

Derivatives which cannot be performed explicitly are converted into a canonical form 
with internally-generated symbols [2.2] for the vari, and e>..'J>licit values for ni andpti. 
Derivatives may be defined by assignments for the relevant 0 or D t projections. 
0 [ f CS><, Sy] , ! S><, 1, Sz p : g [Sz, Syl detines the derivative of the "function" f with 
respect to its first "argument". 
In D projections, distinct symbols are assumed independent, while in Dt projections, 
they are assumed to be interdependent, unless the corresponding derivative has 
explicitly been assigned the value 0. Symbols or projections carrying the property 
Const (4] are assumed independent of all variables. 

N projections [3.4] yield when possible numerical values for derivatives with definite 
pti. 

#I C 1 l 1 : t : a >< ~b 

b 
#()Cll: a >< 

#I C 2 l : : D C t , >< l 

-1 + b 
#0£21: a b >< 

#IC3l:: DCt,x,xJ 

-2 + b 
#0 [3]: abx C-l+b) 

#I [ 4] : : D [ t ' I)( ' 3 I] 
-3 + b 

#0 [4]: a b >< C-2 + bl C-1 + b) 

#I [ 5] : : D [ t ' I)( ' 8 I] 
b 

#0£51: a>< 

#I [ 6 J : : D [ t , I>< , n I J 

b 
#0 (6): D [ #1 a , f #1 , n , >< jJ 

#I C 7 J : : D C t , Log C >< J J 

b 
#0 (7] I a b >< 
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#I C 8 l : : D Ct , x , bl 

-1 + b -1 + b 
/fJ [81 I a x + a b x Log[xl 

#I [ 91 : I D [ t , Ix , 1 • y l l 
-1 + b 

1fJ C9l: a b y 

#I [ 18 l : : D [ t , ! x , 8, y J l 

b 
l/!JC18l: a y 

#I [ 11 l : : D [ t , ! x , 1 , y 1. I y ' 1 ' x l l 
-2 + b 

lfJClll: abx <-l+b) 

#I C 12 l : : D C t , ! x , 2 , x -2 j l 

-4 + 2b 
lfJC12l: a b x <-1 + b> 

#IC13l:: Dcfx-2,x-3J,xl 

2 
lfJC13l: l2x,3 x I 
#I [ 14 l : 1 D CS i n [Exp C x l l , x l 

#0 [ 141: Cos CExp Cxl l Exp Cxl 

#I C 15 l : : D CE x p Ca x l = b x -2 , x l 

/fJ [151 I a Exp[a xl 2b )( 

#I C 16 l : : D C f C x l , x l 

lfJ [ 16 l I D [ f [ #1] ' I #1 ' 1 ' x l] 
#IC17l:: DCfCx-21,xl 

2 
#D [ 1 7 l : 2 x D ~ f [ #1 ] , I #1 , 1 • x I l 
#I [ 18 l I : S [ % , f - >Lo 9 l 

lfJC18l: 

#I [ 19 l : I 

#01191: 

#I [ 2 8 l : I 

#D [281: 

#I C2 ll : : 

lfJC21l: 

2 

x 

DCfCgCxll,xl 

D [ f [ #1 l , I #1 ' 1 ' 9 [ x l I l D [ 9 [ #11 , ! #1 , 1 ' x I l 
DCfCx,xl,xl 

D [ f [ #1 • x l • ! #1 , 1 , x I l + D [ f [ x ' #2 ] • I #2 ' 1 • x I l 
D [ f Cgl [xl, g2 [xJ l, xl 

D [ f [ #1 , g 2 [ x ] l , ! #1 • 1 ' g 1 [ x l I l D [ g 1 [ #11 , ! #1 ' 1 , x l ] 
+ D [ f [ g 1 [ x ] • #2 ] • ! #2 • 1 , g 2 [ x l I ] D [ g 2 [ #1 ] , I #1 • 1 • x l ] 

9.4 
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#I C 2 21 : : 

#0 C22l: 

#I [ 2 3] I : 

#0 [231: 

#IC24l:: 

#OC24l: 

#I C 2 5 l : : 

#0 [251: 

#I C 2 6 l : : 

#0 [261 I 

DCfCxl,gCxll 

D C f C #11 , ! #1 , 1 , x ! 1 

-----------------
0 c g c #1 1 , ! #1 , 1 , x ! 1 

DCfCgCxll,gCxll 

D C f C #1 l , ! #1 , 1 , g C x 1 ! 1 

DCfCxl,x,xl 

D [ f [ #1] , ! #1 , 2 , x I 1 

DCfCx,xl,x,xl 

D C f C #1 , x 1 , ! #1 , 2 , x j l + D C f C x , #2 l , ! /f2 , 2 , x j l 

+ 11 c f c #1 , #2 1 , I #1 , 1 , x l , I #2 , 1 , x l 1 

+ D C f C #1 , #2 1 , ! #2 , 1 , x j , ! #1 , 1 , x j 1 

DCfCgCxll ,x,xl 

D C f C #11 , ! #1 , 1 , g C x 1 j 1 D C g C #1 1 , ! #1 , 2 , x j l 

+ D [ f [ #1 ] , ! #1 , 2 ' 9 [ x 1 l ] D [ 9 [ #11 ' ! #1 ' 1 , x I l 
#I [ 2 71 : : D [ p [ $ x] ' ! $ x , 1 , $ y I 1 : q [ $ y] 

#0 C271: q CSyl 

#I C 2 8 l : : D C p C x 1 , x l 

/ID C28l: q [x] 

#I C291:: D Cp Cx-21, xl 

2 
#<JC29l1 2x q[x l 

#I [ 3 8 l I : D [ x ' x l 

2 2 2 
#0 [381: 2 ( 2 x D [ q [ #11 , I #1 , 1 , x ! l + q [ x l ) 

#I C 3 11 : : D C p C x , 2 l , x l 

#0 C 3 1 l : D C p C #1 , 21 , ! #1 , 1 , x j l 

#I [ 3 2 l : : D [ j [ $ x, $ y l , I $x ' 1, s z I l : j 1C s z, s y] 

#IJC321: jlCSz,Syl 

#I [ 3 3 l : : D [ j [ $ x , $ y] , I$ y ' 1 , $ z l l : j 2 [ $ x , $ z l 

#IJC3311 j2CSx,Szl 

#I [ 3 4 l I : D [ j [ x ' 3 l ' x l 

#IJC34l: jlCx,31 

#I [ 3 s l I I D [ j [ x , x] ' x] 

#IJC35l: jlCx,xl + j2Cx,xl 

2 

9.4 
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#I [ 36 l : : D [ j [ x ~2, x l p[x+j [x,x-lll ,xl 

2 2 
#0 [36]: C2x j 1 [ x 'x] + j 2 [ x 'x] ) p Cx + jCx,-1 + x] ] 

2 
+ <1 + jlCx,-1 + xl + j2Cx,-1 + xl l j [x 'x] 

* q [ x + j[x,-1 + x]] 

#I C 11 : : DCy,xl 

#0[11: 0 

#IC2l:: D t [ y, x l 

#0 [21: Dt[y,xl 

#I [ 31 : : t: a x~b 

b 
#0 [3]: a x 

#I [ 41 : : DtCt,xl 

-1 + b b b 
#0 [ 4] : a Cb x + x Dt[b,xl Log Cx l l + x DtCa,xl 

#! CSl : : Dt[a,xl:0 

#0 [51: 0 

#I [ 61 I : DtCt,xl 

-1 + b b 
#0 [6]: a Cb x + x DtCb,xl Log [xl l 

#I [71:: D t [ t l 

-1 + b b b 
#0[7]: a Cb x D t [ x l + x D t [bl Log [x l) + x D t [al 

Int Cexpr,{va.r 1, (lower 1), (upper 1: va.r 1)~ . . .1 
forms the integral of expr successively with respect to the variables va,r 1, .. 
between the limits lowerl, .. and upperl, ... If no lower limit is specified, an 
internally-generated symbol (2 .2] is used. 

Integrals which cannot be performed explicitly are converted into a canonical form 
with internally-generated symbols for the vari. 

Integrals may be defined by assignments for the relevant Int projections. 
All distinct symbols are assumed independent . 
N projections [3.4] yield when possible numerical values for integrals with 
definite limits loweri and upperi. 

#I C 1 l 1 : t : a x ~b 

b 
#OCll: ax 
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#I [ 2] : I IntCt,xl 

1 + b 1 + b 

#0 [2] I 
- #1 x 

a <--------- + ------> 
1 + b 1 + b 

/II [ 3] I I IntCt, !x,pljl 

l+b l+b 
- pl x 

#0 [3] I a <--------- + ------> 
1 + b 1 + b 

#I C 4 l : : IntCt, fx,p1,p2jl 

l+b l+b 

#0 [4] I 
- pl p2 

a <--------- + -------> 
1 + b 1 + b 

/II C 5 l : : I n t C x .... 2 , x , x l 

3 4 4 

#0 CSl: 
-#2 <-#3+x) #3 x 
--------------- - + --

3 12 

#I [ 6] I : D [ x ' x] 

3 3 
- #2 x 

#0 [6] I + --
3 3 

#I [ 7 ] : I 0 [ % , x ] 

2 
#<JC711 x 

#I C 8 l : 1 I n t C Ix .... a , x .... b j , ! x , 3 , 1 I l 

#0 (8): 
1 

1-----
1 + a 

1 + a 
8 1 

- ------,----- -
1 + a 1 + b 

12 

1 + b 
8 
------! 
1 + b 

#I [ 9] : I t I ( x .... 4 + 4) I ( ( x -5) ( x -2 - x -1> ) 

4 
4 + x 

#0 [9] I 

2 
<-S + x> <-1 - x + x > 

#I [ l 8 l 1 : I n t C t , ! x , 8 I l 
1/2 

-1 + 2x - 5 
181LogC--------------l 

1/2 

9 .4 

1/2 
-1 - 5 

l81LogC---------l 
1/2 

-1 + s -1 + 2x + 5 629LogC-Sl 
#<JC18l: 13Sx / 19 + 

1/2 
38 s 

22Log C-11 629Log C-5 + lt l 

1/2 
38 5 

2 
22LogC-1 - x + x l 

+ ------- - - + -------------- - ------------------ + 
19 19 19 

19 

2 
15 x 

38 



9.4 SMP REFERENCE MANUAL I Mathematical operations 

#I [ 11 l : : I n t [ t , Ix , 8 , 1 l l 

#{)Clll: 

#I C 12 l : : 

#{)C12l: 

#I C13l : : 

#{) [13]: 

#I C 14 l : : 

#{)C14l: 

#I C 15 l : : 

#{)ClSl: 

/II [ 16 l : : 

#{)C16l: 

#I C 17 l : : 

#{)C17l: 

#IC 181 : : 

1/2 
l - 5 

19llog [-- - -----] 
1/2 

1/2 
-1 - 5 

191Log[--- - -----l 
1/2 

-1 + 5 1 + 5 629logC-5l 
225/38 + 

1/2 
38 5 

629LogC-4l 

+ ----------
19 

NC %l 

.82179 

Int[(x+3) Cx+2l/(x+l>, lx,8,ljl 

(2 + #4> (3 + #4> 
Int[-----------------, ! #4, 8, 1 jl 

1 + #4 
Ex [ %1 

9/2 + 2logC2l 

l"lt[f[xl,xl 

Int [f C#6l, !#6, #5,x jl 

IntCfCxl ,gCxll 

1/2 
38 5 

I n t CD [ g [ #18 l , ! #1 9 , l , #8 ! l f [ #9 l , ! # 9 , # 7 , g [ x l ! l 
Int[x f[xJ,xl 

I n t [ #12 f [ #12 l , l #12 , #11 , x ! l 
Int Ca f Cb xl + gCx+ll + x, xl 

19 

9.4 

2 2 

#{)C18l: 
#13 )( 

Int Cg [ 1 + #15 l , I #15, #13, x ! l + a Int Cf [ #14 bl , ! #14, #13, x j J - - - - - + 
2 2 

#I C 19 l : : In t C f C $ x , $al , ! $ x, 8, 1 ! l : h ($al 

#{) c 191: h CS al 

#I C 2 8 l : 1 In t r 3 f [ x , 2 l + 5 a f C x , a -1 l + 1 / C x + 1 l , ! x , 9, 1 ! l 

#{)C28l: 3IntCf[#17,2j,l#17,8,ljl + LogC2l +Sa hC-1 +al 

#I C 2 11 : : I n t C G a 111 ma [ x + 11 , ! x , 8 , 3 ! l 
#{) [ 2 1 l : I n t [Gamm a C 1 + #18 l , ! #18 , 8 , 3 ! l 
#1 C 2 21 : : N C % l 

#{)C22l: 5.852363 
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9.5 Series approximations and limits 

Ps [ (expr: 1),fvar1),q,t 1),~(sordl: 0), ordl}), 
(ser : l Csordl] :0, •• , [-11 :0, [0] :1, [ll :0, •• , [arc:UJ =~Dl 

Power (Taylor-Laurent) series in var 1, ... about the points pt 1, ... to order ordl, .... 
Terms proportional to var l"'jl var:CjZ ... are given whenj1,j2, ... lie withb a sim-
plex with vertices {ji:sordi), {j 1 :ordl, ji:sordi), (j2:ord2, ji:sardi), . . . . ser [ iJ 
gives the coefficient of var l"'i in the power series. 

Ra Cexpr, var,pt,~degn, (degd: degn)}, (crit: ll=degn&l2=degd), 
(sern: ! [0]: 1, .. , [degn.1: 0 I), (serd : ! [0]: 1, •. , [dega.'J :.0 J)l 

Rational (Pade) approximants in var about the point pt, to order degn in numera­
tor and degd in denominator series. All order {m,n) approximants with 
m+n<degn+degd such that application of the template crit 'w m,n yields "true" 
are given (in a list if necessary). sern[iJ is the coefficient of var ...... i i::::i the 
numerator series, and serd[j] of var ...... j in the denominator. 

Cf [expr, (var:l), (pt:0),~(sord : 0), (ord:0)}, (ser: ! [0] :1, [ll :~ ••• , ( ore!.! :G'J)l 
continued fraction approximation in var about the point pt. ser [ i] gives the 
coefficient of var in the ith partial quotient of the continued fraction. 

expr gives an overall factor for the series . Input Ps, Ra and Cf projections are sim­
plified so that all possible terms are transferred from expr to coefficients in the 
series serk. 

Arithmetic and mathematical operations and substitutions (compositions) may be 
performed on series approximations: the results are taken to the high2st permissible 
order. 

A>< Cexpr1 
yields an ordinary expression obtained by truncating all higher order terms in 
the series approximation expr. 

If the exp;_·ession expr in P s, Ra and Cf is a series approximation, it is converted to 
the specified form, maintaining the highest permissible order. 
Series approximations may be defined by assignments for P s projections. 
Ps[exp[SxJ ,Sx,0,SnJ :PsCl,Sx,0,Sn, ~[Si) :1/Si ! p defines the power series for 
the exponential function around the origin. Ra and Cf use assignm2nts made for 
P s projections. 
Numerical values for series approximations are obtained using N. 

HI [ 1 l : : p:PsCLogCl+xl ,x,8,61 

2 3 4 5 6 
x x x x x 

#OCll:• x - + -- - -- + 
2 3 4 5 6 

/II C 2 l : : LprCpl 

PsCl,x,t,!1,61,!Cll: 1,£21: -1/2,(31: 1/3,£41: -114,£51: l/5,[61: -l!S!J 

/II C 3 l : : ExpCp/51 

2 3 4 5 6 
2 x 6 x 21 x 399 x 1596 x 

#0£3] ::0: 1 + x/5 - + ---- - ----- + ------ - ------ -
25 125 625 15625 78125 
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#I [4] : I %-5 

#<Jt4l:• 1 + )( 

#I [ 5 ] : I P s [ ( 1 - X ) -n , X , 8 , 3 ] 

2 3 
#<JC5ls:o: 1 + -n x + <n (-1/2 + n/2)) x + -<n <-2/3 + n/3) (-1/2 + n/2)) x 

#I [ 6 l : : P s [ S I n [ x l Ix , x , a , 1 l 

Sin Cal 
Cos [al -

Sin Cal a 
#0 C6l: • ------ + --------------- <x - al 

a a 

/II C 7l : : Ex C % l 

Sin Cal Cos Cal Sin Cal 
#0 C7l: • ------ + <------ - ------> Cx - a> 

a a 2 
a 

#I C 8 l : 1 p 1 P s CE x p C x l , x, In f , 6 l 

#{JC8l1t: Exp(x] 1 

#I [ 9] : I p : p. E )( p [ 1 / )(] 

-2 -3 
-1 x )( 

Exp Cxl ( 1 + )( + --- + --- + 
2 6 

#I cl e 1 : : s c 81 : 8; s cs i 1 : l / s 1 1 -2; s 

#CJC18l: 
1 

!£81: 8, CSil: ------! 
2 

CS I ! ) 

#I C 11 l 1 : P s C x - ( n + 2 ) * ( 1- x ) , x , , 5 , s l 

4 5 
3 3 )( 2 x 5 )( 

6 

-4 
)( 

24 

7 
)( 

-5 
)( 

+ --- + 
128 

#CJClll:• 
n 

)( Cx - ---> 
4 9 192 see 

#I C 12 l : : P s Cf CS x l , S x , e, Sn l : P s Cl, $ x, 0, Sn, s l 

l 
#OC12l : PsC1,Sx,8,Sn,!C8l: 8, CSil: ------!l 

2 
( $ i ! ) 

/II [ 13] I : PB [ f [ x] , X , , 5] 

2 3 4 5 
)( )( )( x 

+ -- + --- + -----
4 36 576 14488 

#IC14l:: fC%l 

2 3 4 5 
)( 13 )( 31 )( 1187 )( 

#<JC14l::o: x + + ----- + + -------
2 72 576 86483 

-6 
)( 

---> 
728 
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#I [ 15] : : p s [Exp [ x + y] ' ! x' y I' 8' 3] 

2 3 2 
y y y 2 3 

(1 + y + + --) + (1 + y + --) x + (1/2 + y/2) x + (1/6) x #OC151:* 
2 6 2 

#I [ 16 1 : 1 Ra CE x p C x 1 , x , 8 , ! 3 , 2 j l 

2 3 
3 x x 

1 + 3x/5 + + --
28 68 

#OC161:* --------------------
2 

x 
l - 2x / 5 + --

29 

#I [ l 71 : : P s C % , x, 8, 51 

2 3 4 5 
x x x x 

#<JC171:* 1 + x + + -- + -- + 
2 6 24 128 

#IC181:: RaCExpCxl,x,8, (3,2,Sx=Sy+ljl 

2 2 3 
x 3 x x 

1 + 2x/3 + 1 + 3x/5 + + --
1 + x 6 28 68 

#0£181:* !-----,-------------,--------------------! 
l 1 - x/3 2 

x 
1 - 2x/5 + 

28 

#I C 191 : : Ra C@l , x , In f , 31 

1 1 
Exp[xl (1 + - - + -----) 

2x 2 
12 x 

#0[191:* -----------------------
1 1 

<1 - + -----) 
2x 2 

12 )( 

#I C 2 81 : : C f CE x p [ x 1 , x , 8, 3 l 

)( 

1 -x 2 -x 
#0 [281: 

1 + 1 + l + 6 

Li rn [expr, var,ptl 
forms the limit of expr as var tends to pt. A sequence of Ps projections of 
increasing order are formed until a definite limit is found. 

#I C 1 l : 1 t : S I n C x 1 Ix 

SinCxl 
#OCll: 

)( 
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#I [ 2 J : : L i m [ t , x , 8 J 

#0[2]: 1 

#I[3J:: S[t,x->8J 

8 
#0 [3]: 

8 

#I [ 4 J : : L i m [ C x + 1 l IS i n [ x ~2 J , x , 8 J 

-2 -1 
#0[4l:ll< x + x 
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9.6 Matrix and explicit tensor ::ne..:r.J.pulation 

Outer [temp. listl. List2, .. . J 
forms the generalized outer "product" of the lists listl, list2, . . wi.b :·espec t to 
the template temp. If entries in the iists t and u are specified as 
tCil, i2,.., ik] and u [jl, j2, .. , jk] t he n Outer [ f, t,u] is c.. list whose 
entries are given by Ap [ f, !t [ i 1, i 2, .. , i kl , u [ j 1, j 2, .. , j !d p 

#I C 11 : : 0 u t e r C f , ! a , b I , ! c , d ! l 
1/-0Cll: !!f Ca,cl,fCa,dl !, !Hb,cl,fCb,dl !! 

#1 C 2 l 1 : 0 u t er C f , ! ! 1 , 2 I , ( 3 , 4 l ! , ! C x l : a , Cy l : b , ( x l : c ! l 

/JO C2l: !!! Cxl: fCl,al, Cyl: fCl,bl, Cx l: fCl , clj, 

#1£31:: t:RrC31 

#0£3]: 11, 2 ,3j 

!£xl: fC2,al, Cyl: fC2,bl, Cxl: fC2,cll!, 

!!Cxl: fC3,al, Cyl: fC3, b l, [xl : fC3,clj, 

!Cxl: f£4,al, Cyl: f[4,bl, Cxl: H4,cll!I 

#I C 4 l : : 0 u t er C P I us , t , t , t l 

#0C41: !!!3,4,5!, ! 4 ,5,6j, !S,6,7jj, !!4 , S , 6l, !5,S,7j, !6,7 1B~l, 

!!S,6,7!, !6,7,8!, !7,8,9jjj 

#I C 5 l : : D i m C % l 

#0£51: !3,3,3! 

#I C 6 l 1 : 0 u t e r C G e , t , t l 

#CJC61: !!1,0,01, 11,1,aj, p,1,ljl 

Inner C(templ :Mu It), listl, list2, (temp2 :P ! u s ):l 
forms the generalized inner "product" of list 1 and list2 with r espect to the tem­
plates temp 1, temp2. 
e Dot [8.2] 

If I [ 1 l : : Inner [ f , ! a , b ! , I c , d I , g l 

#CJCll: gCfCa,cl,fCb,dll 

#I [ 2 l : : Inner [ f , ! ! a , b I , ! c , d 11, I ! x , y j , ! z , ~ l ! , g l 

#OC2l: f!g[f[a,xl,fCb,zJ'l , g[f[a,yl,fC b , t ll j, 

fgCfCc,xl,fCd,zll,gCf[c,yl , fCd,tlJ jj 

#I [ 3 l : : I n n er [ f , ! a , ! c , d ! ! , ! ! x , y ! , ! z , t I j l 
#CJC3l: !Ha,x l + Hlc,d!, :: l , fCa,yl + 1 qc,d), tll 
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Trans Clist, (levs :2),] 
yields a list obtained from list by transposing entries between two levels speci­
fied by levs (the ni are positive integers) : 

n 1 andn 

~nl , n2j nl and n2 

#I [ l] : I In : I ! II ' b 1. ! c ' d 11 
#<HlJ: f111,bj,!c,dll 

#I C 2 J : : Tr 11 n & C 1n J 

#fJC2J: !!a,cJ,!b,djl 

#I C 3 J : : t : Ar C I 3 , 2 , 2 I , f J 

#fJC3J: !!fHl,l,lJ,Hl,1,21 j, !fCl,2,lJ,fCl,2,21 jj, 

lltC2,1,1J,fC2,1,2l L !fC 2 ,2,1J,fC2,2,2J IL 

l!H3,1,lj , f[3,1,2l L ffC3,2,ll,fC3,2,2J Ill 

#I C 4 l : : Trans C t J 

#fJC4l: !lltel,1,11 , f[l,1,21 j, ffC2,1,ll,fC 2 ,l,21 L !tC3,l,ll,t: 3, l,2l !!. 
!fH1,2,11,te1,2,21 L ftr2,2 , 11 , te2,2,211, !fC3 , 2,u,tc 3 ,2,21 ! I I 

#I (51:: Trans [t, 31 

#fJc51: l!!H1,1,11,H2,1,11,fC3,1,u 1, ! te1,2 , 11,tr2,2,u,H3,2 , 1 : IL 
!!tCl,l ,2 l,fC2,l,21,fC3,l, 2 l I, !tC l ,2,21,t [2,2 , 2 1, f C3 , 2 ,2 l j l ! 

#I C 6 l : : Trans C t , ! 2 , 3 I l 

#<JCEl: !!fH1,1,11,tc1,2,11L1tc1,1,21,tc1 , 2 , 21 jl, 

!!fC2,l,1J,fC2,2,ll !. !tC2 , 1 ,2 l,fC2,2,21 IL 
f!fC3,1,1J,fC3,2,ll j, ltC3 ,~ ,2l,fC3,2,21 Ill 

Tr Clist, (temp : P I us )1 
the generalized trace obtained by applying temp to the se t of entries .in list 
whose indices are all equal. 

#I C 1 l : : Tr C ! la , b I , l c , d I j l 
#0£11: ll+d 

#IC2J:: Trqf11,bl,!c,dj!,fl 

#<JC2l: fCa,dl 

#I [ 3 J : : A r C ! 2 , 2 , 2 I , q 1 

#fJC3l: lllq•l,l,ll,q[l,l,21 j, !qCl,2,ll,q[l , 2,21 IL 

l!qC2,1,ll,qC2,1,2J L !qC2,2 , ll,q[2,2, 2 1 lll 

#IC4l:: TrCXJ 

#<JC41: qCl,1,ll + qC2,2,2l 
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Sig Clist, base] 
the signature of the permutation between base and list (0 if no permutation suf­
fices) . (If base is omitted, entries of list may appe.lr directly as filters for Sig) . 
• Asym [7.7] 

#I [ 1 J : : ! s i g [ 2 ' 1 ' 3 J ' s i g [ l 2 ' 1 ' 3 I J ' s i g [ 1 ' 1 ' 3 l ' s i g [ l ' 4 ' 3 ' 2 ' 5 l ! 
#<JCll: l-1,-1,8,-lj 



9.6 SMP REFERENCE MAN'UAL I Mathematical operations 9.6 

Det Clistl 
the determinant of a "full" list . 

#I C 1] : : 0 e t C ! ! a , b J , I c , d J l] 
#-OCll: ad-be 

Mi nv UistJ 
the inverse of a non-singular matrix represented by list . 

#I C 1 l : : m : ! ! 1 , 3 , 5 ! , ! 7 , - 5 , 2 j , I 8 , 11 , 1 J j 

#DCll: f!l,3,Sj, !7,-S,2j, f8,11,1JJ 

#I C 2] : : n : 11 i n v [ m] 

#DC2l: l f-3/65,4/45,31/585 J, !1165,-1115, 11/195l,lllS,1/45,-2/ ( S j J 

#I C 3 l : : m. n 

#DC3l: !11,0,01, je,1,aj, 10,e,ljj 

#I [ 4 l : : 11 i n v [ I I 1 , 1 J , I 2 , 2 j j l 

#DC4l: l1inve!ll,lj,f2,2 { jl 

Md iv Uist 1, listZJ 
yields a matrix mat such thr...t list2. mat is equal to l".st1. 

#I C 1 l : : m: l I 1 , 3 , 5 j, I 7, - 5 , 2 j , Ill, 11 , 1 j j 

#DCll: lfl,3,SJ,!7,-5,2j,l8,11,ljj 

#I C 2 l : : v: l 1 , 3 , 1 j 

#0[2]: fl,3,lj 

#I C 3 l : : x : 11 d i v C v , ml 

#0 c31: ! f321117 L 1-s 1 3s J. !21s J J 

#I C 4] : : m. x 

#DC4l: lll!,f3J,!lf~ 

#I C 5 l : : x. m 

#DCSJ: lfl,3,Sl, !7,-5,2j, 18,11,l!J 

Tri ang [list] 
gives the triangularized form of a matrix !'."epresent ed. ~y l ist. 

#I C 1] : : m : l / 1 , 3 , 5 j , ! 7 , - 5 , 2 J , f 8 , 11 , 1 l I 
#(]Cll: ffl,3,Sj, p,-S,2j, f8 , 11,ljj 

#I [ 2] : : Tr i an g [ ml 

#DC2]: !fa,11,lj, l8,-117/8,9/8J, 18,8,SJJ 
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E i g Clistl 
yields a list of eigenvaiues and normalizad eigenvectors for the matrix Est . 

Si mt ran Clistl 
the similarity transforrr.a tion matrix nec essary to (,iCJ.gonalize list . 

#I r 1 J : : m: ! I 2, 2 , -1 ! , 1 l , 3 , -1 ! , ! J , 4 , - 2 ! l 
#fJClJ: !!2,2,-lj,/1,3,-lJ,!1,4,-2jj 

#I [ 2 l : 1 E i g [ml 

1 -1 1 -1 2 3 -1 
1/-0£21: !!-1, !8, - ---,----jl, fl, !----,----,Bj!, !J, !-----,-----,-----!!! 

1/2 1/2 1/2 1/2 1/2 1/2 1/2 
2 2 2 2 14 14 14 

#IC3l:: S i mtran[mJ 

1 -1 1 -1 2 3 -1 
t10 r 31 : ! ! e, - - - - , - - - - ~ , i - - - - , - - - - • e L ! - - - - - , - - - - - , - - - - - l l 

1/2 1/2 1/2 1/2 1/2 1/2 1/2 
2 2 2 2 14 14 14 
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10.2 Graphical output 
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10.6 Character string manipulation 
10.7 Programming aids 
10.8 System performance analysis 
10.9 Program construction 
10.10 Asynchronous and parallel operations 
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10.1 Input and output operations 

Lpr [ ezpr, (file : Nu I I )1 
prints expr to the specified file [ 10.3] (terminal as default) in a direct linear for­
mat suitable to be used as input, and in which labelling of parts is manifest 
[2 .10]. It yields Nu I I as an image. 

#I C 1 l : : r: x 

/µlCll: x 

#I [ 2 l : : R p t [ r : r -r , 4 l 

1 + )( 
1 + x 1 + x + x 

1 + x + x + x 
x 

#fJC2l: x 

#I C3l: 1 Lpr Crl 

#I C 4 l : : 4 + 5 I 

#(lC4l::o: 4+51 

#I C 5 l : : L pr C % l 

CxC4,Sl 

#IC6l:: LprCr,"r.out"l 

#I C 7 l : : L pr [ r -r , "r • o u t "l 

The file r. out then contains: 

x-Cx-Cl + x + x-Cl + x) + x-(1 + x + x-Cl + xllll 

x-Cx-Cl + x + x-Cl + x) + x-Cl + x + x-Cl + xll + x-Cl + x + x-Cl + xl\ 
+ x-(1 + x + x-Cl + x))))) 

Pr Cexpr 1, (e:z:pr2 • . . . )l 
prints exprl, expr2, .. in turn (separated by tabs) with standard two-dimensional 
format [2.12], and yields the last expri as an image. 

#I [ 1 l : : Pr [a -a , b -bl ; Pr [ c , d , el ; P r [ l ; Pr C 1 , 2 , 3 , 4 l 

• 
c 

1 

• b 
b 
d 

2 

#JJCll: 4 

• 
3 

Prh[exprl, (erpr2, .. . )l 

4 

prints the unsimplified forms of the expri. 
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/II [ 1] I I pr h Cl+ 1. a -1 / b] 

1 
1 + 1 a - -

b 

l 
/IOC1l1 a - -

b 

/JI C21:: Pr C 1+11 

2 

IOC2]: 2 

Rd £(prompt: Nu 11 ), (file : Nu I I )l 

10.1 

prints the expression prompt, then reads and simplifies one line of input (ter­
minated by newline) from the specified file (10.3]. Default is input from standard 
input/output medium (usually terminal) . A null line is read as Nu I I. 

/JICll1: fa,RdC1 .... 2,RdC"3rd> "Jj 

b+c 
3rd> S 

/IOCll: 
2 

fa, Cb+ c> ,sj 

Rdh [(prom.pt :Nu I I), (file :Nu I I )l 
prints the expression prompt, then reads one line of input from file and yields its 
"held" (3.5] form. 

#I [ 4] I : ! Rd h [] • Rd [] l 
1+1 
1+3 

#0 (4]: l'1+1,4j 

Fmt C(prspec :Nu I I), expr 1, erpr2, .. .l 
yields a print form with the e:rpri in a format specified by prspec : 
Nu 11 expr 1 followed immediately by expr2 .. . 
positive integer expr 1 followed by expr2 ... after prspec blank spaces. 

list expri appear with horizontal and vertical offsets defined by 
~ec[iJ, according to {hori, veri}.expri with equal horizontal 
or vertical offsets are aligned. Those with larger horizontal 
offsets are further to the right, and those with larger vertical 
offsets are higher up . If no entry exists in prspec for a partic­
ular expri, it appears immediately to the right of the last 
printed expression. A horizontal or vertical offset Inf speci­
fies a position to the right or above all other expressions . 

#I C 1 l : : Fm t '{ , a , b + c , x .... 2 l 

2 
/IOCll: ab + ex 
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#I [ 2 l 1 : Fm t [ 3 , a , b + c , x -2 l 

2 
/JO [2]: a b + c x 

#I [ 3 l : : Fm t [ , "I ", x ~2 , "I "l -p + 1 

2 p 
/JOC3l: 1 + Ix I 

#l C 4 l : : F m t C I 3 , 1 , 2 l , a , b + c , x -2 l 

2 
/JOC4l: b +ex a 

#lCSl:: FmtC,a,,1+3,"---","x-2"l 

/JO C 5 l : a 4 - - - x -2 

#I [ 6] : : Fm t [ ! I e' 1 l . ! e. -1 11. a • b] 

a 
/JO [6]: 

b 

#I [ 7] : I Fm t [ 11 e • 1 j , I 8 , - 1 11. a -2 + b -2 • x I y] 

2 2 
a + b 

/JO [7]: 
)( 

y 

#IC8l:: FmtC!!e,eJ. l-1,l!, ll,-21!,a+b,c,dl 

c 
#OC8l: a + b 

d 

#I c 9 l : : F m • c I l e , a I , ! 1 , 1 I I , a , b , c , d l 

bed 
/JOC9l: a 

#I c 18 l : : Fm t c le , ! 1 , 1 I j , a , b , c , d l 

bed 
/JOC18l: a 

#I C 11 l : : Fm t [ f [ $ x....; Even p CS x l l : l $ x , 1 I , [ $ x l : $ x I, a , b , c , d , e , f , y l 

b d f 
IJOClll: ace g 

/II [ 12 l : : F 11 t [ ! C 1 l : 8, [ 3 l : In f , C $ x l : ! $ x , 1 I j , a , b , c , d, e , f , g l 

b defg 
#0£121: a c 

#I C 13 l : : Fm t C l 8 , 1 , 1 I , a , x -2 + y -2 , cl 

2 2 
/JOC13l: ac + y 

#I [ 14 l : : L pr [ % l 

Fm t C l B, 1, 1 I, a, x -2 + y -2, cl 



10.1 

#I C151:: 

#0£151: 

#I C16 l : : 

#0£161: 

/II Cl 71:: 

#0£171: 

SMP REFERENCE .MANUAL I Non-computational operations 

ex : Fm t [ ! ! a • 3 1. ! a' 2 1. ! 8 ' 1 1. ! a' --1 11. " I JI' JI I JI' JI I "' "#"l 

I 
I 
I 

# 
FmtC,x/y,exl 

I 
I 

x I 

Y# 

Fmt C fa,2 J,x!y,exl 

I 
x I 
- I 
y 

# 

Sx £(.££: )? l.xl, x2,. __ J, (class : 1 ), (prec: 1 )1 

10.1 

yields a print form with the xi appearing in association with ccc::) 'ivith a syntax 
and precedence dE:fined by class andprec as specified in [2.11]. 

#I C 1 l : : S x C " + + ", fa , b , c -2 , d l , 3 , 21 

2 
#0£11: a ++ b ++ c ++ d 

#I [ 2 ] : I % [ 1 ] 

#0 £2] l II ++ JI 

#IC3l:: 3x-2+SxC"--",!a,bl,S,11 

2 
#0 [3]: 3 x + a--b 

Special output forms may be defined by assigning a suitable print fo.::-rn as the value of 
JCPrl [4]. 
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10.2 Graphical output 

Graph Cf(.:r:1), yl, (zl)tt.iu, (v)t,{umin, (vmin)t,ium.a.x, (vma.x)},{farm1}, 
~(:r:v: 0), (yv :8), (zt1: In t)}.iupt, (vpt)}.i(Hzmin), zma.:tj),{(ymin), ym.a.zj, ({(zm.in), zm.a.zj)1 

generates a P I o t projection which prints as a plot of curves or surfaces defined 
by the numerical values of ri, yi and zi as functions of the parameters u and v, 
between urn.in and uma.x (with upt samples), and vmin and vma.x (with vpt sam­
ples). xv, yu, zv specify the point of observation for three-dimensional plots 
(contour plots by default) . The formi define the style of curves plotted: integer 
codes give standard curve styles; other formi are printed explicitly on the 
curves. Only points in the region bounded by xmin, xma.x, ymin, yma.x, zmin, 
zma.x are plotted. 

#I C 1 l : : Gr a p h [ S I n C l / x l , x , 8 • 8 2 , 8 • 2 l 

#0 [!]I 

I•• • * • I•• •• •• ** I•• •• ** • • I•• •• •• • • 
I***** ** • * 
I***** ** * ** ,..... •• * • 
I•••••••• • • • • a ______ ~------~~ 
I•••*** 
I•••••• 
I****** 
-.5••** , ...... 
I••• ** 
I••• •• 

* ** • • 
*** 

** 
** •• •• 

* • • • • • • • • • * • ••• 

*** 
• • • • •• • • • • • • • 8625 

• • 
* •• • • * 

* ** 
I •• • •• ** • •• 
#I C 21 : : G r a p h C G a mm a C x l , x , - 5 , 8 l 

#0 [2] I 

*"'************* 

* • • 
* 

** 
* 

•• *** 
** *** 

** •• 
• •• •• • •• • • • •• 

* ** • 
************ 

-2 ----~--------=-4 _3 __________ ~~ 
• *** 

* 
* 

*** ** 
*** 

* 
• 
* • 
* • 
** 

*** 
• * 
* • 
• • • * * 

* 
-1 

*** 
** • 

** *** 
"'*** 

***** •• 

I 
I 
I 
I 
I 
I 
I 
48 

I 
I 
I 
I 
I 

**I 
I 
I 
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#I C3J 1: Graph CGa11•a CxJ, ><, -5, 8,,,, l-2, 2 Jl 

/IO [3J: 

:t •• **************** I 
• *** * IC: I 
• • * • * I 
• * * * * I :a:• * * • * 1 

•• • * IC: * I 
•• •• * • * I 
• ········* * * * I 
-4 -3 -2 -1 

************* • * • • I 
• *** * * * I 
• •• * • * I 

•• * •••• • • I 
•• * •• • •• • • -1 

•• • * • * * I •• c * * * * I 
• "* • • • I 
• ** **** *************••-2 

#I [ 4 J : 1 G r a p h C 11 S i n [ t l I , ! S i n [ 2 t l 11, t , 8 , 2 P i l 

/IO [4J: 

I **** "'*"'****** ***** 
I ** **** **** *** ** 
I •• ***** *** ** * 
I •• ** •• ••11: ** * 
I •• ** ** ** * ** 
I *** * **"' ** ** I••• • ** ** * 
8~~~~~~~~~~~~~ ....... ~~~~~~~~~~~~~-"~~~~~~~~~~~~~-J> 

I * "'** ** •• 
I • •• •• • *** 
I ** •• *** * ••• 
I •• • ** ** ** ** 
-.5 * * *** ** ** ** 
I * •• ••• ** ** ** 
I * ** ••• ***** ** 
I ** *** **** **** ** 
I ***** ********* **** 
#I C 5 l : : Graph [ ! S i n C t J , S i n [ 2 t l J , t , 8 , 2 P i l 

/IO CSJ: 

********** ••• • •••• •• •• •• 
* •• • 

•••• 
**** 

*** 
** ••• 

I 
I 
I 
I 
. s 
I 
I 
I ** 

***** **** 
**** *** 

•• •• ••• 

•• •• •• • 
* • 

• ••I• * 
* ** I *** * 
• *** I ** •• 
* "'* I ** • ** ** -.5 *** •• 
•• *** I ***"' •• 
** **** I **** ** *** •••• I ***ie:* *** 

*"'******* I ********** 
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#IC6l 1: GraphCl!Sln[tJ f, !Sin[2tl lf,t,8,2Pl, !"•", "#"Jl 

lfJJ [6]: 

#1171:: Graph[Sin[xl,x,8,S,"#",,18] 

lfJJ [7]: 

10.2 
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#I C 1 J : : Graph CS in [ 1 / x l, x, 0. 02, 0. 2l 

• :s 

. :s 

• 0 1 :s • 062:! .0937 

• :s 

• :s 
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#I [ 2] I I Graph [Gamma [xl, x, -5, 81 

60 

40 

20 

-4 

-20 
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#I C 3 J : : Graph CGa;nma [x], x, -5, 8,,,, !-2, 2 jJ 

4 3 0 

- 1 
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#I [ 4 l Graphcf!Sin[tl l, !Sin[2tl jl,t,8,2Pil 

,/\ 
' ' ' ' l \ 

I 

' I 
I 

• 7:5 I 
I 
1 
{ 

' , 
' ' ' ' , 

.!5,' 
I 
I 
I 
I 
I 
I 

0 

-. 2:5 

- • :5 

- • 7:5 

l 
l 
\ 
\ 
\ 
I 
\ 
•, 
\ 
l 

\ 
' ' ' I 

I 

', 
I 
I 
l 

' I 
I 

', 
I 
·, 
I 
I 

'1 
I 
I 
I 

l 

r 
I I 

'· 2 ·' I I 

I ,· 
I I 
I I 

·, .· 
I I 
I I 
I I 
l I 

' ' I ( 
I I 
I I 
I I 
I I 
I I 
l I 
\ I 
I o 
I ' l , 
' , ' , 

\ / 
•, l 
I I 
\ I 
I I 
\ I 
\ r 
l I 
l I 

/ ''"\ 
, ' ' ' t I 

I I 
I ' 

I \ 
I \ 
I I 
I \ 
,' \ 

I I 
1 \ 
t I 
t I 

' ' t I 

' ' t I 
t I 
I l 
I I 
I I 
I I 
1 I 
I I 

' I 
r '1 
I I 
I l 
I l 

I I 
I I 
I I 

,· i 
I I 
I I 

,· ·, 
0 I 

I I 
I I 
J 

\ 
l, 

', 
'· ', 
I 
I 
I 
' I 
' ', 
l 

' I 
I 
I 
I 
l 
I 

' I 
I 
I 

' \ 
I 

' ' ' I 
' \ 

l 
l 

10.2 

I 
I 
' I 

,' 
I 

' r 
I 

] 
I 
I 
I 
I 
I 
I 

,' 
I 
I 

; 
I 

' , 
1 
I 
I 
I 
I 
I 
I 

I 
I 

' \ I 

' ' /\ ,' 

/ ' ' \J' \ ;' 
. __ _/"'· \._,, 
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#I [ 6 l : : Graph [ ! ! S i n [ t l j , ! S i n [ 2 t 1 j j , t , 8 , 2 P i , ! /1 * ", /1 #" j l 

f 
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#I C 5 l : : GraphcfSin[t l ,Sin[2tl j,t,8,2Pil 

• 7:5 

-.7~ . ~ .7~ 
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#I [ 7 l : : Graph[S in[xl ,x,8,5, "#", ,181 

0 4 

- . 2~ 

-.~ 

-.7~ 
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#I C8l : : Graph [ ( x -2 + lj -2 > I 18 8 Cos [ 5 A tan [ y Ix l l , Ix, y J, !-18 1 -18 ! , f 18, 1 C l l 



10.2 

#I C9 J : : 

SMP REFERENCE MANUAL I Non-computational operations 10.2 

Gr a p h r c x ~z + u ~z > I 1 0 0 cos [ s A t an [ y Ix J J , I x , y j , I - 1 0 , -1 a j , I 1 0 , 1 ; ~ \ 
"120,30,-1011 
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#IC18l:: 

SMP REFERENCE MANUAL I Non-computational operations 10.2 

Graph [ < x -2 + u -2 > / 18 8 Cos C 5 A tan Cy Ix l l , ! x , y j , !-18 , -18 !, ! 18, 1 a l \ 
"f58,158,388l 
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PI ot Cplist.H.zv ; 8), (yu: 8), (z11: I nf)t, 
~(i(:z:m.in), :i:m.az}),t(ym.in). YBLazt. (t(zmin), zm.a.zt)l 

prints as a plot containing points, lines, curves, surfaces and regions specified in 
plist. Ranges of coordinates default to include all forms given in plist. xmin, 
xmax, .. . define boundaries of the region in which points are plotted. In two­
dimensional plots, forms given later in plist overwrite those given earlier when 
they overlap. In three (and higher) dimensions, explicit intersections and per­
spective are used. 
High-resolution graphics output is generated if a suitable device is available. 
P I o t [] clears the plotting area. (Implementation dependent) 

The list plist (whose sublists are flattened) contains: 

Pt qz.y. (z)J, (Jorm.)l 
represents a point with coordinates x, y and z, to be pri.ri.ted as form. When 
form. does not print as a single character, the coordinates are taken to 
specify its lower left-hand corner. 

Line Cptlist, (Jonn.)l 
represents a succession of straight lines between the point specified by Pt 
projections in the list ptlist: farm specifies the style of line. 

Curve Cptlist, (/onn.)l 
represents a smooth curve through the points specified by Pt projections in 
the list ptlist: farm specifies the style of curve. 

Zone Ctc:List},/orm.1 
represents the interior of a region bounded by curves or lines specified in 
clist (with end points identified) to be filled with a texture or colour form. 
Infinity is taken as exterior. 

Node Cf:z:, y. zJ. l lul, 111 J. fu2, ,,zJ, ... J. Hfcontl: z) •... J. 
l{bcontl: u), (bcant2: 11), ... p 

represents a node with coordinates x, y, z connected to nodes with parame­
ters u1,v1, u2,v2, .. in a triangular network. Contour lines with integer spac­
ing in each of the additional coordinates fcanti are drawn on the front of the 
surface defined by the triangular network (and represented by a Surf pro­
jection). bconti specify contours for the back of the surfac~. The default 
back contour lines correspond to a square grid in the u, v parameter space. 
The front normal to a surface and the directions of increasing u and v 
respectively are taken to form a right-handed triple. 

Surf[~ [ul,111] :nodel, Cu2,v2J :node2, ... J, (/orm.)J 
represents a surface spanned by a triangular network defined by Node pro­
jections nodei with parameter values ui, vi, and with a texture or colour 
specified by form. 

Hui I Cfptl,pt2 .. . j./onnl 
represents the surface formed by the convex hull of the points ptl, pt2, ... 
with a texture or colour specified by form. 

Axes q(.z: Inf). (y: Inf), (z: lnfH. l(.ztemp). (utemp). (ztemp) P 
represents a labelled set of orthogonal axes intersecting at Pt [x, y, z] . 
:z:temp is a template applied to xmin and xmax to obtain a list of x values at 
which the x axis is to be labelled. ytemp and ztemp are analogous templates 
for the y and z axes. If xtemp, ytemp, ztemp are omitted, a heuristic pro­
cedure is used. 
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#IC1l:: 

/IJJ [ ll : 

#I [ 2] : I 

#0 [2] t 

• 
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t 1 Ar C4, Pt [ I Sx, Sx -2 I l l 

IP t [fl, l jl. pt [ f 2. 4 jl. pt [ f 3. 9 p. pt [I 4. 16 jl I 
PlotCtl 

• 

• 

/II C 3 l : : P I o t C ! L I n e C t l j l 

IJ.-0 [ 3] : 

10.2 

•• 
••••* •••• 

•••* c:••• 
•*•• •••• •••• 

••••• ••••• •••c:• ••••• ••••• •••••• •••••• ••••••••• •••••••••• •••••• 



10.2 SMP REFERENCE MANUAL I Non-computational operations 

#IC4l1: PlotcfCurveCtljl 

/IO [4]: 

10.2 

•• ••••• •••• •••• 
**** 

**** 
••** 

•••• 
••••• ••••• 

***** ••••• ••••• 
****** •••••• ••••••••• •••••••••• •••••• 

#I [ 5] : I 

/IO CSJ 1 

#I C 6 l : : 

#0 [6]: 

• 

u : Ar C 4 , P t C ! S x , S x -2 j , 11 a k e C X , S >< l l l 

! P t c ! 1 , 1 j, x u , Pt c ! 2 , 4 J , x 21 , P t c ! 3, s l. x 3 l , P t c ! 4 , 16 1. x 41 I 
Plot Cul 

• 

• 

• 
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#I £ 7 l : : P I o t [ f L i n e [ u l J l 

#IJC7l: 

XX4 
XXXXX4 

x xx )(4 
X>:X X 4 

XX XX4 
XXXX4 

XXXX4 
XXXX4 

XXXXX4 
XXXXX4 

XXXXX4 
XXXXX4 

XXXXX4 
XXXXXX4 

XXXXXX4 
XXXXXXXXX4 

XXXXXXXXXX4 
XXXXXX4 

#I [ 8 l : : P I o t [ IC u r v e [ u l jl 

#0 ( 81: 

XX4 
xx :: x X4 

XXXX4 
XXXX4 

XXXX4 
XXX:<4 

XXXX4 . 
XXXX4 

XXXXX4 
XXXXX4 

XXXXX4 
XXXXX4 

XXXXX4 
xxxxxx~ 

XXXXXX4 
XXXXXXXXX4 

XXXXXXXXXX4 
XXXXXX4 

#I [ 9 ] : : p I 0 t [ I c u r v e [ u ] ' Ax e s [ I a ' a l ] l ] 
#-OCSl: 

I 
I 
I 
I 
I 
I 
18 
I 
I 
I 
I 
I 

XX4 
X>:XX4 

XXXX4 
XXX4 

XXXX4 
XXXX4 

XXXX4 
XXX4 

XXXX4 
XXXX4 

XXXX4 
XXXX4 

I XXXX4 
I XXXXX4 
I XXXXXXXX4 
I XXXXXXX4 
I XXXXX4 
a~~~~~~~~~~~~~~~~~---6-~~~~~~~~--~~~~~~~~~ 
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#I C 1 l : : 

#!JCll: 

#I C 2 l : : 
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t : R r [ 4 , P t [ ! $ x , :i; x ~2 ! l l 

!PtC!l,ljl,PtC!2,4jJ,PtCl3,9jl,Pt[!4,16jl j 

PlotCtl 

+ 

+ 

10.2 

+ 
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#I [ 3] : I PlotC!Line[tJ jl 

I 
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#I [ 4] : I Plot£!Curve[tl Jl 

• 



10.2 

#IC 51 : : 

/l<JCSJ: 

#I C 61 : : 

SMP REFERENCE Yi.ANUAL I ~on-computational operatioru 

u : R r C 4 , P t C ! S ;.c , S x ~2 ! , l'1 a~ a r X , t"' l 1 l 

IP t c 11 , l ! , x u • P t c 12 , 4 l . x 21 , P t ~ ! 3 , s l . o 1 , P t r l 4 , ls ! , x 4 1 

PlotCul 

:c2 
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#I C 7 l : : Plot[fLine[u] jl 

3 
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#I [ 8 l : : PiotC!Cu rv e[u] j 
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#I C 9 l : : Plot£!Curve[ul,Rxes£!9,9jl jl 

1 ~ 

10 

0 
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10.3 File input and output 

Files are specified by single symbols (with names enclosed in 11 11 if necessary [2.2]). 
The portion of a file after the nth input line is labelled by ffilespec,nl. ~filespec,-nl 
specifies the portion following the nth line from the end of the file. Output is by 
default appended to files. Specification of Uue, 0 l causes new output to overwrite 
existing contents of file . The standard input/output medium (usually terminal) is 
considered as a special file denoted by the symbol Nu I I • Input and output charac­
teristics of a file are specified by a numerical code (defined in [A.3]). 
<file or Input lfilel 

reads input up to the first cinput termination character-::> from the specified file. 
If ambiguous syntax [ 1.1,2] is encountered, a message is printed, and no further 
input occurs. If file is successfully input, the projection yields the last output 
line generated. (In some implementations [A.3], Input may be used to load a 
binary file into the data space of the current job.) 
• Rd, Adh [10.1] 

In the following example, the file 
f;f4,S,1,2j 
Pr[f[2ll 
f+4 
cinput termination character=i 

and no file i n p • f - exists. 

/II [ 1] I : < 11 i np. f +" 

5 

/llJCll: is, s, s, s 1 
#I [ 2] : I 

*° [2]: 14, 5' 1, 21 

/II £3 J : : <"inp. f- " 
#0 [3]: <"inp. f-" 

i np. f+ contains 

Output £ezpr1, (erpr2, .. . ), (file :Nu 11 )1 
outputs assignments defining values given for the expri to the specified file in a 
form suitable for subsequent input. 

#I [ 1] : I f [8]: b 

fOCll: b 

#I [ 2] : I f [Sxl: sx~3 

3 *° [2]: Sx 

#I C 3 J : : Output [f) 

3 
fCS>cl: Sx 
f [8] : b 

#0 [3]: 
3 

!C8l: b, CSxl: Sx j 
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#I C41 : : a: 5 

#IH41: S 

#I C S 1 : : 0 u t p u t [ f , a , 1 

f[Sx1: Sx 
f [8] : b 
a : S 

#0 [SJ I s 

3 

/II [ 61 : : Output Cf, fade fl 

#0 (61: l [ 8] : b' [ $x J : $x 

#I C 7 l : : Output Ca, f, fade fl 

#0 [71: f [ 81 : b' [ $x l : 

The file fade f then conta ins 

f [Sxl : Sx~3 

f[ 8] I b 

a I 5 
f [ Sx1 : Sx ~3 
f [81 : b 

Open C/ile, (cock : 1 )J 

$x 

3 
l 

3 
! 

10.3 

initiates entry of all subsequent input and output expressions into the specified 
file. in a mode defined by code [A.3]. 

CI ose Cfile1,file2 •. . . l 
terminates entry of input and output expressions into the specified files . 

CI ose C1 stops the printing of any output on the standard cutput medium until 
Open[] occurs . 
• [1.3] 

The file rec then contains 

#0 [3]: l rec l 
#I C 4 l : : b:2 

#0 [4]: 2 

#I CS 1 : : Open Cl 

#0 CSJ: l ! 
#I C 61 : : a 

#0 [61 : 1 

/II [ 7] I : Close Creel 

/10 [3] : f rec l 
#I C 41 : : b:2 

#0 [41: 2 

#I CS 1 : : Open [1 
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#{)CSJ: fl 
#I C6J : : a 

2 
11'1 [61: x 

#I C7J : : Close[rcc] 
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10.4 Memory management 

(Implementation dependent) 

Ge[] 

10.4 

reclaims memory not required for further processing (by "compacting garbage 
collection") . 

#I [ 1 l : 1 Pr [ S ta t e [ l l ; R p t [Rex [ l , 2 8 l ; Pr [ S ta t e [ l l ; G c [ l ; Pr [ S ta t e [ l l ; 

!
8' 12295. 12485 ! 
8,21136,21237 
12281,12212,24437! 
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10. 5 External operations 

In it C(e:i:prl, ezpr2, .. . )l 
defines various external parameters as specified in [A.3]. 

Ex i t [ ( e:i:pr)J 
terminates the current job, passing the textual form of expr as an "exit code" 
[A.3] to the monitor (shell). 

Run C~. (a.rgl, a.rg2, . . . )1 
executes the textual form of e:r:pr (printed by Lpr [ 10. l]) as a monitor (shell) 
program [A.2], using the textual forms of the argi as input [A.2]; the text of any 
output [A.2] generated is simplified and given as the image [1.10]. 

• [1.6] 
In the following example, the monitor program math.et;;. reads two numbers as input, and 
yields a number as output. 

#I [ 1 l : : Run [ "ma th • e ta ", 8. 5 , 1 l 

/IOCll: 5.61124 

#I [ 2 l : : Run [ " ma th . e ta '1, 8. 5 l 

#I [ 3 l : : Run [ " ma t h • e t a ", 8 • 5 , 1 , 1 • 4 l 

/IOC4l: 5.61124 
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10.6 Character string macipulation 

Ed Cexprl 
enters edit mode [l.7], with the textual form of expr, as printed by Lpr, in the 
edit buffer, and yields as a result the edited expression. 

EdhC~J 
enters edit mode with the text of a partially simplified form [3.5] of e:r:pr in the 
edit buffer. 
• Ev [3 .7] 

#I C ll : : f : 0 CL o g CL o g C x l l , x 1 

1 
/IOCll: 

x Log Cxl 

#I C 2 l : : Ed C @11 

1/ (x*Log Cxl l 
<edit> ~+3 

1/(x*Log(x+3l) 
<edit> 

1 
/IO (2]: 

x LogC3 + xl 

#IC3l: : ::dhC#IClll 

f: D!LogCLogCxJJ,xJ 
<edit> ~it 

<edit> 

/IO (3]: 

f : D (Log (Log [l/xl, xJ 

-1 

1 
x Log C-l 

)( 

Make £(start: f). (expr : {next integer ))J 
generates a symbol with name obtained by concatenating the textual form of 
start with the textual form of expr, or, by default, with the smcllest pos~tive 
integer necessary to form a previously unused name. 

/fl C 11 : 1 a : n a IC e C 1 +Ma tc e Cl ~2 

2 
/IO ( 1 l : #1 + #2 

#I C 2 J : : l Ma IC e [ x l , Mak e Ca+ t J , Ma IC e Ch , 2 l , M a k a Ch l l 
/IOC2l: lxl,"a + tl",h2,hlj 

Exp I Cezprl 
gives a list of numerical codes for each of the characters appearing in the textual 
form of e:r:pr (as printed by Lpr ) . Characters are numbered from 0 to 94 in the 
order: 
0123456789abcdefghij~lmnopqrstuvwxyzABCDEFGHIJKLMNOPQRSTUVWXYZ 

cspcwe::>! "#!%&\' 0 *+,-·.I:;<=>?@[\]~_\'! I~"' 



10.6 SMP REFERENCE MANUAL I Non-computational operations 10.6 

Imp I [ ln1,n2,n3 •... p 
generates a symbol whose name consists of the characters specified by the 
numerical codes nl, n2, n3, ... 

#I C 1l : : Exp I [ab :: 5 4 7 0 l 

#Dlll: !18,11,12,5,4,7,39J 

#I C21:: Imp C%l 

#-OC21: Impcf18,ll,12,5,4,7,39Jl 

#I C31:: t: s~2+b+c 

2 
#-0 C3l: b + c + a 

#I C 4 l : : Exp C t l 

#-0 [41: 
2 

Exp[b + c +a l 

#I C 5 l : : Imp I C % l 

#D [51: 
2 

Imp I CExpCb + c + a 11 

#I C 6 l : : Exp I CS II P l 

~toC61: !54,48,Slj 

#IC71:: CatC%,%,%1 

#-0£71: !54,48,51,54,48,51,54,48,51 J 

#I C 8 l : : I mp I C % l 

#-0 C8l: SllPSMPSllP 
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10.7 Programming aids 

Step[~. (m~st : l)l 
steps through the simplification of e:r:pr. Each segment in procedures [6.3] or 
iteration stcuctures [6.2] nested to depth less than nest is printed, and an 
interactive subsidiary procedure [ 1.8] is initiated. 

#I C l 1 : : S t e p Ca : b ; b : 2 ~4 ; Pr Ca 1 ; a+ 2 1 

%1Cl1: a: b 

%1Cll:: a 

%0£11: b 

%1[21:: a:b+3 

%0 [ 2] : 3 + b 

%1(31:: 
cinput termination character-:i 

4 
%IC2l: b: 2 

%1Cll:: b 

%0[11: 16 

% I C 21 : : 
cinpu.t termination character-:i 

%I C31: Pr Cal 

19 

%IC11:: '.U 

%0[11: %% 

% I C 21 : : 
cinput termination chcracter-:i 

u (41: a + 2 

%1[11:: 
cinput termination c.wrccter-:i 

#OCll: 21 

#I C21 : : a 

#0£21: 19 

• Trace [ 4] 
•Ev[3.7] 

Struct [exprl 
prints a schematic p icture of the internal representation oi expr. 
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#I [ 1 l : : t : 5 +a - ( b + 2 d + c -2) + b - ( 3 - x > 

2 
b + 2d + c 3 - x 

#CJCll: 5 + a + b 

#I [ 2 l : : S t r u c t [ t l 

lmb -> proj: Plus 
num: 5 
lmb -> proj: 

sym: 
lmb 

Pow 
a 
-> proj : Plus 

sym: b 
sym: 2 d 
lmb ->proj: Pow 

sym: c 
num: 2 

lmb ->prt'j: Pow 
sym: b 
Im!) -> proj: Plus 

num: 3 
sy~: -1 x 

2 
b + 2d + c 3 - x 

#-0 [2]: Struct[S +a + b ] 

~ 0 . 7 
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10.8 Performance analysis 

State Cl 
yields a list giving the number of memory "blocks" used (after last memory rec­
lamation, at present, and maximum so far). One block is the me:nory required 
to store a single symbol (usually 16 bytes [A.5]). 

• [1.4] 

#I [ 1 l : : S ta t e [ J 

#OCll: l0 , 12322,12337j 

Size [e:z:prl 
yields a list whose first entry is the actual number of memory blocks occupied by 
expr, and whose second entry is the number which would be occupied if all coP-1.­
mon subexpressions were stored separately. 

#I C 1 J : : 

#0 [1]: 

#I C 2 J : : 

#OC2J: 

#I [ 3 J : : 

#0 [3]: 

#I C 4 J : : 

#OC4J: 

Size Cal 

I 1, 11 
Size Ca+bl 

13' 3 ! 
r:x 

x 

Rpt [r:r/(l+r>,4J 

x 

x 

Cl + xl Cl + -------------------> 
x 

Cl + xl Cl + -----> 
l + )( 

x 
* Cl + ---------------------------------------------) 

#I [ 5 l : : S i z e [ r J 

#OCSJ: l36,84j 

T i me [£.::;pr, ( n : 1 )J 

x x 
Cl + xl Cl + -------------------> Cl + -----) 

x 
* Cl + -----> 

1 + x 

x 1 + x 
Cl + xl Cl + -----) 

1 + x 

simplifies expr n times, and yields an Err projection [2.1 ] giving the approxi­
mate average CPU time in "clicks" [A.5] used for each simplification. 
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#I C 11 : : t : S C x , $ x - >L o g C $ x l , 1 a J 

·#0 £11: Log Clog [Log [Log [Log [Log [Log [Log [Log [Log [xl l l l l l l l l l 

#I C 2 l : : T i me [ D C t , x , x J , 5 J 

#0£21: ErrC.48333:;3,Sl 

~ . 
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10.9 Program construction 

(Implementation depende:nt) 

Cons C{f 1 • ... }. {(file 1: ) • ... } , (cc de: .S)l 
constructs if possible an external program which obtains the values assigned to 
projections of the Ji. Resulting programs are placed in the files filei. The 
language and treatment of the external programs is determined by code as 
specified in the implementation nctes. With certain code, the external programs 
assume that all symbols take on numerical values. Non-local variables are 
assumed to have constant values. Prcjections whose evaluation may be carried 
out by external programs carry property Cons . 

#I Cll:: f CSx-rNumbp [$xl J: Exp [$xl +3$x~2-l 

2 
1/-0Cll: -1 + ExpC$xl + 3 $x 

#I C 2 l : : T i n: e C f ;: 5 J , l 8 0 l 

#-0 C2l: Err [. 007166667,. 0085813 ll 

#I [31:: Cons [fl 

#I [ 4 1 : : T i me [ f [ 6 1 , l 0 01 

#-0 [41 I Err ca. 000854, a. 8000921 

The file f • c then ccntains 

#Inc I u de <s mp I i b > 

'* f [$x-rNur1bp [Sxl 1 

*' 
double f(x) 
double x; 
l 
double exp<>; 

- 1 + E x p ~ $ x l + 3 $ x ~2 

returnC-1.8+exp(x)+3.9*x *x l; 
l 
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10.10 Asynchronous and parallel operations 

(Implementation dependent) 

Some implementations allow a set of independent processes to be performed in paral­
lel. either as asynchrcnous jobs on a single computing unit, or as jobs in separate 
computing units. 

Processes (including procedures within them) are specified by a unique expression 
used as a name: the basic process is Nu I I. A particular expression may be modified 
by only one of a set of parallel processes. The order of operations in different 
processes is usually not determined. 
Fork [(e.zpT: Nu I I). (nczm.e: {ne:rt integer}), (pri: 1 )l 

initiates the named parallel process to simplify e:r:pr at priority pri, yielding 
name. If na.me is not specified, a unique integer name is assigned to the process. 
Any existing process name is terminated. Several processes competing for a sin­
gle computing unit are exe.::!uted at higher priorities for lower pri. Pr::icesses on 
separate computrn.g till.its are executed when possible with instruction times in 
ratios given by pri. 

Wait [~name 1, name2 • ... }l 
waits for completio:i of the processes namel , name2, ... , yielding the resillting 
{expr J, expr2, . .. } 

Para [ezprl, expr2, .. . l 
is equivalent to Wait:: ~Fork [exprl], Fork ~e:r:pr2.l, ... p arid simplifies th2 ex;.iri 
in parallel. yielding a list of the results. 

Fork [mess, code] may be used to transfer mess to Wait [code] in another p:."ccess. 

Fork[, name] terminates the process name, possibly from within name . 

CI ock C(na.me : (present process))] 
yields a list of the total elapsed computing unit time (in clicks) and total elapsed 
raal time (in seconds) since the initiation of the specified prncess (G if the pro­
cess is not executing). 

Rti [code] 
represents a rea~-time interrupt whose value is simplified immedia t ely o.'1 receipt 
of the interrupt code. 
• [l.4] 
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A.1 Introduction 

This appendix describes in general terms features of SMP affected by its external 
enviroment. Details of these features vary between different implementations of SMP. 
Information for a particular implementation should be given in the "Implementation 
Notes". Mechanisms for features under different operating systems Vvill not be 
described; they are discussed in the "SMP Implementation Guide" (available 
separately). 
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A.2 External operations 

Typical external operations provided in S1:P implemente.tions are: 
Hard [(eZJ>T), (code)] 

generates a hard copy of expr on the device specified by coda. Hard[] yields 3. 

hard copy of all input and output expressions . Graphics output is given if possi­
ble. 

Osp £(file: smp. out)l 
prints the specified file. 

Save C(rec: smp. out),file1 
creates a permanent copy file of the record file rec . 

Send C(uname)1 
enters send mode: arbitrary text terminated by cinput termination character""J 
is sent to the location or user identified by uname. cbreak interrupt ""J may be 
used to include SMP expressions. Send[] sends the text to a central SMP 
report file at each installation. 

Dir [dir] 
changes the default "user" file directory [A.4] to dir. Dir [] resets to the direc­
tory given at initialization. 
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A.3 Terminal characteristics 

The following are ASCII equivalents for non-alphabetic characters used in ti.us hand­
book: ! (041) 042 () # (043) S (044) % (045) & (046) ' (047) C (050) } (051) >:( 
(052) + (053) , (054) - (055) . (056) I (057) : (072) ; (073) < (074) (075) > 
(076) ? (077) © (100) [ (133) 134 () l (135) ~ (:35) _(137) ' (140) ~ ~173) I 
(174) ~ (175) "'(176) 
Replacements for input text may be specified using Sxset [2.11]. 
Characteristics of a terminal or file may be specified in Open or In it as a list whose 
entries usually include 

Number of lines printed before pause for end of page. (Input of newline contin­
ues printing). (Inf for no pause). 
Position of first character to be printed on left. 
Position of last character to be printed on right . 
Hardware tab spacing (0 if none). 
Type of graphics mode (0 if none). 
Graphics mode entry code. 
Graphics mode return code. 

Screen clear /form feed code. 
Many other parameters may be provided in a particular implemrmtation. 
Common classes of terminals may be specified by a single integer code, as Ciefined in 
the implementation notes. 
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A.4 External files 

If no explicit file directory is specified, external files are first assumed to be in a 
default "user" directory, and failing that in a central "library" directory. The ciefault 
directories are specified by In i t [A.5]. 
The names of external files provided with releases of SMP all begin with the letter X. 
Names of new external files should begin with letters other than X. Files whose 
names end with SX contain syntax modifications [2 .11]. 

Most external files contain SMP input lines . In some versions of SMP, external files 
may also contain direct binary forms of SMP expressions . Such files are recognized 
and treated appropriately by Input [10.3]. The names of binary files should usually 
end with #8 or • B 
The record file [ 1. 3] for each SMP job is placed in the "user" directory, and usually 
named smp. au t 
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A.5 Initialization 

In it C(udir: ). (libclir: ). (term.: )1 
specifies default ... user" and "library" directories, and defines characteristics of 
the terminal. 

If provided, SMP jobs read an initialization file, usually named smp. in it 
Mechanisms for locating smp. in it are described in "SMP implementation guide". A typical 
1111 p • i n i t file is: 

'** SMP initialization file **' 
In it ["$HOME", 11/ul/smp/X ", 1J 

/* Open smp. out record f I I e *' 
Open [ f "smp. OU t ",a jJ 

When an SMP job is initiated, it is often possible to pass "arguments" to the job, giving 
tiles to be read for initialization (after smp. in i t ). 

When an SMP job terminates, it passes by default a "successful completion" exit code 
to the monitor; other exit codes may be specified in Exit. 

If provided, a termination file smµ. end is read before termination of an SMP job. 
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A. 6 System characteristics 

The "block" is the basic unit of memory used by SMP. Its physical size in ter~s of 
bytes may vary from one implementation to another: in most cases, one block is 16 
bytes. 
•State [10.8] 

The "click" is the basic unit of CPU time used in SMP. A "click" is defined by the time 
taken to execute certain initialization procedures; the time for operations in different 
installations should be roughly a fixed number of "clicks". On a VAX 111780 one "click" 
corresponds to approximately one second. 
• #T [1.2] 
• Ti me [10.8] 
• CI ock [10.10] 
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A. 7 External programs 

External programs may be entered explicitly or may be constructed from SMP defini­
tions using Cons (10.9]. They may be run explicitly using Run (1.10.:0.9], or may be 
defined by Cons to be used automatically by SMP in simplifying particular projec­
tions. Each invocation of an external program receives only one set of parameters 
from Run or its associated projection. External programs may usually return any 
number of input lines to SMP. The simplification of a projection involving an extarnal 
program is complete when the external program terminates. 

External programs invoked by Run may communicate with SMP by one of several 
mechanisms: 
1. Take input and output on the standard input and output media, but pass them 

through pre- and post-processors which direct them to and frcm SMP. 
2. Use the SMP I 0 library functions to obtain input directly from S:Wl.P. and pass out­

put directly to SMP. In this case, additional input and output may occur on the 
standard input/output medium. 

The SMP I 0 library is usually included in external programs by an option for the com­
piler used. 
For the C language the SMPIO li.brary contains the functions fromsmp and tosmp, 
analogous to scan f and print f respectively. The following conversion characters 
may be used in the c antral string: 
%n Decimal number (in SMP *~ format (2. :]). 

% s Character string . 
fromsmp and tosmp usually use the input-output channel 3. 

External programs constructed with Cons are usually linked directly as the values of 
projections in a running SMP job. 
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{3(n) Catb 8 .6 
1 Euler 8.4 
f(x) Gamma 8.6 
f(x ,a) Ga••a 8.6 
o function De I ta 8.3 
((z) Zeta 8.6 
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~function Theta 6.3 
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a1c(n) Divsig 8.10 
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rr;(n) Totient 8.10 
cp(z ,s ,a) Ler B.6 
1/J(z) Psi 8.6 
'\1;(n)(z) Psi 8.6 
Ai(z) AirAi B.7 
B(x ,y) Beta 8.6 
B(x,y,a) Beta 8.6 
Bn Ber 8.6 
Bn (x) Ber 8.6 
bern(z)+ibein(z) Kelbe 8 .7 
Bi(z) AirBi B.7 
c,P'(x) Geg 8.8 
C(z) FreC 8.7 
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Chi(z) Cosh i 8.6 
Ci(z) Cos i 8.6 
Dp(z) Par 8 .7 
En Eul 8.6 
En(z) l..lebE 8.7 
En(z) E><pi 8 .6 
En(x) Eul 8.6 
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Ei(z) Ei 8.6 
erfc(z) Erfe 8.7 
erf(z) Erf 8.7 
1F 1(a;c ;z) Chg 8.7 
2F 1(a,b;c;z) Hg 8.8 
FL(7J,r) CouF 8.7 
Gi,(7J,r) CouG 8.7 
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H( 1)(z) BesHl 8.7 HJ2)(z) BesH2 8.7 
Hn(z) Her B.7 
Hn(z) StrH 8.7 
In(z) Besl 8.7 
J1c(n) Jor 8.10 
Jn(z) BesJ 8.7 
Jn(z) AngJ 8.7 
Jn(z) Besj 8.7 
kv(z) Batk 8 . 7 
Kn(z) BesK 8.7 
K(k Jt) El lk 8.8 
kerp (z) + ikein(z) ~elk.e 8.7 
LJal(z) Lag 8.7 
L(z) Lcb 8.6 
li(z) log i 8.6 
Lin,(z) Li B.6 
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.Mi.m. ( z) IJh i M 8. 7 
pJa .b)(z) JacP 8.8 
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Qi.m(z) leg? 8.8 
S(z) FreS 3.7 
Shi(z) Sinhi 8 .6 
Si(z) Sini 8.6 
Sn(x lm) e~c . JaeAm 8.8 
sl'l} .n(z) Loo 8.7 
swi.> Stil B.10 
s!m> Sti2 B.10 
S(z) FreS 8.7 
Tn (x) CheT 8.8 
T(m,n,z) Tor 8.7 
Un(x) CheU B.8 
U(a,b,z) KumU 8.7 
Wi.m(z) WhiW 8.7 
(x)n Poe 8.6 
Yn(z) BesJ 8.7 
Yn(z) Besy 8.7 
A 2.1 
abort 1.4 
Abs 8 .3 
absolute value Abs 8 .3 
accuracy 2. 1 
Aeos 8.5 
Aeosh 8.5 
Aeot 8.5 
Aeoth 8.5 
Aese 8.5 
Aeseh 8.5 
addition PI us 8.2 
Aex 7.10 
AirAi 8.7 
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A irBi 8.7 
Airyfunction AirAi 8.7Air8i 8.7 
ambiguity, input 1.1 
analyse expression Ae>< 7.10 
And 5. 
Anger function AngJ 8 .7 
AngJ 8.7 
antisymmetric ordering Asy• 7. 7 
antisymmetric tensor Sig 9.6 
Ap 7.2 
append Cat 7.7 
application of expressions 2.7 
apply Ap 7.2 
approximation A>< 9.5 
approximation, series 9.5 
Ar 7.1 
arbitrary expressions 2.6 
arbitrary length integer B 2.1 
arbitrary magnitude number A 2.1 
arbitrary precision number F 2.1 
area Zone 10.2 
Arep 3.3 
arithmetic functions 8.2 
arrange Sort 7. 7 
array generation Ar 7.1 
arrays 2.4 
As 7.3 
Asec 8.5 
Asech 8.5 
Asin 8.5 
Asinh 8.5 
assemble As 7.3 
assertion testing Is 5. 
assertions 3. 2 
assertions, relational 5. 
assignment 3. 2 
assistance 1.9 
associative Flat 7.7 
associativity 2.11 
assumption, character 7.6 
assumptions 3 .2 
assumptions, reiational 5. 
Asy• 7.7 
asynchronous operations 1.11. 10.10 
Atan 8.5 
Atanh 8.5 
attributes 4. 
automatic variables Le I 6.3 
Ax 9.5 
8 2.1 
A><es 10.2 
bases 9.1 
Bateman function Batk 8. 7 
Batk 8.7 

Ber 8.6 
Bernoulli numbers Ber 8. 6 
Bernoulli polynomials Ber 8. 6 
BesHl 8.7 
BesH2 8.7 
Besl 8.7 
BesJ 8.7 
Besj 8.7 
BesK 8.7 
Bessel function, irregular BesV 8. 7 

Bessel function, modified Bes I 8.7 Bes!( 8.7 
Bessel function, regular BesJ 8.7 
Bessel function, regular spher ical Bes j 8. 7 
BesJ 8.7 
BesV 8.7 
Besy 8.7 
beta function Beta 8.6 
Beta 8.6 
biconditional, logical Eq 5. 
big floating point number F 2.1 
big integer B 2.1 
big number A 2.1 
binary operator 2.11 
binomial coefficient Comb 8.6 
blank Nu I I 2.2 
blocks 6.3 
boolea;:i operations 5 . 
break 1.4 
breaks 1.8 
call, function 2 3 
call, procedure 2.3 
canonical ordering Ord 5., Re or 7.7 
Cartesian "product", generalized Outer 9. 6 
Cartesian product Omu I t 8.2 
Catalan beta function Catb 8.6 
Catalan'sconstant Cata l z n 8.4 
Catb B.6 
catenate Cat ?.7 
Cat 7.7 
Cb 7.9 
ceiling function G int 8.3 
Ct 9.5 
Cham 4. 
chameleonic expression 2.8 
chameleonic symbols 2.2 
character determination 7.6 
character manipulation 1.0.6 
characteristics 4. 
Chebychef function of first kmd Che T 8. 8 
Chebychef function of second kind CheU 8.8 
CheT 8.8 
CheU B.B 
Chg 8.7 
choose statement S1.1tch 6.1 
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Clebsch-Gordan coefficient 1J i g 8. 9 
Clock 10.10 
Close 10.3 
coefficient Coef 7.9 
coefficient, numerical Ne 7.9 
Coef 7.9 
Col 7.9 
collect Fae 9.1 
collect terms Cb 7.9 Co I 7.9 
combinatorial coefficient Comb 8.6 
combine denominator Rat 7.9 
combine Cb 7.9 
combine lists Cat 7. 7 
Co•• 4. 
commentary 1. 9 
comments 2.9 
common denominator Rat 7.9 
common elements Inter 7.7 
commutative Comm 4. 
compilation 1.10 Cons 10.9 
complementary error function Er fc 8. 7 
complex conjugate Conj 8.3 
complex number C>< 2.1 
computed goto statement Swtch 6.1 
concatenate Cat 7. 7 
conditional, logical I 11p 5. 
conditionals 6.1 
conditions on generic symbols Gen 4. 
confluent hypergeometric function Chg 8. 7 
conjugate Conj 8.3 
conjunction, logical And 5. 
Cons 10.9 
constant Const 4. 
constants, mathematical 8 .4 
Const 4. 
construction of programs Cons 10.9 
contains I n 7. 5 
content determination 7.5 
contents, list of Cont 7.5 
contents of expression Ae>< 7.10 
Cont 7.5 
contiguous list, test for Contp 7.6 
contiguous lists 2.4 
contiguous, make list Cat 7. 7 
continuation lines 1.1 
continue Ret 6.3 
continued fraction approximation Cf 9.5 
contour plot Graph 10.2 
Contp 7 .6 
contraction Inner 9.6 
control of operations 2.5 
control structures 6. 
conventions 0. 
conversion to polynomial A>< 9. 5 

convert list to projection As 7.3 
convert p rojection to list Dis 7.3 
copy Open 10.3 
core m anagement 10.4 
coroutines 6.3 
correction 1. 7 
Cos 8.5 
Cosh 8.5 
Coshi 8.6 
Cosi 8.6 
cosine integral function Cos i B. 6 
Cot 8.5 
Coth B. 5 
CouF 8.7 
CouG 8.7 
Coulomb wave function, irregular CouG 8.? 
Coulomb wave function, regular CouF 8. 7 
criterion 2. 7 
crite rion for pattern matching Gen 4. 
Csc 8.5 
Csch 8.5 
currying Ti er 4. 
Curve 10.2 
C>< 2.1 
cycle Cyc 7. 7 
Cyclic 7.7 
D 9.4 
data point Err 2.1 
data types Extr 4. 
deassignment 3.2 
debug output Trace 4. 
debugging aids 10. 7 
Dec 3.2 
declaration 3.2 
decode Exp I 10.6 
decrement Dec 3.2 
default Nu I I 2.2 
defaults 0. 
deferred simplification 3.5 
defining values 3. 2 
definite integration Int 9.4 
degrees Deg 8.4 
delayed assignment 3.2 
delete parts De I 7.3 
deleting parts 3.2 
Del 7.3 
Del ta 8.3 
Den 7.9 
denominator, common Co I, Rat 7.9 
denominator Den 7. 9 
Dep 7.4 
depth 2.5 Dep 7.4 
derivative, partial D 9.4 
derivative, total Ot 9.4 
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determinant Det 9.6 
Det 9.6 
Dfct I 8.6 
diagonalization Si cit ran 9.6 
differential , total Ot 9.4 
differentiation D 9.4 
digamma function Psi 8.6 
dilogarithm Li 8.6 
dimensions Dim 7.4 
Dirac function De I ta 8.3 
Dir A.2 
disassemble Dis 7.3 
disjunction, logical Or 5. 
disk file 10.3 
display 10.2 Pr 10.1 
Dist 4. 
Dist 7 .8 
distribution 7.8 
distributive, list Ld i st 7 .7 
distributivity 7 . 8 
Div 8.2 
di'1ide, matrix Md iv 9.6 
Divis 8.10 
division Div 8.2 
div~sion, polynomial Pd iv 9.1 
divisor function Di vs i g 8.10 
divisors Divis 8.1 0 
Divsig 8.10 
do loop Do 6.2 
do:::umentation 1.9 
Do 6.2 
domain Zone 10.2 
domains 2.5 
dot product Dot 8 .2 
double factorial [Pfct ! 8.6 
draw 10.2 
Dsp A.2 
Dt 9.4 
dummy expressions 2.6 
dummy index 2. 8 
dummy symbols 2. 2 
E 8.4 
E function, MacRobert MacE 8 .9 
Ed 10.6 
Er~h 10.6 
edit Ed 10.6 
edit held form Edh 10.6 
edit mode 1. 7 
Ei 8.6 
eigenvectors E i g 9. 6 
elaboration 1. 9 
element of In 7.5 
element of list EI em 7.3 
elerr:.entary functions 8.5 

elements, list 2.4 
Ele• 7.3 
elimination of equations So I 9.3 
El IE 8.8 
ellipses Seq 7 .1 
elliptic functions, Jacobian JacArn 8.8 
elliptic integral of first kind EI I k 8.8 
elliptic integral of second kind EI IE 8.8 
elliptic integral of third kind EI IP i 8.8 
El IK 8.8 
EI I Pi 8.8 
else If 6.1 
encasement type extension Exte 4. 
encode I mp I 10.6 
end Exit 10.5 
entier function Gi nt 8.3 
entries, list 2.4 
epsilon tensor Sig 9.6 
Epstein's Z function EpsZ 8.6 
EpsZ 8.6 
equality Eq 5. 
equality, numerical l~eq 3.4 
equation Eq 5. 
equations, solution of So I 9.3 
equivalence, expression 2.6 
Erfc 8.7 
Erf 8.7 
Err 2.1 
error correction 1. 7 
error function, complementary E::· fc c. 7 
error function Er f 8. 7 
error, run-time 1. 5 
errors, number with Err 2.1 
escapes, monitor 1. 6 
Euler gamma fun8tior: Gacca 8.6 
Euler numbers Eu I 8. 6 
Euler polynomials Eu I 8.6 
Euler 8.4 
Euler's totient fu:1.cti.on Tot i en t 8 .10 
Eul 8.6 
evaluation 3.1 
even number, test for Evenp 7.6 
even ordering Sym 7. 7 
Evenp 7.6 
Ev 3.7 
exclusive or Xor 5. 
execute Run 10.5 
Ex 7.8 
exit Ret 6.3 
Exit 10.5 
expansion 7.8 
Exp 8.5 
Exp i 8.6 
explode Exp I 10.6 
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exponent Expt 7.9, Pow 8.2 
exponential function Exp 8.5 
exponential integral E i, Exp i 8.6 
expressions 2.5 
Expt 7.9 
Exte 4. 
extension, type Extr 4. 
external com::nands 1. 6 
external files 1.3 
external operations 10.5 
external programs 1.10 
Extr 4. 
F 2.1 
factor F ac 9 .1 
factor, numerical Ne 7. 9 
factorial, double Dfct I 8.6 
factorial Fct I 8.6 
factorial, generalized Gaaaa 8.6 
factors of number Nfac 8.10 
false 5. 
Fct I 8.6 
file 10.3 
files 1.3 
filter collection Ti er 4. 
filters 2.3 
find part Pos 7.3 
find result 2.3 
Flat 4. 
Flat 7.7 
flat ten FI at 7. 7 
floating point numbers 2.1 
floor function G int 8.3 
flow control 6. 
F•t 10.1 
for loop For 6.2 
Fork 10.10 
format Fmt 10. l 
format, syntactic Sx 10.1 
i 1.2 
%% 1.8 
fractional part G int 8.3 
Free 8.7 
free core State 10.8 
free memory Ge 10.4 
free of In 7.5 
FreS 8.7 
Fresnel function FreC 8.7FreS 8.7 
full list, test for Fu I Ip 7.6 
Ful Ip 7.6 
function, test for Projp 7.6 
functions 2 .3 
functions, mathematical 8. 
functions, transcendental 8.5 
G function, Meijer Mei 8. 9 

gamma function, Euler Gamma 8. 6 
gamma function, incomplete Gamma 8.6 
garbage collect Ge 10.4 
Gauss hypergeometric function Hg 8.8 
g.c.d., polynomial Pgcd 9.1 
Gcd 8.10 
Ge 10.4 
Ge 5. 
Gegenbauer functions Geg 8.8 
Geg 8.8 
generalized hypergeometric function Ghg 8 
generalized zeta function Zeta 8.6 
gener ate symbol Make 10.6 
generic expressions 2.6 
generic symbols 2.2 
Gen 4. 
genus of expressions Gen 4. 
Ghg 8.9 
Gint 8.3 
global objects 1.2 
golden ratio Phi 8.4 
goto Jmp 6.3 
gradient D 9.4 
Graph 10.2 
greater than Gt 5. 
greatest common divisor Gcd 8.10 
greatest integer function G int 8.3 
Gt 5. 
Gudermannian function Gd 
halt 1.4 
Hankel function BesHl, BesH2 8. 7 
Hard A.2 
hash code Hash 7.4 
Hash 7.4 
hatching Zone 10.2 
h .c.f., polynomial Pgcd 9.1 
Heavyside function Theta 8.3 
height Oep 7. 4 
held expression, test for He I dp 7.6 
held form 3.5 
Heldp 7.6 
help 1.9 
Hermite function Mer 8. 7 
Hg 8.8 
hold expression Ho Id 3.5 
Hui I 10.2 
hypergeometric function, Gauss Hg 8.8 
hypergeometric function, general Ghg 8. 9 
hypergeometric function, confluent Chg 8. 7 
identifier Lb I 6. 3 
identity Eq 5. 
If 6.1 
lfl 1.2 
%1 1.8 
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I 2.2 
imaginary number, test for l•agp 7.6 
imaginary number C>e 2. 1 
imaginary part Im 8 .3 
imaginary unit I 2.2 
l•agp 7 .6 
I• 8.3 
immediate assignment 3.2 
immediate simplification 3.6 
impasse, processing 1.5 
I mp 5. 
lmpl ~0 . 6 
implication, logical I •P 5. 
implode I mp I 10.6 
impulse function De I ta 8.3 
Inc 3.2 
includes In 7.5 
inclusive or Or 5. 
incomplete beta function Beta 8.6 
increment Inc 3.2 
inde:finite integration Int 9.4 
index in list Ind 7.3 
Ind 7.3 
indices 2.4 
inequality Uneq 5. 
Inf 2.2 
infile Input 10.3 
infinite loop 1.5 
infinite recursion 1.5 
infinity Inf 2.2 
infix form 2.11 Sx 10.1 
Info 1.9 
information 1. 9 
In 7.5 
lnit 10.5 
In it 4. 
Ini t A .5 
initialization Init A.5 
inner "product", generalized Inner 9 .6 
inner product Dot 8.2 
Inner 9.6 
input e)..-pression HI 1.2 
input Rd 10.1 
input forms 2.10 
input Enes 1.1 
input medium ~ 0 . 3 
input operations 10.1 
input syntax 2. 
Input 10.3 
integer part G int 8 .3 
integer, test for I ntp 7.6 
integers 2. 1 
integration Int 9.4 
Inter 7.7 

internal representation Struct 10.7 
internal variables Le I 6.3 
interrupts 1.4 
intersection Inter 7.7 
Int 9.4 
Intp 7.6 
inverse functions So I 9 .3 
inverse, matrix Mi nv 9.6 
inversion Not 5. 
inversion of equat:.ons So I 9.3 
invert Rev 7. 7 
invert replacement I rep 3.3 
Irep 3.3 
irregular Bessel function BesJ 8.7 
irregular Coulomb wave fur..ction CouG 8 . 7 
irregular sphericai Bessel iu.'1ction Besy 8. 7 
Is 5. 
iteration 6. 2 
JacA11 8.8 
JacCd 8.8 
JacCn 8.8 
Jaccs 8.8 
JacDc 8.8 
JacDn 8.8 
JacDs 8.8 
JacNc 8.8 
JacNd 8.8 
JacNs 8.8 
Jacobi functions J2cP 8.8 
Jacobi ·!9 functions J2cth E.8 
Jacobi symbol Jae~~~ 810 
Jacobian elliptic functio1'.s Jec~lrn 8 .8 
JacP 8.8 
JacSc 8.8 
JacSd 8.8 
JacSn 8.8 
Jacsy• 8.10 
Jacth 8.8 
J•p 6.3 
job recording 1.3 
job termination 1.4 
Jonquiere function Li 8 .6 
Jordan's function Jor 8 .10 
Jar 8.10 
jump J11p 6.3 
Kel be 8.7 
Kelke 8.7 
Kelvin function, complex Ke I be Ke Ike 8.7 
killing vaiues 3.2 
Kronecker product O::u ! t 8.2 
Kummer function Chg 8. 7 
Kummer's U func tion [~t.:::t!J 8.7 
KumU 8.7 
label Lb I 6.3 
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Lag 8.7 
Laguerre function Lag 8.7 
lambda expression 2. 7 
larger than Gt 5. 
Last 7.3 
lattice sums EpsZ 8.6 
Laurent series Ps 9.5 
Lbl 6.3 
Lei 6.3 
Ldist 4. 
Ldi st 7.7 
least integer function Gint 8.3 
Legendre functions of second kind 
LegP 8.8 
LegQ 8.8 
length Len 7.4 
Lerch transcendent Ler 8.6 
Ler 8.6 
less than Gt 5. 
levels 2.5 
Levi-Civita symbol Sig 9.6 
lexical ordering Ord 5. 
Li 8.6 
limit Li• 9.5 
Line 10.2 
Lio 8.10 
Llouville'sfunction Lio 8.10 
list distributive Ld i st 7. 7 
list generation 7 .1 Ar 7.1 
list manipulation 7. 7 
list, test for Li st 7.1 
Li st 7.1 
Listp 7.6 
lists 2.4 
load Input 10.3 
Lobachevskiy' s function Lob 8. 6 
Lob 8.6 
local variables Le I 6.3 
location Pos 7.3 
logarithm function Log 8.5 
logarithm integral Log i 8. 6 
Log 8.5 
logical operations 5. 
Logi 8.6 
Lo• 8.7 
Lommel function Lo• 8. 7 
Loop 6.2 
Lpr 10.1 
MaeE 8 .9 
Maclaurin series Ps 9.5 
macro redefinition 2.11 
MacRobert E function MaeE 8.9 
make symbol name Make 10.6 
Mangoldt A function ManL 8.10 

ManL 8.10 
Map 7.2 
Mark 2.3 
Markov expression Rex 7 .10 
Matce 8.9 
Match 2.6 
matching, pattern 2.6 
mathematical functions 8. 
Mathieu functions Matce 
matrices 2.4 
matrix divide Md iv 9.6 
matrix inverse Mi nv 9.6 

LegP 8.8 matrix manipulation 9.6 
Matse 8.9 
Max 8.3 
maximum Max 8.3 
Mdiv 9.6 
Mei 8.9 
Meijer G function Mei 8.9 
member In 7.5 
memory management 10.4 
memory overrun 1.5 
memory usage State 10.8 
Mgen 4. 
minimum Min 8.3 
Minv 9.6 
Mob B.10 
Mobius µfunction Mob 8.10 
Mod B.10 
modified Bessel function Bes! BesK B.7 
modify input Ed 10.6 
modulo Mod 8.10 
modulus Abs 8.3 
modulus , polynomial Pr::od 9.1 
monitor escapes 1.6 
Mui t 8.2 
multi-generic symbols 2.2 
multinary operator 2.11 
multinomial coefficient Cor.:b 8 .6 
multiple integration Int 9 .4 
multiple precision number F 2.1 
multiplication Mu It 8.2 
multiplication, input of 2. ~ O 
multiplying out e:Kpressions 7.B 
multivalued functions 8.1 
N 3.4 
name, make Make 10.6 
names 2.2 
n-ary functions F I at 7. 7 
Natp 7.6 
natural number, test for Natp 7.6 
Ne 7.9 
negation Not 5. 
Neq 3.4 
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nesting Dep 7.4 
Ntae 8.10 
Node 10.2 
norm Abs 8.3 
Nosmp 4. 
notation 0. 
Not 5. 
null projection Np 2.3 
Nul I 2.2 
number, test for Nu11bp 7.6 
numbers 2.1 
Numbp 7.6 
numerator Nu11 7. 9 
numerical coefficient Ne 7. 9 
numerical coefficients 2.5 
numerical constant Const 4. 
numerical equality testing Neq 3.4 
numerical errors 2.1 
numerical evaluation 3.4 
numerical factor Ne 7.9 
numerical functions 8.3 
numerical overflow A 2.1 
numerical truncation 3.4 
Nu• 7.9 
odd number, test for Oddp 7.6 
odd ordering Asy11 7. 7 
Oddp 7.6 
Ott 1.9 
IJ 1.2 
%0 1.8 
O•ult 8 .2 
On 1.9 
Open 10.3 
operating system commands 1.6 
operator form 2.11 
optimization Cons 10.9 
order Sort 7.7 
ordering Ord 5 . 
ordering, filter Rear 7. 7 
Ord 5. 
Or 5. 
outer "product", generalized Outer 9.6 
outer product 011u It 8.2 
Outer 9.6 
outfile Output 10.3 
output expression c1fJ 1.2 
output Lpr 10.1 
outputform Fmt 10.lPr 10.1 
output format Sx 10.1 
outpd medium 10.3 
output operations 10.1 
outputsyntax Pr 10.lSx 10.1 
Output 10.3 
overall factor Ne 7 .9 

p 5. 
Pade approximant Ra 9.5 
parabolic cylinder functions Par 8. 7 
Para 10.10 
parallel processing 1.11 10.10 
parameters 2.2 
parametric plot Graph 10.2 
parentheses 2.10 
Par 8 .7 
part extraction 7.3 
Part 8.10 
partial differentiation D 9.4 
partial fraction Pf 9.1 
partial simplification 3. 7 
partition function Part 8.10 
parts of expressions 2.5 
pass output Run 10.5 
patterns 2.6 
Pep 8 .7 
Pdi v 9. 1 
permutation symmetry Re or 7. 7 
Pf 9 .1 
Pged 9.1 
Phi 8.4 
picture 10.2 Fmt 10.1 
Pi 8 .4 
plane Surf 10.2 
Plot 10.2 
Plus 8.2 
Pmod 9.1 
Poe 8.6 
Pochhammer symbol Poe 8. 6 
Poisson-Chartier polynomials Pep 8. 7 
polar plot Graph 10.2 
polygamma function Psi 8.6 
polylogarithm Li 8.6 
polynomial g .c .d. Pgcd 9.l 
polynomial manipulation 9. ~ 
polynomial modulus Pmod 9.1 
polynomial quotient Pd iv 9.1 
polynomial. test for Po I yp 7.6 
Polyp 7.6 
position Po s 7 . 3 
postfix form 2.11 Sx 10. l 
postprocessing Post 
Po1-1d i st 7.8 
power expansion 7.8 
power Pou 8 .2 
power series Ps 9.5 
powers of Expt 7.9 
Po&.1 8.2 
precedence 2.10 
precedence definition 2.11 
precision 2.1 
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precision, arbitrary F 2.1 
precision, multiple F 2.1 
predicate testing 5. 
prefix form 2.11 Sx 10.1 
preprocessing Pre 
pre-simplification 3.6 
Pr 10.1 
Pr 4. 
Prh 10.1 
prime factors Nfae 8.10 
prime number Pr i me 8.10 
print Pr 10.1 
print form Fmt 10.1 
print held form Prh 10.1 
print, linear Lpr 10.1 
print, one-dimensional Lpr 10.1 
print , two-dimensional Pr 10.1 
printing properties Pr 10.1 
procedures 1. 8 6. 3 
process control 10.10 
processing impasse 1.5 
Proc 6.3 
Prod 9.2 
product Mu It 8.2 Prod 9.2 
profiling Ti me 10.8 
program construction 1.10 
program control 6. 
programming aids 10.7 
programs 6.3 
projection generation 7.1 
projection manipulation 7. 7 
projection, test for Projp 7.6 
projections 2.3 
projector 2.3 
Proj 7.3 
Projp 7 .6 
properties 4 . 
Prop 4 . 
protocol 1.3 
Prset 4. 
pseudotensor unit Sig 9.6 
Ps 9.5 
Psi 8.6 
Pt 10.2 
pure function 2.7 
quit 1.4 
quotient Div 8. 2 
quotient, polynomial Pd i v 9.1 
quoting 3.5 
Racah 6-j symbol Rae 8. 9 
Rae 8.9 
radians Deg 8.4 
Ra 9.5 
Rand 8.3 

random expression Rex 7.10 
random number Rand 8.3 
Rat 7.9 
rational approximation Ra 9.5 
rational expression manipulation 7.9 
rational number, test for Ratp 7.6 
rational numbers 2.1 
rationalize Rat 7 .9 
Ratp 7.6 
ravel FI at 7. 7 
Rd 10.1 
Rdh 10.1 
read Rd 10.1 
read file Input 10.3 
read held form Rdh 10.1 
real number, test for Rea i p 7.6 
real part Re 8. 3 
Realp 7.6 
real-time interrupts 1.4 10. 10 
reclaim memory Ge 10.4 
record Open 10.3 
recording , job 1. 3 
records 2.4 
rectangular array, test for Fu I Ip 7.6 
recursion 3.1 
reduced residue system Rr s 8.10 
references 0. 
Re 8.3 
region Zone 10.2 
regular Bessel function BesJ 8.7 
regular Coulomb wave function CauF 8. 7 
regular spherical Bessel fu...'lction Bes j 8. 7 
relation Eq 5. 
relational operations 5. 
release expression Re I 3. 5 
Rel 3.5 
remainder, polynomial Pmod 9.1 
remove list brackets FI at 7. 7 
remove parts Del 7.3 
removing values 3.2 
reordering, filter Reor 7.7 
Reor 4. 
Reor 7.7 
Repd 3.3 
repeat Rpt 6.2 
repetition Rpt 6.2 
Rep 3.3 
replacement 3. 3 
replacement typa extension Extr 4. 
Repl 7.1 
replicate Rep I 7.1 
representation, internal Struet 10.7 
representation, special Extr 4. 
reshape Trans 9.6 
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residue system, reduced Rr s 8.10 
Ret 6.3 
return Ret 6.3 
reverse Rev 7. 7 
revert Rev 7. 7 
Rev 7.7 
revise Edh 10.6 
Rex '7.10 
Riemann sheets 8. 1 
Riemann zeta function Zeta 8.6 
rotate Cyc 7. 7 
Apt 6.2 
Rrs 8.10 
Rt i 10.10 
run program Run 10.5 
Run 10.5 
run-time error 1.5 
s 3.3 
save definitions Output 10.3 
save Open 10.3 
Save A.2 
saving expressions 1.3 
script 1.3 
Sec 8.5 
Sech 8.5 
segments 1. 8 
Send A.2 
Seq 7.1 
sequence generation Seq 7.1 
sequence of expressions Np 2.3 
series approximations 9.5 
series, power Ps 9.5 
series truncation Ax 9.5 
Setd 3.2 
Set 3.2 
setting velues 3.2 
shading Zone 10.2 
shell escapes 1.6 
shut CI ose 10.3 
Si 3.3 
Sig 9.6 
sigma function, Weierstrauss I.lei z 8. 8 
signature Sig 9.6 
Sign 8.3 
silent CI ose 10.3 
silent processing 1.1 
similarity transformation Si •tran 9.6 
simplification 3.1 
simplification on input 3.6 
simplification, partial 3.7 
Si•tran 9.6 
sine integral function Sin i 8.6 
Sin 8.5 
Sinh 8.5 

Sinhi 8.6 
Sini 8.6 
size Len 7.4 
Size 10.8 
skeleton Tree 7.4 
skeleton output Fmt 10.: 
sketch Tree 7.4 
Smp 3.1 
s11p. out 1.3 
Sol 9.3 
solid Hu I I 10.2 
solution of equations So I 9.3 
solve So I 9.3 
Sort 7.7 
sorting Ord 5. 
special output form Fm t 10.1 
Spence function Li 8.6 
spherical Bessel function, irregular Besy 87 
spherical Bessel function, regular Besj 8.7 
spline Curve 10.2 
spur Tr 9.6 
Sqrt 8.2 
stack variables Le I 6.3 
standard input mode 1. 8 
State 10.8 
statement blocks 6.3 
statistical ex9ression analysis 7.10 
statistical expression generation 7.10 
status State 10.8 
status interrupt 1.4 
step function Theta 8.3 
Step 10.7 
St i 1 8.10 
Sti2 8.10 
Stirling numbers, first kind St i 1 8.10 
Stirling numbers, second kind St i 2 8.10 
stop 1.4 Exit 10.5 
stop record CI ose 10.3 
storage 10.3 
storage management 10.4 
StrH 8.7 
string, make I mp I 10.6 
string manipulation 10.6 
stringout Lpr 10.1 
Strl 8.7 
Struct 10.7 
structural operations 7. 
structure determination 7.4 
structure Struct 10.7 
Struve function StrH 8. 7 
Struve function, modified S trL 8. 7 
subfunctions 6.3 
subparts of expressions 2.5 
subroutines 6.3 
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subscript Fat 10.1 
subscripted variables 2.3 
subscripts 2.3 2.4 
subsidiary mode 1. 8 
substitution 3. 3 
such that Gen 4. 
sum Plus 8 .2 
Su• 9.2 
superscript Fmt 10.1 
surface Surf 10.2 
Surf 10.2 
suspend processing 1.4 
switch statement Swtch 6.1 
Sutch 6 .1 
S>e 10. l 
S>eset 2.11 
symbol, test for Symbp 7.6 
symbols 2.2 
symbols, list of Cont 7 .5 
Symbp 7.6 
Sya 7.7 
symmetric Con:r.i 4. 
symmetry Reor 7.7 
syntax 2. Sx 10.1 
syntax error 1.1 
syntax extension 2.11 
syntax modification 2.11 
syntax, output S>e 10. l 
Sys 4. 
system-defined object Sys 4. 
system-defined objects 2.2 
table generation Ar 7.1 
Tan 8.5 
Tanh 8.5 
tautology testing Is 5. 
Taylor series Ps 9.5 
template application 7.2 
templates 2.7 
tensor manipulation 9.6 
tensors 2.4 
terminate job Ex i t 10. 5 
termination, job 1.4 
termination, line 1.1 
terms, number of Len 7.4 
tests 6 .1 
text 2 .2 
text manipulation 10.6 
text preprocessing 2.11 
textual form 0. 
ff 1.2 
iT 1.8 
then If 6.1 
theorem proving Is 5. 
theta functions, Jacobi Jae th 8.8 

Theta 8.3 
three-dimensional plot Grc:ph 10.2 
Ti er 4. 
Ti me 10.8 
timing ff l.2Time 10.8 
Tor 8.7 
Toronto function Tor B. 7 
total differentiation Dt 9.4 
totient function, Euler's Toti ent 8.10 
trace 1.4 Step 10.7Tr 9 .6 
traceback 1.4 
Trace 4. 
transcendental functions 8.5 
Trans 9.6 
translation 1.10 Cons 10.9 
transpose Trans 9.6 
tree structure 2.5 
Tree 7.4 
Tr 9 .6 
Tr iang 9.6 
triangularize matrix Tri ang 9.6 
trigamma function Psi 8 .6 
trigonometric functions B.5 
true 5. 
truncation A>< 9.5 
truncation, integer G int 8 .3 
type extension E>< tr 4. 
type Pr 10.l 
Type 4. 
Tyset 4. 
Ultraspherical polynomials Geg B.B 
unequal Uneq 5. 
unexpected input 1.1 
Union 7.7 
unitary transformation Si t:tran S.6 
unknowns 2.2 
unravel Flat 7.7 
unsimplified expressions 3 .5 
unsimplified forms Noscp 4. 
Valp 7.6 
value assignment 3 .2 
value, test for Va Ip 7.6 
variable, test for Sycibp 7.6 
variables 2.2 
variables, list of Cont 7.5 
vector coupling coefficient U i g 8 . 9 
vector, test for Contp 7.6 
vectors 2.4 
verbose Trace 4. 
volume Hu 11 10.2 
&.lait 10.10 
watch Step 10.7 
wave function, Coulomb irregular CouG 8. 7 
wave function. Coulomb regular CouF 8. 7 
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IJebE 8.7 
Weber function BesJ 8.71.JebE 8.7 
Weierstrass function IJe i P 8.8 
Weierstrass a function IJe i z 8.8 
1.JeiP 8.8 
I.leis 8.8 
1.Jeiz 8.8 
while loop Loop 6.2 
IJhiM 8.7 
Whittaker M function IJh i M 8 . 7 
Whittaker W function Wh i U 8. 7 
l.Jhilol 8.7 
I.Jig 8.9 
Wigner 3-j symbol W i g 8. 9 
write Pr 10.1 
Xor 5. 
zeta function Zeta 8.6 
zeta function, generalized Zeta 8.6 
Zone 10.2 
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Introduction 
The SMP library provides additional facilities relevant to particular applications of 
SMP. Most of the items in the library are based on external files consisting of SMP 
input expressions. In some implementations, the files actually loaded into S:\~P jobs 
are in a compiled binary form. Certain :terns in the library may be included as built­
in facilities in some SV:P implementations. 
The names of external files may differ between implementations: ruies for :nodifica­
tions of the names used below should be given when necessary in the I~plementation 
Notes. 

Two directories of external files are given below. The topic directory is based on a 
classification of application areas . The section directory is based on the sections of 
the Summary and Reference Manual. Finer subdivisions of the topics will be given 
when more items are available. 
The complete text of the e>..1.ernal files is reproduced below. Examples are included 
as commentary where appropriate. 

As well as providing additional facilities, the files given below are i:itended to illus­
trate possible applications and methods. The library will be greatly eApanded and 
improved in later versions . Existing files should be taken as models for fut l11"e files . 
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Topic directory 

A. Mathematics 
1. Fundamentals 

XAck Ackermann function 
XO i o s Solution of Diophantine equations 
XF i b Fibona cci numbers 

XGr Basic graph theory 
XLCM Lowest cornnion multiple 
Xlog i c Elementary laws in propositional calculus 

Xlog i c2 Elementary logic ·with quantifiers 
Xlog i cPr Logicai truth tables 
XSets Elementary finite set theory 
XSe t sSX Set theory notation 
XTup n-tuples 

2. Algebra 
XArperm Generation of permutations 
XBase Conversion of integers ~n arbitrary number bases 
XFrac Fractions 

XMa t 1 Matrix input and generation 
XMa t2 Structural matrix operations 
XMat3 Matrix character tests 

XMat4 Algebraic matrix operations 
XPerm0 Permutations 
XPerml Elementary operations on permuations 

XPermC Cycle decomposition of permutations 
XRs It Polynomial resultants 
XSympo I Generate symmetric polynomials 

3. Analysis 
XAbs Extensions for Abs 
XA i r Airy and related functions 

XAng Anger and Weber functions 
XBer Bernoulli polynomials 
XBesl Functional relations for Bessel functions 

XBes2 Recurrence relations for Bessel functions 
XBes3 Bessel functions of integer order 
XBes4 Bessel functions of half ocld integer order 
XBesS Special cases for half odd integer order Bessel functions 
XBe ta Euler beta fu."lction 
XChe Chebychef polynomials 

XChg Confluent hypergeometric function 
XDSo I Series solution of differential equations 
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XO l ff Finite differences --
XO i o s Solution of Diophantine equations 
XEu I Euler polynomials and numbers 
XFPow Functionals 
XGamma Gamma function 
XGeg Gegenbauer polynomials 
XHar m Harmonic sequence 
XHer Hermite polynomials 
XHgl Hypergeometric functions - 1 
XHg2 Hypergeometric functions - 2 
XHg3 Hypergeometric functions - 3 
XHg4 Hypergeometric functions - 4 
XHgS Functional relations for hypergeometric functions 
XI n t Elementary definite integrals 
XI ter General iterated forms 
XJac Jacobi polynomials 

· XKumU Kummer U function 
Xlag Laguerre polynomials 
Xlap Laplace transforms 
Xlatsum Lattice sums 
XLegP Legendre polynomials 
Xlev i Generate Levi-Civita tensor 
Xlom Lommel function 
XNorm Norm of a vector 
XOpl Orthogonal polynomials - 1 
X0p2 Orthogonal polynomials - 2 
XOp3 Orthogonal polynomials - 3 
XOpR Rodrigues formulae for orthogonal polynomials 
XPar Parabolic cylinder function 
XSo I Inverses of elementary transcendental functions 
XS tr Struve functions 
XSum Summation of series 
XSumPR Special output form for Sum 
XTEx Tensor expansion 
XTrl Ele".Ilentary transcendental functions - 1 
XTr21 Elementary transcendental functions - 2.1 
XTr22 Elementary transcendental functions - 2.2 
XTr23 Elementary transcendental functions - 2.3 
XTr24 Elementary transcendental functions - 2.4 
XTr25 Elementary transcendental functions - 2 .5 
XTr26 Elementary transcendental functions - 2.6 
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XTr27 Elementary transcendental functions - 2.7 
XTr28 Elementary transcendental functions- 2.8 
XTr29 Elementary trancendental functions - 2.9 
XTr2a Elementary transcendental functions - 2.10 
XTr311 Elementary transcendental functions - 3.1.1 
XTr312 Elementary transcendental function~ - 3.1.2 
XTr32 Elementary transcendental functions - 3.2 
XTr33 Elementary transcendental functions - 3.3 
XTr4 Elementary transcendental functions - 4 

XTr5 Elementary transcendental functions - 5 
XVec an Three-dimensional vector analysis 
XLJh i Whittaker function 
XLJron Wronskian and Jacobian 

XZeta Riemann zeta function 
4. Geometry and topology 

XRot2 Rotations in two dimensions 
XRo t3 Rotations in three :iimensions 
XPo I ar Polar graphs 

XP I o t Operations on plots 
5. Applied mathematics 

XF i t Curve fitting 

XHor n Horner representation 
XI n f o Basic information theory 
XI tp Lagrange interpolation of list values 

XU tp Interpolation of contiguous lis':. values 
XRandC Generation of re.ndom numbers from continuous distributions 
XRandD Generation of re.ndom munbers from C.isr.rete distributions 
XRandL Random selection of list elements 
XS tat Statistical properties of univariate distrib:.i.ticns 
XTur i ng Turing machine sim:.i.lation 

B. Physical sciences 
1. Classical mechanics 

Xlor Lorentz vectors 
2. Fluid mechanics 
3. Statistical mechanics 
4. Properties of matter 
5. Electrodynamics 
6. Quantum theory 

G Dirac gamma matrix manipulation 
XF i er z Fierz transformations 
XPau I i Representation of ?auli sigma matrices 
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7. Astrophysics and gravitation 
Xlev i Generate Levi-Civita tensor 

8 . Chemistry 
9. Earth sciences 
10. Physical quantities 

XO i m Dimensional analysis 

XMKS MKS/SI u.."1.its 
XNA T Natural units 
XPhy s Func1.amental physical constants 

C. Life and social sciences 
1. Biology 
2. Medicine 
3. Sociology 
4 . Economics 

D. Technology 
1. Mechanicc.l engineering 
2. Civil engineering 
3 . Hydraulic and aeronautical engineer ing 
4 . Electrical and optical engineering 
5. Chemical engineering 
6 . Systems engineering 

E. Miscellaneous 
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Section d irectory 

1. Basic system operation 
1. Input and output 
2. Global objects 
3. External files and job recording 
4. Termination and real-time inter rupt s 
5. Processing impasses 
6. Monitor escapes 
7. Edit mode 
8. Procedures and subsidiary m ode 
9. Information and elaboration 

XWarn Warning messages 
10. External programs and program construction 
11. Parallel processing 

2. Syntax 
1. Numbers 

XBase Conversion of integers in arbitrary number bases 
XD i g Digit manipulation 
XFrac Fractions 

2. Syrnbols 
3. Projections 

XUnmark Remove Marks 
4. Lists 
5. Expressions 

Xlev Isolate single level 
6. Patterns 

XGenp Test for generic symbols 
7. Templates 
8. Chameleonic expressions 
9. Commentary input 
10. Input forms 
11. Syntax modification 
12. Output forms 

XPR Special output forms 

3. Fundamental operations 
1. Automatic simplification 
2. Assignment and deassignment 

XK i I I I 0 Kill Input/Output 
XMSe t Automatic memo definition 
XSpare Remove almost all values 

f 
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3. Replacements and substit utions 
4. Numerical evaluation 
5. Deferred simplification 
6. Pre-simplification 
7. Partial simplification 

4 . Properties 

5. Relational and logical operations 
XLog i c Elementary laws in propositional calculus 

6. Control structures 
1. Conditional statements 
2. Iteration 
3. Procedures and flow control 

7. Structural operations 
1. Projection and list generation 

XArperm Gene ration of permutations 
XT up n-tuples 

2. Template application 
XDap Directional application 
XNMap Multi-element generalization of Map 

3. Part extraction and removal 
XLev Isolate single level 

4. Structure determination 
XLenex Length of expanded expressions 
XLPar t List positions of all parts 

5. Content determination 
XAny Test for any elements of list satisfying condition 

6. Character determination 
XGenp Test for generic symbols 
XI n t p Additional rules for integer t esting 

7. List and projection manipulation 
XCon t i g Make list contiguous 

XDap Directional application 
XI nd Manipulation of indices in lists 
XLAr i tti Arithmetic operations on lists 
XL is t0 Basic list manipulations 
XL i s t1 Operations on sublists 
XMax i nd Find maximal index 

XPee I Peel away sublists 
XPro j Projection manipulation 
XUnF I at List unflat.tening 



SMP LlBRARY I Section directory 

8. Distribution and expansion 
Xlenex Length of expanded expressions 

9. Rational expression manipulation and simplification 
10. Statistical expression generation and analysis 

XI n fa Basic information theory 
XRandL Random selection of list elements 

XRpo I y Random polynomial generation 

8. Mathematical functions 
1. Introduction 
2. Elementary arithmetic operations 

XExDo t Expansion of dot products 
3. Numerical functions 

XAbs Extensions for Abs 
XRandC Generation of random numbers from cor:..tinuous distributions 

XRandD Generation of random numbers from discrete distributions 
4. Mathematical constants 
5. Elementary transcendental functions 

XTrl Elementary transcendental fum:tions - 1 
XTr21 Elementary transcendental functior..s - 2.1 

XTr22 Elementary transcendental functions - 2.2 
XTr23 Elementary transcendental functions - 2.3 
XTr24 Elementary transcendental functions - 2.4 

XTr25 Elementary transcendental functions - 2.5 
XTr26 Elementary transcendental functions - 2.6 
XTr27 Elementary transcendental functions - 2.7 

XTr28 Elementary transcendental fun::!tions- 2.8 
XTr29 Elementary trancendental functions - 2.9 
XTr2a Elementary transcendental functions - 2.10 

XTr311 Elementary transcendental functions - 3.1. l 
XTr312 Elementary transcendental functions - 3.1.2 
XTr32 Elementary transcendental functions - 3.2 
XTr33 Elementary transcendental functions - 3.3 
Xlr4 Elementary transcendental functions - 4 
XTrS Elementary transcendental functions - 5 

6. Gamma, zeta and related functions 
XBer Bernoulli polynomials 
XBeta Euler beta function 
XEu I Euler polynomials and numbers 
XGamma Gamma function 
Xler Lerch transcendent 
XZeta Riemann zeta function 
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7. Confluent hypergeometric and r elated functions 
XA i r Airy and related functions 
XAng Anger and Weber functions 
XBesl Functional relations for Bessel functions 

XBes2 Recurrence relations for Bessel functions 
XBes3 Bessel functions of integer or der 

XBes4 Bessel functions of half odd integer order 
XBes5 Special cases for half odd integer order Bessel functions 
XChg Confluent hypergeometric function 

XHer Hermite polynomials 
XKumU Kummer U function 
Xlag Laguerre polynomials 
Xlom Lommel function 

XPar Parabolic cylindar function 
XS tr Struve functions 

Xl.lh i Whittaker function 
8. Hypergeometric and :::-elated iu nctions 

XChe Chebychef polynomials 

XGeg Gegenbauer polynomials 
XHgl Hypergeometric functions - 1 
XHg2 Hypergeometric functions - 2 

XHg3 Hypergeometric functions - 3 
XHg4 Hypergeometric functions - 4 
XHg5 Functional relations for hypergeomet r ic functions 

XJac Jacobi polynomials 
XlegP Legendre polynomials 
XOpl Orthogonal polynomials - 1 
XOp2 Orthogonal polynomials - 2 
XOp3 Orthogonal polynomials - 3 
XOpR Rodrigues formulae for orthogonal polyno::nials 

9. Further special functions 
10. Number theoretical functions 

XAbs Extensions for Abs 

XAck Ackermann function 
XF i b Fibonacci numbers 
XHarm Harmonic sequence 

XLCM Lowest common multiple 

9. Mathematical operations 
1. Polynomial manipulation 

XPo I y Information on polynomials 
XRs It Polynomial resultants 
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2. Evaluation of sums and products 
XI ter General iterated forms 
XSum Summation of series 

3. Solution of equations 
XO i o s Solution of Diophantine equations 
XLdEq Lists of equati.ons 

XSo I Inverses of elementary trans~endental functions 
4. Differentiation and integration 

XI nt Elementary definite integrals 

XVecan T.h.ree-dimen.sional vector analysis 

5. Series approximations a.rid limits 
6. Matrix and explicit te.::isor manipulation 

XCon Tensor contraction 

XOap Directional application 
Xlev i Generate Levi-Civita tensor 

XMa t 1 Matrix input and generation 
XMat2 Structural matrix :.iperations 
XMat3 Matrix character tests 

XMat4 Algebraic matrix operations 
XNor m Norm of a vector 
XTEx Tensor expansion 

10. Non-computational operations 
1. Input and output operatior:s 
2. Graphical output 

XP I h i st Plot histogram 

XRot2 Rotations in two dimensions 
XRot3 Rotations in three dimensions 

3. File input and output 
X&.la t ch Watching external file input 

4. Memory management 
XK i I I I 0 Kill Input/Output 

5. External operations 
6. Character string manipulation 

XChar Character rnanipwation 

XStr0 Basic character string manipulation 
XS tr 1 Further character string manipulation 

7. Programming aids 
8. System performance analysis 
9. Program construction 
10. Asynchronous and parallel opera.lions 



G 
Ii: Cpl, p2, p3, ... l 
<Flat> 

represents a product of Dirac gamma matrices. G [] is the identi~y ga.rnma 
matrix. The pi may have the types: 
Gvec or Gvec [ (n:4 )l 

Gscal 

Gind 

"Slashed" Lorentz vector of dimension n (default type) . 
Lorentz scalar . 

Gamma matrix with "dummy" index. 
The implicit Dirac spinor indices carried by G projections are contracted by Dot 
projections. Conj forms the complex conjugate of a G projection. 
The following additional objects may appear in G projections: 

G5 The pseudoscalar gamma matrix. 
Usp Cp, (m.: 0)1 

Spinor representing solution to free Dirac equation with momentum p such 
that p. p: m'L. 

Uspb Cp, (m.:0)1 
Spinor conjugate to Usp [p, mJ. 

Tr yields the trace of a product of gamma matrices represented by G projections. 

HI [ 1 ] : : G [ p ' p , p ] 

/{!JCll: P•P GCpl 

#I C 2 l : : p .....q ....k ....G v e c 

#0 C2l: Gvec 

#I C 3 l : : x -DI ....G s c a I 

#0 C3l: Gs ca I 

#I C4l:: G Cp+m, p+x ql 

flOC4l: GCp,p + q xl + m GCp + q xl 

#I C 5 J : : E x C % J 

l/OCSJ: 111 GCpJ + x GCp,ql + GCJ p.p + m x GCqJ 

/II C 6 J : : G C p , q J • G C k , q J 

l/OCSJ: GCp,q,k,ql 

/JI C 7 J : : C o n j C % J 

l/OC7l: GCq,k,q,p] 

#IC8l:: TrC%J 

/ltC8J: -4 k.p q.q + 8 k.q p.q 
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XAbs 
'** Extensions for Abs **' 

I* The ta Cxl 
represents the unit step function. *' 

le RampCxl 
represents the unit ramp function.*' 
RampCSxl CAbs[ ~x l + $x)/2 

/t: Further simplification rules for Abs.,.; 
AbsCSx SSxl :: AbsCixl Abs[$$x] 
Ab s [ S x - <Sn _;Na t p C $ n l ) J : Abs [ $ x J -s n 
OCRbsCSxl,!Sx,l,SyjJ SignCSyJ 
Rbs[Slgn[$x_;($x!=8>ll : 1 

I• Further simplification rules for Sign 'fl./ 
SignCSx $$xl :: SignCSxJ Sign[$$xl 
SI gn CSx-CSn_;Evenp [$nl > l : 1 
SlgnCRbs[Sxll 1 

It: 
HI [ 1l : : <X Rb s 

//:I C 2 l : : Abs [ a b -2 cl 

2 
#0 [21: Rbs [al Abs [bl Abs [cl 

•I 

XAck 
'** Ackermann func!ion **/ 

I• Rcl<Cx,yl 
Ackermann function. *' 
Ack [8 1 Syl Mod [$y+l, 31 
RckCSx,81 tx+l 
Ack CSx, 11 Sx+2 
Ack[Sx,21 2Sx 
Rc1<CSx,3l 2-sx 
Rcl<[Sx,41 :: Rrro1d2,Sx+ll 
Rel< CSx, Syl : : Rck CSx, Syl Rck CR ck. [Sx-1, Syl, Sy-ll 

It: RrrowCn,ml 
Knuth arrow function n-Cn-<n-.•• ))) with m powers.*/ 
Arrow [$n 1 8] 1 
Rrrow[Sn,ll : Sn 
Rrrow[Sn,Sml :: Sn-Rrrow[Sn,Snr-ll 

#I C 11 : : <X A ck 

//:I [ 2 J 1 1 Ar [ 1 8 , Arrow CS i , 2 l l 

l/-OC2l: !I,4 ,2 7,256,3125,45656,823543,16777228,387428508,1.*-1ej 

#I C 3 l : : R ck C 2 , 5 J 

/fO [31 I 16 
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#I C 4 l : : Ac IC C 3 , 5 l 
•I 

XAir 
I•• Airy and related functions **' 

SAir....;ldist 

SAirCll: AlrAICSzl -> l/Pi <Sz/3)"'(1/2) 89sKC113,2/3 $z"'C3/2ll 

SAirC2l: 

I• MOS p. 75 t;;./ 

AirBiCSzl -> (Sz/3)"'(1/2) <BesIC-113,2/3 $z"'(3/2)] + \ 
Besl[l/3 1 213 Sz"'(3/2lll 

/>'!/. MOS p. 75 t;;./ 

SAirC3J: AlrAiCSzJ -> 1/3 <-Szl"'(l/2) <BesJCl/3,2/3 (-$zl"'(3/2ll + \ 
BesJC-1/3, 213 C-Sz) "'(3/2) J) 

/>'!/. MOS p. 75 .,,.; 

SAirC4J: AirBiCSzJ -> C-Sz/3l"'Cl/2l CBesJC-113,2/3 C-Szl"'C3/2ll - \ 
BesJCl/3 1 2/3 (-$z)"'(3/2)]) 

/>'!/.MOS p. 75 *' 

XAng 
I•* Anger and lleber functions **/ 

SAng.....:ldist 

SAng Cll: AngJ [Sn, Szl -> Cos CP i Sn] /Sin CP i Snl UebE [$n, SzJ - IJebE C-$n, SzJ \ 
/SinCPi SnJ 

I• MOS p. 118 */ 

SAng C21: IJebE CSn, Szl -> An9J C-Sn, SzJ /Sin CP i SnJ - Cos CP i Snl /Sin CP i $nl \ 
AngJCSn,Szl 

I* MOS p. 118 */ 

SAngC3J: RngJCSn,Szl -> 2CSn-llSz"'(-$n+ll Ani;JC$n-l,$zl - 2/Pi/Sz \ 
Sin CP i <Sn-ll J - An9J [$n-2J 

I• MOS p. 118 */ 

SAng C4J: llabE CSn, Szl -> 2 CSn-ll /Sz IJebE CSn-1, Szl - 2/P i /$z 
Cl - CosCPi (Sn - llll - WebEC$n-2,Szl 

I• MOS p. 118 */ 

SAng CSJ: IJebE [1/2, Szl -> AngJ C-1/2, SzJ 
I* MOS p. 119 */ 

SAng C6J: RngJ C-1/2, SzJ -> IJebE Cl/2, Szl 
hi: MOS p. 119 */ 

SRngC71: RngJC-112,Szl -> CPi $z/2l"'(-l/2l CCosC$zl CFreCCSzJ\ 
+ FreS CSzl l - Sin [$zl CFreC [$zJ - FreS [$zl) l 

I* MOS p. 119 :~/ 

SAngC8J: IJabECl/2,SzJ -><Pi $z/2l"'(-l/2l CCos[$zl CFreCC$zl\ 
+ FreS CSzJ l - Sin [$zl CFreC [$zl - FreS CSzJ l) 
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/;. tlOS p. 119 *' 
SAngC91: -MebEC-112,Szl ->(Pl Sz/2>-<-112> <Cos[!l>zl CFreCCSzl\ 

- FreS CSzl > + Sin CSzl CFreC CSzl + FreS CSzl >) 
I• MOS P• 119 •/ 

SAng (1811 AngJCl/2,Szl -> CPi Sz/2>-C-1/2) CCosCSzl CFreCCSzl\ 
- FreS CSzl) + Sin [Szl CFreC [$zl + FreS [$zl)) 

I• MOS p. 119 *' 

XAny 
I•• Test for any elements of list satisfying condition **' 

I• Any[temp, I 1st] 

/a 

#I [ 1] I I 

/II [ 2] I I 

#0 £21: 

*' 

XArperm 

<Xlist8 

test11 whether any of the elements of list yield "true" on application 
of the te•plate temp. a/ 
...llny CNou1pl 1 f 1, 8 ! 
RnyCSte111p,Slistl 1: InCSl-rRelCApCStemp,fSljll,Slistl 

<XAny 

Rny{Evenp,ArCS,PrlMell 

1 

I•• Generation of permutations **' 

/a ArpermCn, (spec& (a 11) )] 

I• 

yields a I ist of the permuations of n elements 
which exhibit the symmetries spec. •/ 
I• Arper111CSnl :: FlatCArCArCSn,SnJ,Llst,UneqJ,Snl •/ 
Rrper•...; Ti er 
Rrper• Cll: ! !1 ! I 
ArpermCSn-rNatpCSnll :: ArpermCSnl: \ 

FI at Cl1ap CAr CSn, Ins CSn, $%1, $%21 l, Rrperm CSn-11l,11 
Arper• [Sn, Cyc I I cl : : Ar [Sn, Cyc CAr [$nl, $%11 l 
Rrperm CSn, Even] : : Cat CAr [Sn!, Rrperm ($nl, Evenpl l 
Arperm CSn, Odd] : : Cat (Ar [Sn!, Ar perm [Sn], Odd pl l 

#I Cll:: <XArper111 

#I C 2 l : : Arp a r 111 C 3 l 

#fJC2l: !!3,2,lj, !2,3,lj, !2,1,3l, !3,l,2j, fl,3,2f, ll,2,3jj 

#I [ 3 l : : A r p e r 111 [ 3 , C y c I i c l 
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#I C 4 l : : Arp er In C 3, Even l 

/JOC4l: !!2,3,lj, !3,l,2!, ll,2,3jj 

/II C 5 l : : Ar p e r 111 C 3 , 0 d d l 

/JOC5l: !l3,2,1j, !2,1,3j, !1,3,2jj 

., 

XBase 
I•• Convers i on of integers in arbitrary number bases **' 

I• To18Cccccc,nl 
converts the number ccccc frolll base n to base 18. *' 
I• ccccc represents an integer whose digits are characters in 
the symbol nam'l ccccc. The "digit" 18 is represented by a, 11 by b 
and so on. *' 
To18 CSs_rSymbp CSsl, Sb_;Na tp CSbl l : : (Le IC% I l; % I: Exp I CSsl; \ 

Su111CSb-CLenC%tl-%il*%IC%il,%i,l,LenC%llll 

I• Froml8Cx,nl 

I• 
#I C 1 l : : 

/II C 2 l : : 

/IO C2l: 

fl C 3 l : : 

#CJ [3] I 

/II C 4 l : : 

*° {4] I 

/II C 5 l : : 

*° {5]: 

•I 

converts the decimal integer x to a Base projection in base n. *' 
Fro1nl8 CSn_rNa tp CSnl, Sb_;Na tp CSb-ll l • • Cle i [%tot, %res,% i); \ 

<XBase 

ForC%i:l; %res:Sn, %res...,,,9, lncC%iJ, %totC%il:Mod{%res,Sbl; \ 
%res:GintC%res/Sbll; Imp! CRev[ %totll l 

From18C1452, 21 

"18118181188" 

Tol8C%,2l 

1452 

From18C%,16l 

"Sac" 

Tol8C%,16l 

1452 
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XBer 
I•• Bernau I Ii polynomials ••/ 

SBer_; Ldiat 

Ber[8J 1 1 

8er[Sn_;Natp[(Sn-l>/2J,8J : 8 

SBar [l): Ber[Snl -> -Sum[Co1nb[Sn+l,1<l Ber[kl, IC, 8, Sn-ll I CSn + 1> 

SB er C2J: Ber [Sn, Sx+SSyJ --> Su111 CC011b C,n, ml Ber Cm, SxJ SSy-CSn-ml, m, 8, Snl 
I• llOS p. 25 •/ 

SB er [3) 1 Bar CSn_;Na tp [Sn), 8J -> Ber [Sn) 

SB er C4J: Ber CSn_;Na tp CSnJ, 1/21 -> - Cl-2-Cl-Snl >Ber CSnl 

SBer C511 Bar [Sn_;Natp CSnl, 1141 -> C-1> -Sn Ber CSn, 3/41 

SBer[6]1 BerCSn_;Natp[Snl,1/4) -> -2-<-Sn) <1-2C1-Sn)) Ber[Snl\ 
Sn 4-C-Sn) Eu I CSn-ll 

SBer C7l: Bar CSn_;Na tp [$n/2J, 5/6] -> Ber [Sn, 1/6] 

sear [8] I Ber csn-Na tp [Sn/2), 1/6] -> 1/2 ( 1-2-C 1-Sn)) (l-3-( l-$n)) Ber [Sn) 

SBer[9]: BerC$n_;Natp[Snl,1-Sxl -> (-1>-Sn Ber[Sn,Sxl 

SBer [9]: 

SB er [ 181: 

SBerCllJ: 

SB er [1211 

SB er [ 13] 1 

SBer C 141: 

SBer C15l 1 

SBer C16J: 

SBerC17l: 

S8er[18J: 

SB er C 191: 

Ber[Sn_;Natp[Snl ,Sxl -> C-ll-Sn <Ber[Sn,-Sxl+Sn C-$x)-($n-l)) 

Su11CSm-Sn,S11,l,SNl -> l/CSn+ll CBer[Sn+l,SN+ll - BerCSn+lll 
I• llOS p. 26 •/ 

Ber[Sn...;Natp[Snl,Sxl -> BerCSn,Sx+ll - Sn Sx-<Sn-ll 
lo MOS p. 26 •/ 

Su•CCombCSn_;Natp[Snl ,h1_;NatpCSm-lll BerCSm,Sxl ,Sm,8,Sn-ll ->\ 
Sn sx-CSn-ll 

I• llOS p. 26 •/ 

Ber CSn_;Na tp CSnl, Sx Sm_; Nat p CSm-ll l -> Sm-<Sn-1> \ 
Su11 CB er CSnl <Sx + I /Sm), I, 8, Sm-ll 

/t; llOS p. 26 *' 
I• Barnaul Ii numbers •I 

Ber [Sn, 81 -> Ber CSnl 

Ber[Sn,11 -> BerCSnl 

BerCSn_;NatpCSn/2-1/211: 8 
I• l'IOS p. 27 *' 

Ber [$n_;Na tp [Sn/2)] --> 2 <-1> -<Sn/2+1> Sn! :c:\ 
Su11[(2 Pi m>-C-Sn>,m,l,Infl 

I• llOS p. 27 *' 
Ber[$n_;Natp[Sn/2Jl -> 2(-lJ-CSn/2+1) <2 PiJ-C-Sn) Sn!*\ 

ZetaCSnl 
/ti: llOS p. 28 •I 

Ber[Sn...;NatpCSn/2-lJl ->-Sn Zeta Cl-Sn) 
I• llOS p. 28 •I 



XBesl 

SBes..Jldiat 

SBes Cl, ll 1 

SBesC1,2l: 

SBesC1,3l: 

SBesCl,411 

S8esCl,Sl1 

SBasCl,6l1 

S8esCl,7l: 

SBasCl,81: 

SBas Cl, Sl: 

S8esC1,18l: 

SBesCl,lll1 

SBas Cl, 12] 1 

SBes Cl, 13l: 

SMP LlBRARY 

I•• functional relation& for Bessel functions fl.(;./ 

BesY CSn, Szl -> l/S in [Pi Sn] <BesJ [Sn, Szl Cos CP i Snl -\ 
BesJ[-Sn,SzJ) 

I* MOS p. 66 *' 
BesHlCSn,Szl -> BesJCSn,Szl +I BesYCSn,Szl 

I• MOS p. 66 *' 
BesHlCSn,Szl -> 1/(1 Sin[Pi Sn]) <BesJ[-Sn,Szl - \ 

BesJ [Sn, Szl Exp [-I Pi Snl) 
/'fl. MOS p. 66 *' 

BesH2CSn,Szl -> BesJ[Sn,Szl - I BesYCSn,Szl 
ltt. l'IOS p. 66 •/ 

BasH2CSn,Szl -> l/CI SinCPi Snl> <BesJCSn,Szl Exp[! Pi Snl - \ 
BesJ [-Sn, Szl) 

I• MOS p. 66 'fl./ 

BesJ [Sz, Szl -> BesJ [-Sn, Szl Cos [-Pi Sn] - BesY [-Sn, Szl \ 
SinC-Pi Snl '* 110S p. 66 *' 

BasYCSn,Szl -> BesJC-Sn,Szl SinC-Pi Snl + BesYC-Sn,Szl\ 
Cos C-P i Snl 

/'fl. MOS p. 66 *' 
BasHlCSn,Szl -> ExpC-I Pi Snl BesHlC-Sn,Szl 

/'fl. MOS p. 66 *' 
8asH2CSn,SzJ -> Exp CI Pi Snl BesH2[-$n,SzJ 

'* MOS p. 66 *' 
BesJ[Sn,SzJ -> Conj CSesJ [Conj [Sn], Conj [Szl J l ,. MOS p. 66 *' 
BeaYCSn,SzJ -> Conj CBesYCConj [Sn] ,Conj CSzlll 

'* MOS p. 66 *' 
BesHlCSn,SzJ -> Conj CBesH2 [Conj [$nl, Conj [$zl l J 

I* MOS p. 66 *' 
6esH2 [Sn, Szl -> Conj CBesHl [Conj [Snl, Conj [Szl l l 

'* MOS p. 66 *' 
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XBes2 
'** Recurrence relations for Bassel functions **' 

SBes_;Ldist 

S8asC2,ll: 

SB es [2, 211 

SBas [2,311 

SB es [2, 41: 

SBes C2, 511 

SBesC2,Gl: 

SBas [2, 71: 

SBasC2,811 

SBes [2, 91: 

SB es [2, 181: 

SBas[2,lll1 

SB as [2, 121: 

SBes[2,13l: 

SBesC2,14J: 

SB es C2, 15]: 

SBasC2,16J1 

SBesC2,17l: 

SB es C2, 18]: 

BasJCSn,SzJ -> Sz/2/Sn <BesJ[Sn-1,Szl + BesJ[$n+l,SzJ) 
/fl. MOS p. 67 *' 

BesYCSn,S:i:J -> Sz/2/Sn <BesYCSn-1,SzJ + BesYC$n+l,SzJ > 
I* MOS p. 67 *' 

BesHl CSn, :tzl -> Sz/2/Sn <BasHl CSn-1, Szl + BesHl [$n+l, Szl > 

I• MOS p. 67 *' 
BasH2 CSn, SzJ -> Sz/2/Sn CBasH2 CSn-1, Szl + BesH2 [$n+l, $zl) 

lo MOS p. 67 'fl./ 

BesJCSn,SzJ -> -BesJCSn+2,Szl + 2(Sn+l)/$z BesJ[$n+l,$zJ 
I• MOS p. 67 'fl./ 

BasYCSn,Szl -> -BesYCSn+2,SzJ + 2($n+ll/Sz BesY[$n+l,SzJ 
I• MOS p. 67 *' 

BasHl[Sn,SzJ -> -BasH1CSn+2,SzJ + 2<Sn+l)/$z BesHlCSn+l,SzJ 
/11< MOS p. 67 'fl./ 

BasH2CSn,Szl -> -BasH2ISn+2,SzJ + 2(Sn+l)/$z Besn2[$n+l,SzJ 
/*MOS p. 67 '!;./ 

BesJCSn,SzJ -> -BasJ[Sn-2,SzJ + 2CSn-1)/$z BesJ~$n-l,$zJ 
I* MOS p. 67 ;/ 

BesYCSn,Szl -> -BasVCSn-2,Szl + 2CSn-ll/Sz BesY[$n-l,Szl 
I• MOS p. 67 'fl./ 

BasHlCSn,SzJ -> -BasHl[Sn-2,Szl + 2<Sn-l)/$z BesHlCSn-1,Szl 
/o MOS p. 67 *I 

BesH2CSn,SzJ -> -BasH2[Sn-2,SzJ + 2CSn-ll/Sz BesH2[$n-l,$zJ 
/o MOS p. 67 ;/ 

Besl{Sn,SzJ -> Sz/2/Sn <Besl[Sn-1,Szl - Besl[Sn+l,Szl) 
/o MOS p. 67 'fl./ 

BesKCSn,Szl -> Sz/2/Sn <Besl<[Sn-1,Szl - BesK[$n+l,$zJ) 
/fl. MOS p. 67 ':l/./ 

BasKCSn,SzJ -> Basl[Sn+2,Szl + 2<Sn+l)/Sz !lesl[Sn+:,Szl 
/fl. MOS p. 67 ;/ 

BesKCSn,Szl -> BesK£Sn+2,Szl - 2<Sn+l)/Sz BesKC$n+l,SzJ 
I• rtOS p. 67 */ 

BasICSn,Szl -> Besl{Sn-2,Szl - 2($n-l>/Sz BesI[Sn-1,St J 
I• MOS p. 67 * / 

BasICSn,SzJ -> BesKCSn-2,SzJ + 2<Sn-ll/Sz Be s K[$n-1,SzJ 
/fl. MOS p. 67 ;/ 
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SBes...;Ldist 

SBes C3, 1l: 

SBes C3, 21: 

SBes C3, 31: 

SB es £3, 41: 

SBesC3,Sl: 

SBes £3,61: 

SBesC3,7l: 

SMP LIBRARY 

I•• Bessel functions of integer order **' 

BesJ CSn _;In tp CSnl, Szl -> <-1) -<-Sn) BesJ [-Sn, $zl 
I• 110S p. 70 ft./ 

BesY [Sn_; In tp [Snl, Szl -> <-1> -<-Sn l BesY [-Sn, Szl 
I* 110S p. 70 *' 

Bas I CSn_.. In tp CSnl, Szl -> C-1 l -<-Sn l Bes I [-Sn, Szl 
ltt. 1105 p. 70 tt.I 

BesJ[Sn-1EvenpCSnl,Szl -> <-ll-Sn Sn SumC(Sn +I - ll!/\ 
(Sn - l)!•<-l>-1 <Sz/2>-<-ll/l!tt.BesJCl,Szl,1,0,Snl 

I• 1105 p. 71 */ 

BesY CSn_rEvenp CSnl, Szl -> <-1> -<Sn/2 l (Sn/2) Sum [ CSn/2+ 1-ll ! /\ 
($n/2 - l)!o<-ll-1 (Sz/2)-(-1)/l!•BesYCl,Szl,1,0,SnZ 

ltt. 110S p. 71 *' 
BesICSn-1Evenp[Snl,Szl -> Sn/2 Sum[($n/2 +I - ll!/\ 

($n/2 - l)!•<-l>-1 ($z/2)-(-ll/l!•Besl[l,$zl,1,0,Snl 
I* 1105 p. 71 */ 

BesK CSn_;Evenp [$nl, Szl -> Sn/2 Sum [ ($n/2 + I - 1l !!\ 
<Sn/2 - l)!:tCSz/2)-(-ll/l!•BesK[l,Szl,1,0,Sn/21 

/'!f. 1105 p. 71 */ 

Epsn tSxl: l + (Sx>0> 

SB11sC3,Sl: 

S8es £3, 91 I 

5Bas (3, 181: 

SBasC3,lll: 

BasJ[Sn_;IntpCSnl,Szl -> (Sz/2)-Sn Sn!*Sum[Epsn[ll\ 
l/((Sn + ll!•<Sn - I)!) BesJC21,Szl,l,0,Snl 

ltt. 1105 p. 71 *' 
BesY[Sn_rlntp[Snl,Szl -> <Sz/2)-Sn Sn!:a:SumCEpsn[ll\ 

l/((Sn + ll!:1dSn - ll!l BesY[21,Szl,1,8,Snl 
I• 1105 p. 71 •/ 

BasICSn_rlntpCSnl,Szl -> ($z/2l-Sn Sn!.,,5umC<-ll-1 Epsn[ll\ 
l/((Sn + ll!•<Sn - ll!l Besl[21,Szl,1,0,Snl 

/ft. l'IOS p. 71 *' 
BesKCSn...;lntp[Snl,Szl -> (-ll-Sn($z/2l-Sn Sn!•SumC<-ll-1\ 

Epsn[ll 1/((Sn + l>!:a:(Sn - ll!l 8esKC21,Szl,l,0,Snl 
ltt. 1'105 p. 71 .,,; 
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XBes4 
I•• Bessel functions of half odd integer order **' 

SBes_;Ldist 

SBes C4, 51: 

SBes C4, 711 

S8es[4,811 

SB es C4, 911 

S8esC4,18l: 

S8esC4,11l1 

SB es [4, 121 t 

. 
SB es C4, 131: 

XBesS 

BesJ CSn..;Natp C-Sn-1/21, Szl -> C-1> -C-Sn+l/2) BesY C-Sn, $zl 
I• MOS p. 72 fif./ 

BeaY Csn_.Na tp C-Sn-1/21, Szl -> C-1> -C-Sn-1/2) BesJ C-Sn, Szl 
I• MOS p. 72 *' 

BesH1CSn_..NatpC-Sn-1/2J,Szl ->I C-1>-C-Sn-112> BesHlC-Sn,Szl 
I• MOS p. 72 fif./ 

8esH2 CSn..;Natp C-Sn-1/21, Szl -> -1 C-1> -C-Sn-112> BesH2 C-Sn, Szl 
I• MOS p. 72 *' 

Bes I CSn...;Na tp C-Sn-1/21, Szl -> C-1) -C-Sn-1/2 > 2/P I BesK C-$n, Szl + \ 
BaslC-Sn,Szl 

I• 110S p. 72 *' 
Besj CSn..;Intp CSnl, Szl -> CP i /2/Sz> -Cl/2) BesJ CSn+l/2, Szl 

I• MOS p. 73 */ 

8eshl [Sn_. In tp CSnl, Szl -> CP i /2/Sz > -c 1/2 > BesH 1 CSn+l/2, $zl 
I• 110S p. 73 */ 

8esh2 Csn_,In tp CSnl, Szl -> CP i /2/Sz> -Cl/2) 8esH2 [Sn+l/2, Szl 
I• 110S p. 73 */ 

'** Special cases for half odd integer order Bessel functions **' 
SBes_;Ldist 

SBasC5,1,ll: 
SBasC5,1,2l 1 

S8asC5,2,1l: 
SBesC5,2,2l: 

SBasC5,3,ll: 
S8asC5,3,21: 

SBest5,4,ll: 
SBesC5,4,2l : 

SBesC5,5,1J: 
SBesC5,5,2l : 

SBesC5,6,ll: 
S8asC5,6,2l 1 

S8asC5,7,ll: 
SBesC5,7,2l 1 

BesJCl/2,Szl -> BesYC-1/2,Szl 
BesYC-1/2,Szl -> BaeJCl/2,Szl 

I• 110S p. 73 */ 

BasJCl/2,Szl -> CPi/2 Sz>-C-1/2) SinCSzl 
BeYC-112,Szl -> SinCSzl I SqrtCPi Sz/21 

BesY[l/2,Szl -> -BesJC-1/2,Szl 
BesJC-112,Szl -> -BesYtl/2,Szl 

I• 1105 p. 73 */ 

'* nos P· 73 *' 
BasYCl/2,Szl -> -CPi/2 Sz>-C-112> CosCSzl 
BesJ[-1/2,Szl -> Cos[Szl I Sqrt CPI Sz/21 

8asH1Cl/2,Szl ->-I BesHlC-112,Szl 
BesHlC-112,Szl ->I BesHlCl/2,Szl 

I• MOS p. 73 */ 

'* nos p. 73 *1 

8esH1Cl/2,Szl ->-I CPi/2 Sz>-C-1/2) CosCSzl Exp CI Szl 
BasHlC-112,Szl -> CosCSzl Exp CI Szl I Sqrt CPI Sz/21 

BesH2Cl/2,Szl ->I BesH2C-112,Szl 
8asH2C-1/2,Szl ->-I 8esH2Cl/2,Szl 

'* nos P· 73 *1 

I• MOS p. 73 •/ 



SBes[S,8,ll 1 
SBes[S,8,21 

SBas rs, 91 I 

SB es [5, 181: 

SBas[S,lll: 

SB as [5, 1211 

SB es CS, 131 1 

SB as [5, 141: 

SMP LlBRARY 

BasH2Cl/2,SzJ ->I (Pl/2 Sz)-(-1/2) Cos[$zl Exp[-1 $z] 
8asH2C-1/2,Szl -> Cos[Szl Exp[-1 Szl I SqrtCPi Sz/21 

/-t.r. MOS p. 73 */ 

BaslCl/2,Szl -> (pi /2 $zl -C-1/2) Sinh[$z] 
/-1',. MOS p. 73 */ 

Bes I C- 1/2, Szl -> CPi/2 Sz)-C-1/2) Cosh[$z] 

'* MOS p. 73 */ 

BesKCl/2 , Szl -> BasK[-1/2,Szl 
/fl. MOS p. 73 */ 

BasKC-112,Szl -> BasK [ 1/2, Szl 

'* MOS p. 73 */ 

BasKCl/2,Szl -> CPI /2/Szl-Cl/2) Exp[-Szl 

'* MJS p. 73 *' 
BesKC-112,Szl -> CP i /2/Szl -Cl/2l Exp[-~z] 

'* MOS p. 73 */ 

'* duplication formulae */ 

S B a i; [ 5 , 1 5 l 1 B a s J [ $ m ....; N a t p [ $ m + 1 / 2 l , $ z l - > - S q r t [ P i ] ( $ m - 1 I 2 ) ! ( $ z I 2 ) -s m \ 
Sum[Comb[2Sm-2k,kl BesJ[Sm-k,Sz/2l BesYCSm- K,Sz/2] .~,a,sm-1/21 

S B e i; [ 5 , 1 6 ] B a s Y [ $ m ....; N a t p [ $ m + 1 I 2 l , $ z l - > S q r t [ P i l I 2 ( $ m - 1 I 2 > ! ( $ z I 2 ) -s m \ 
S u 11 [ C o m b [ 2 $ m - 2 k , k l ( B e s J [ SR1 - k , $ z I 2 l -2 - B e s Y [ $ m - K , $ z I 2 l -2 ) , \ 

1:,8,Sm-1/21 

S B a s C S , 1 7 l 1 B e s K C $ m .....r N a t p [ $ m + 1 I 2 l , $ z l - > C $ m - 1 I 2 > ! I S q r t c P i l C $ z I 2 ) -s m \ 
Sum t C -1 > 4< Comb C 2 $ m- 2 k , k J Bes K [ s m - k , $ z / 2 l -2 , K , a, $ m -1I2 l 

SB as [ 5, 18 l Bas I [ $ m....; Na t p [ $ m + 1I21 , $ z] - > Sq r t [ P i l C $ m -1I2) ! C $ z I 2) -s m \ 

XBeta 

SBata_;Ldist 

SBataCll1 

SBata C2l: 

SBetaC3l: 

SBataC4l: 

SBetaCSl: 

SBeta C6l 

Sum [ C-1> -CSm-1/2-k) Comb C2Sm-2k, kl Bes I CSm-K, Sz/21 \ 
Bes! [k-Sm,Sz/21, k,8,Sm-1/21 

I•• Euler beta function **' 

Beta[Sx,Sy l -> CSy-1> /Sx Beta[Sx+l,Sy-ll 

'* MOS p. 7 */ 

BetaCSx,Syl -> CSy-ll/CSx+Sy-llBeta[Sx,Sy-ll 

'* MOS p. 7 */ 

BataCSx,Syl -> CSx+Syl/Sy BetaCSx,Sy+ll 

'* MOS p. 7 *' 
Beta[Sx,Syl Beta[Sx+Sy,Szl -> Beta[Sy,Szl Beta[Sy+Sz,Sxl 

I* MOS p. 7 * / 

Bata[Sx,Syl BetaCSx+Sy,Szl -> Gamma[Sxl Gamma[ S zl Gamma[Syl\ 
I Gamma[$x+Sy+Szl 

/fl. MOS p. 7 ft./ 

Beta[Sx,Syl -> C$y-U/C$x+Sy-U Bata[Sx,Sy-ll 
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XBit 
'** Bitwise operations **' 

/'f;. BitsCnl 
yields a list of binary bits corresponding to the integer n. *' 
8itsC$n...;NatpCSnll :: (Lc1C%tot,%res,%il; %i:l;%res:$n; \ 

LoopC%res"'l=8,%totC%il:llodC%res,2l;%res:Gint[%res/2l;IncC%ill~ 
RevC%totl) 

I• IntbitClistl 
finds the integer corresponding to a list of bits.*' 
lntbitC$1ist.....rContpCSlist]] .• \ 

5u111C2 -<Len CS I i st l -% i l $ I is t C % i l , % i , 1, Len C $I is t l l 

I• BitandCn,ml 
yields the bitwise conjunction of n and m. cl 
BI tand_: Comm 
BitandCSn.....rNatpCSnl,$m_;(NatpC$ml & $m>SnJl •• \ 

<Lc1[%n,X•l; %n:Bits[$nl; %m:Bits[Sml; \ 
IntbitCLdlst[Xn & ArCLen[%nl,%mllll 

/'f;. Bitor[n,m] 

XBox 

yields the bitwise disjunction of n and m. *' 
Bi tor_: Comm 
Bitor[$n...;NatpC$nl,Sm....rNatpC$mll •• Intbit[LdistCBits[$nl I Bits[$mlll 

It: BoxCx,yl 
represents a 
BoxC!Sx,SyjJ 

'* Clrclee!x,yjl 

unit box centred at the point x,y. cl 
:: LineC!Pte!Sx-8.5,Sy-8.Sjl,PtC!$x+9.5,$y-8.SjJ, \ 

PtCfSx+8.S,S':j+8.5jJ,Pt[!Sx-9.S,$y+a.sp, \ 
Pt[~Sx-8.S,sy-a.sjJ p 

represents a unit circle centred at the point x,y. *' 
CircleC!Sx,Syjl :: !CurveCRrC28,Pt£!$x,Syj+!Sin[2Pi $l/29l, \ 

Cos C2P i $l/28l jl J l J 
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XChar 
I•• Character manipulation **' 

I• Upperp[strl 
yields 1 if the first character of the string str 
is an upper case letter, and 8 other1~ise. •/ 
Upperp[Sstrl .. (!ExplCRJCll> <= Expl[$strl[ll <= C!ExpiCZlCll> 

I• L~werp[strl 
yields 1 if the 
is II lower case 
LowerpCSstrl •• 

first character of tne string str 
letter, and 8 otherwise.*' 
(!Expl[alCll~ <= Expl[$strlCll < C!Expl[zlClll 

I• Tolower[strl 

I• 
/II C 1 l : : 

/II C 2 l : : 

/IO [2]: 

#I C 3 l : : 

/IO [3]: 

#I C 4 l : : 

/IO C4l: 

#I CS l : : 

#0 [5]: 

If.I C 6 l : : 

/IO [6]: 

•I 

XChe 

converts al I upper case letters in str to lower case. *' 
Tolower[Sstrl •• Imp I Cl111pCSl-C!Expl CAl Cll-Expl Cal Cll) ,Exp I [Sstrl ,1, \ 

C!ExplCRlClll <= $2 <= C!Expl[ZlClllll 

<XChar 

t 1: "a message" 

"a message" 

t 2: "R MESSAGE" 

"R 11ESSAGE " 

Lowerp [ t ll 

1 

Lowerp [ t2l 

8 

Tolower[t2l 

"a message" 

I•• · Chebyche f po I ynom i a Is **' 
SChe....:Ldist 

SChe Cll: CheT[Sm,Sxl -> 2Sx CheTCSm-1,S x l-CheTCSm-2,Sxl 

SChe C2l: CheTCSm,Sxl -·> CCheT[Sm+l,$xl +Che T CSm-l,$xl)/(2$x) 

SChe [3J: CheTCSm,Sxl -> 2Sx CheTCSm+l,Sxl-CheTCSm+2,Sxl 

SChe C4l: CheUCSm,Sxl -> 2Sx CheUCSm-1,Sxl-CheUCSm-2,Sxl 

SChe CSJ: CheUCSm,Sxl -> (CheUCSm+l,Sxl+CheUCSm-1,Sxll/C2Sxl 

SChe C6J: CheUCSm,Sxl -> 2Sx CheUC$m+l,Sxl-CheUCSm+2,Sxl 



XChg 

SCh_;Ldist 

SChCll: 

SCh C21: 

SCh C31: 

SCh [4): 

SCh [51: 

SCh [61: 

SCh C7l: 

SMP LlBRARY 

I•• Confluent hypergeometric function **' 

ChgCSa,Sb,Szl -> ExpCSzlChgCSb-Sa,Sb,-Szl 

ChgCl,2,Szl -> 2 ExpCSz/2l S i nhCSz/2) I $z 

Chg Cl, 2, Szl -> <Exp CSzl - 1l I Sz 

Chg CSn, Sn, Szl -> Exp CSzl 

/* RS 13.6.14 *' 
I* RS 13.6.12 *' 

Chg CSn, 2Sn, Szl -> Gamma CSn+l/21 Exp CSz/21 C-I Sz/4 > -(-Sn+l/2 > 
BesJCSn-112,-I $z/2l 

/* RS 13.6.1 */ 

Chg [Sn, 2Sn, Szl -> Gamma CSn+l/21 Exp CSz/21 (-I $z/4) -C-Sn+l/2) \ 
CSinCPi SnlBesJC-Sn+l/2,-I Sz/21 \ 
CosCPi SnlBesYC-Sn+l/2,-I Sz/2ll 

I# RS 13.6.2 */ 

ChgCSn,2Sn,SzJ -> GammaCSn+1/21ExpCSz/2l ($z/4)-C-$n+l/2l\ 
BesICSn-112,Sz/2] 

/-,;-. AS 13.6.3 'ff./ 

SChC8l: ChgCSa,2Sa,Szl -> GammaCSa+l/21 ExpC-I-1.5 Pi Szl\ 
( - Sq r t CI l P i S z I 4 ) - < 1 I 2 - Sa > Ke I be C $a -1 I 2 , I -1. 5 $ z I 2 l 

/*RS 13.6.7 */ 

S C h C 9 l : C h g C S n , 1 I 2 , S z l - > 2 - C - 1 I 2 > E x p C S z I 2 J lh b E [ - 2 $ n , 2 -0 • 5 $ z - Cl / 2 ) l 
I* RS 13.6.15 */ 

SCh C18l Chg [Sa, 112, Syl -> C-2> -C-Sa> <-Sa>! cc Her C-2Sa, Sqrt C2Syl l I C-2Sa > ! 
/# AS 13.6.17 */ 

SC h C 11 l 1 Chg CS n , 3 I 2 , S z l - > (-Sn > ! I C - 2 Sn+ 1 ) ! cc C -1I2 ) ~s n I\ 
< 2 S z > -a . 5 H e r C - 2 S n + 1 , C 2 S z > -0 • 5 l 

;.,._ AS 13.6.18 ;;./ 

SChC121: ChgCl/2 1 3/2,Szl -> SqrtC --Pi/Szl ErfCSqrtC-$zll/2 
/# RS 13.5.19 */ 

SChC1311 Ch9CS11,Sn,Szl -> <Sn-1) !ccSz-CSm-Snl\ 
ExpCSzlTorC2Sm-l,Sn-l,Sz-0 . 5l I Gamma~Sml 

/ * AS 13.6.20 */ 

SChC14l: ChgCSa,Sc,SzJ -> ExpC-Sz/21Sz-C-Sc/2)~hiMCSc/2-Sa,Sc/2-!l2,Szl 
I* MOS p.304 */ 
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XCon 
I•• Tensor contraction ••/ 

I• Con[llat,nl,njl 

I• 

forms the contraction of the tensor list over Its 
nith and njth indices. •/ 
Con[Slist,Sni_.Natp[Sni1,Snj__;Natp[Snjll 11 \ 

(Lei C%t1 J %t1TransCTrans[SI ist, !1,Sni J1, !2,Snj p; \ 
Ap CP lus, Ar [Len [%t1, %t CS!, $1111 > 

f I C 1 l : : <X C o n 

#I [ 2 l : 1 w 3 1 A r C f 2 , 2 , 2 J , f l 

#0 [ 2] I t I t f [ 1, 1, l] , f Cl, 1. 2 l 1. If [ 1. 2, 11 , f [ 1, 2, 2] 11. 

11f[2'1, 11, f [2, 1, 21 1. It C2, 2. 11. f [2, 2, 21 111 
/II C 3 l : : C o n C % , 1 , 2 l 

fOC3ls 1n1,1,11 + tc2,2,11,n1,1,21 + n2,2,21 

#1 t4 l I I Con [ W 3, 2, 31 

fOC4l: IHl,1,11 + fC1,2,2l,fC2,1,ll + fC2,2,2lJ 

/II C 5 l 1 1 w 4 : A r C I 2 , 2 , 2 , 2 J , f l J 

#I [ 6] I : c 0 n r w 4 , 2 , 41 

fOC6ls !!Hl,1,1,11 + fC1,2,1,2l,fC2,1,1,11 + fC2,2,l,2ll, 

!fu,1,2,11 + tu,2,2,21,tc2,1,2,11 + te2,2,2,2111 

a/ 

XCont i g 
I•• nate I Is t contiguous **/ 

I• ContlgCI ist, lnl,n2, •• l,•le11J 

I• 

!"enders list contiguous with ni entries at level by 
Inserting ele11 where necessary. •/ 
ContigCSllst...J11ListpCSllstl,Sn..;Listp[Slistl,Sele11l 11 \ 

Contlg8[SI ist,Sn,Sele:11,l1 
Contlg8CSllst,Sn,Sele11,Siev..;Slev>Len[Snll : Slist 
Contlg8tSlist_.~1stp[Slistl,Sn,Seiem,:ilevl : Slist 
ContigBCSlist_.ListpCSlistl,Sn,Seiem,Slevl :: \ 

ArCSnCSlevl,IfCPCProjCSI istCSll, !Bjl=Projl, \ 
Se I e •, Cont i g 8 C $ I i st CS 1 l , $ n , Se 1 em, S I e v + 1 l l l 

#1 [ l J I I <X C 0 n t j g 

f I C 2 l : 1 t : I C 3 l : a , C 21 : b I 
#0 [2] I IC31: a, C211 bl 

fI C 3] : 1 Con t i g [ t , I 4 J, 8 l 

fOC311 !B,b,a,BJ 
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#I C 4 l : : Con t I g C t , l 8 j , x l 

#0£41: !x,b,a,x,x,x,x,xl 

#I C 5 l : : R r C ! ! 2 , 3 I , ! 3 , 4 11, fl 

#0£511 !C2l1 fc3l: H2,3l, [41: fC2,4lj, C3l: !C3l: H3,3l, C4l: fC3,4ljj 

#IC6l:: Cont i gC%,!4,4j,8l 

#0£61: 1a , !8,8,fC2,3l,H2,4l l, !8,8,fC3,3l,fC3,4] !,aj 

•I 

XO 
I•• Derivatives ••/ 

DCBerCSn,Szl, !Sz,S11,Sxjl :: Sn!/(Sn-Sm> !•BerCSn-Sm,Sxl 

OCBetaCSx,Sy,ll,tSx,l,Szll :: Beta[Sz,Sy,ll <PslCSzl - PsiCSz+Syl> 
DCBeta[Sx,Sy,11, Sy , l,Sz l 11 BetaCSx,Sz,ll (PsiCSzl - PsiCSx+Szl) 

OCCheTCSn,Szl, !Sz,l,Sx jl 
OCCheTCSn,Szl, Sz,S111,Sx ll 

DCCheUCSn,Szl, !Sz,Sm,Sxjl 

DCChgCSa,Sc,Szl, !Sz , SM,Sx jl 

0 CCosh i CSzl, !Sz, l,Sx jl 
DCCosiCSzl, !Sz,l,Sxll 

DCEICSzl, !Sz,l,Sxjl 

DCEllKCSk,Stl' 1st,l,Su 11 
DCEllECSk,Stl, St,l,Sufl 

DCErfCSzl, ,Sz,1,Sxjl 
DCErfCSzl, Sz,Sm,sx!J 

DCEulCSn,Szl, !Sz,S111,Sxjl 

O CExp i Cl, Szl, !Sz, Sm, Sx ll 
DCExpiCSn,Szl,!Sz,1,Sx l 

0 CFreC CSzl, !Sz, 1, Sx ll 
DCFreSCSzl, Sz,l,Sxjl 

D [Gamma CSzl, !sz, 1, Sx jl 
OCGam•aCSz,Sal, !Sz,l,Sx fl 

OCGegCSn,Sl,Szl, fSz,$111,Sxfl 

0 CH er [Sn, Szl, fsz, Sm, Sx fl 

•• Sn CheUCSn-1,Sxl 
:1 2-<Sm-1> Ga11111aCS111l Sn Geg[Sn-Sm,sm,Sxl 

1: 2-sra Sml•GegCSn-Sm,Sm+l,Sxl 

1: PochCSa,Sml ChgCSa+Sm,Sc+Sm,Sxl I PochCSc,S•l 

1: Cosh CSxl /Sx 
11 Cos CSxl /Sx 

1: Exp CSxl /Sx 

: : <1 - Sic -2 S i n C Su l -2 > - < - 112 > 
: : Sq r t C 1 - $ k S I n C $ u l -2 l 

I : 2 E x p c - $ x -2 ] I s q ,. t [ p i ] 
1 1 - 2 < - 1 > -s 111 E x p C - Sx -2 l H e r C Sm - 1 , S x l 

1: Sn I/ <Sn-Sm>! eEu I CSn-Sm, Sxl 

11 C-1> -Sm Exp C-Sxl Chg Cl, l+Sm, Sxl 
1 1 -Exp i CSn-1, Sxl 

I : c 0 s [ p i s x -2 I 2 ] 
: : S I n [ P I S x -2 I 2 l 

1: Gamma CSxl Psi CSx, 1l 
: 1 -sa-<sx-1> Exp C-Sal 

:1 2-S111 PochCSl,Sml GegCSn-Sm,Sl+Sm,Sxl 

11 2-sm Snl/(Sn-Sm> !eHerCSn-Stn,Sxl 

DCHgCSa,Sb,Sc,Szl, !Sz,Sm,Sxjl ::\ 
Poch CS a, $1111 Poch CSb, Sml Hg CSa+Sm, Sb+S111, Sc+Sm, Sxl I Poch CSc, Sml 

OCJacPCSn,Sa,Sb,SxJ,!Sz,Sm,Sxjl 1: \ 
PochCSa+Sb+Sc+l,Sml JacP[Sn-S111,Sa+Sm,Sb+Sm,Sxl I 2-Sm 

OCJacCdCSz,Sml,ISz,l,Sx l 
DCJacCnCSz,SmJ, Sz,1,Sx l 
OCJacCsCSz,Sml, Sz,1,Sx l 
DCJacDcCSz 1 Sml 1 Sz 1 1 1 Sx l 

:: <Sm-1> JacSdCSx,Sml JacNdCSx,Sml 
11 -JacSnCSx,Sml J1cDnCSx,S111l 
11 -JacNsCSx,S111l JacDsCSx,Sml 
1 1 <1-Sm> JacScCSx,Sml JacNcCSx,Sml 
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DCJacDnCSz,Smi, 'sz,l,Sx 11 -Sm JacSnCSx,Sml JacCnCSx,Sml 
D CJacDs CSz, Sml, Sz,l,Sx 11 -JacCsCSx,Sml JacNsCSx,Sml 
D CJacNc CSz, Sml, Sz,l,Sx I: JacSc CSx, S111J JacDc CSx, Sml 
D CJacNd CSz, Sml, Sz,l,Sx I: Sm JacSd CSx, Sml JacCci CSx, Sm] 
D CJacNs CSz, Sml, Sz, l,Sx I: -JacD11CSx,S11J JacCsCSx,Sml 
D [JacSc [Sz, S11J, Sz,l,Sx : : JacDc CSx, S111l JacNcCSx,Sml 
D CJacSd CSz, S111J, Sz,l,Sx I: JacCdCSx,SmJ JacNdCSx,Sml 
D CJacSn CSz, S11J, Sz,1,Sx : I JacCnCSx,Sml JacDn CSx, Sml 

DCJacZCSz,Sml, fSz,1,S x jJ I: J a c D n CS x , S 111 l -2 

D CKu11U CSa, Sc, Szl, !Sz, Sm, Sx jl : : <-1> --Sm Poch CSa, Sml KumU CSa+Sm, Sc+S11, SxJ 

DCLagCSn,Sa,Szl, !Sz,l,Sxjl •• -LagC1-Sn,1+Sa,Sxl 

DCLegPCSn,Szl, fSz,l,Sxll 

DCLI CSn,Szl, !Sz,1,Sx ll 

DCLobCSzl, fsz,l,Sxll 

D Clog i CSzJ, fSz, 1, h jJ 

D CPs I CSzl, jSz, 1, Sx jJ 
DCPsi CSz,Snl, jSz,1,SxjJ 

DCSinhi CSzl, fSz,l,Sxjl 
DCSini CSzl, fSz,l,Sxjl 

DCZetaCSz,Sal, fsa,l,Sbjl 

XDSol 

: : Sn ( L a g P [ S n - 1 , S x l - S x L e g P C Sn , S x J ) I ( 1 - S x -2 > 

1: LiCSn-1,Sxl/Sx 

•• Log [Sec CSxl l 

11 1/Log CSxl 

1: Psi[Sx,21 
;: Psi[Sx,Sn+ll 

:: Sinh[Sxl/Sx 
:: SinCSxl/Sx 

•• -Sz ZetaCSz+l,Sbl 

I•• Serles solution of differential equations **' 
It: DSol Ceqn,y,x,ord, fyC8l ,y'C8J , ••• 11 

/: 

gives a series solution to the ordinary d i fferential equation 
eqn with dependent variable y and independent variable x 
and spec i f i e d boundary con d I t i on s, a cc u r a ta to order :: -a rd • *I 
DSol[Seqnl=Seqn2,Sf,Sx,Sord,Sinitl :: \ 
(LclCXa,%eqn,%1ist,%fl; Xf:SumCXaCil Sx-i,i,0,Sordl;\ 
% e q n 1 S C E x C S C Se q n 1 - Se q n 2 , S f - >X f l l , S x -s i __, C S i >S o r d > - >e l ; \ 
% I i at ; Un i on CC a t [Ar CS or d -1 , Coe f CS x -s 1 , % e q n l l , ! S C % e q n , S x - >Cl !. \ 

Ar [Len C $ i n i t l , D [ % f, f Sx, Sl-1, 8 I l -S i n i t [ $ ll l l l ; \ 
%1 ist:l1apCS2=8,%1 lstl ;\ 
% I is t: So I [%I is t, Ii r [ 118, $or d I ! , %a [ S ll l l ; \ 
SC%f,%1istl) 

#ICll:: <XDSol 

/II C 2 l : : e q: D t Cy, x l +a y = 8 

#fJC2l: DtCy,xl +a y = 8 

#I C 3 l : ; D So I C % , y , x , 2 , f 1 j l 

2 2 
a x 

lf.O C3 l : 1 - a x + 
2 

•I 
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XDap 
/:t.:t. Directional application **' 

/:t. DapCf, I lst,nl 

XDiff 

applies the template f to "columns" of elements at level 
n in list. :t./ 
OapCSf,$1 ist....rlistp[$1 istl ,Sn...;CNatpC$nl & Sn>lll .• \ 

Trans CMap CRp [$f, $%1l, Trans ($1 i st, $nl l, $n-ll 
DapCSl,Slist....rlistpCSlistl,ll :: RpCSf,$1istl 

/:t.:t. Finite differen=es **' 
I• Diff Cf,x,x8,nl 

/:t. 
#I Cll:: 

#I [21:: 

#-0 [2] I 

#I [ 3 l : : 

#-0 [3]: 

*' 

XOig 

yields the nth forward finitE difference off with respect to x 
at the point x=x8. :t./ 
DiffCSf,$x,Sx8,$nl :: SundSCSf,$x->$x8+$n-%rl \ 

( - .:. > - % r Comb [ $ n, % r l , % r , C, $ n l 

<XDiff 

Di ff(f [xl ,x,8,31 

-H8l + 3f Cll - 3f[2J + f C3l 

R r [ 5 , Ex [ D i f f [ < x +a > -3 , x , 1 , S l l l l 

2 
17 + 9a + 3 a ,12 + 6a,6,8,8j 

'** Digit manipulation **' 
/:t. OigCn, il 

yields the coefficient of 18-i 
D lg [$n...;Numbp [$nl, $ i ....rin t p [$ill 

I• LDlg[nl 

in the number n. :t./ 
•• Mod[Gint[$n/10-$il,13l 

yields a l i st of the digits in the integer n. :t./ 
LOig[Sn...,,.Natp[Snll :: Expl[Snl 

/:t. NMake[I istl 
converts a list of digits to an integer. :t./ 
Nl'lake[Slistl •• Sum[18-Clen[$1istl- %i) $1i s t[%il, %i,1,Len[$ ; istll 

I• 
#I [ 1 l : : <X D i g 

#I [ 2 l : : D I g [ 4 5 6 12 3 • 3 2 1 , 4 l 
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l/-0 (2): 5 

#I C 3 J : : DlgC114.88425,-3J 

l/-0 [3] I 4 

#I C 4 J : : LDigC1467128J 

l/-0 [4]: !l,4,6,7,1,2,8j 

#I C 5 J : : NMakeC%J 

l/-0 CSJ: 1467128 

•I 

XOim 
I•• ~imensional analysis •*' 

I• Fundamental dimensions: 
length 
aiass 
ti•• 
current 
temperature 
(luminous) intensity 
amount (of substance) *' 

I• Derived dimensions *' 
SDlmCll a r e & - > I e n g t h -2 

SD1m£2J v o I u m e - > I e n g t h -3 

SD i ad3l f r e q u e n c y - > t i .n e -- 1 

SDimC4l density-> mass/volume 

SDimC5l concentration-> amount/volume 

SDimC6l velocity-> length/time 

SDlmC7l a c c e I e r a t i o n - > I e n g t h I t i m e -2 

SOi1d8l force-> mass length time--2 

SDi11C9l pressure -> force/area 

SDi11Cl8l stress -> force /a r e a 

SDimCllJ viscosity-> pressure time 

SDimC12l energy -> force Ieng th 

SDimC13l work ->force length 

SDimC14l heat ->force length 

SDlmClSl power ->energy/time 

SDi11Cl6l charge -> cu i•ren t ti me 

SDimC17l voltage-> power/current 

SDi1nCl8l emf-> voltage 

'*dynamic viscosity ~, / 
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SDim[191 field-> voltage/length '* electric field strength o/ 

SDimC281 resistance-> voltage/current 

SDimC211 conductance ->resistance--! 

SDimC221 capacitance -> charga/vo I tage 

SDimC231 flux-> voltage time /o magnetic flux o/ 

SDimC241 inductance ->resistance time 

SDim[251 dose ->energy/mass 

SDim[261 activity-> time--1 

SDimC271 i I luminance ->intensity steradian/area 

SDim[28l irradiance ->power/area 

SDimC29l entropy ->energy/temperature 

SDim[38l conductivity-> power temperature/length 
/*thermal conductivit~ *' 

XOios 
'** Solution of Dicphantine :quations **' 

'* PDios[eqn, !nl, lnlmax, Cnlmin:8J, Cnlstep:ll I!, ... J 

/~ 

tests all specified values for the ni, printing thosll 
sets found to satisfy th'3 equatio.1 or ccnditirJn eqn. o/ 
PDios[Seqn,SSrl •• <Lc1C%vl; %v:Ar[Len[%v:List[$$rJJ,%v[$1,lll; \ 

FlatCAr[Rr[Len[%vl,List[SSr][$1,2ll,?r[$$ll;List[$Sll, \ 
P [N [5 [$eqn, Ld is t [%v->L is t [$$21 l l l l l, Len C::vl -ll) 

#I C l l : : <X D i o s 

#I C 2 l : : PD i o s C x -2 + y -2 = z -2 , l x , 1 8 J , l y , 18 j , l z , 18 j l 

3 
4 
6 
8 

lf.O C2l: 

.+ 
3 
8 
6 

5 
5 
18 
18 

!!3,4,S!, !4,3,Sj, !S,8,l<ll, l3,6,10jj 
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XEul 
I•• Euler polynomials and numbers **/ 

SEul _; Ldist 

S E u I [ 1 1 : B a r [ Sn ....; H a t p [ Sn 1 , $ x 1 - > 2 -- S n S u m £ C o m b £ S n , m 1 B e r [ S n - m J E u I £ :n , 2 S x l , \ 
111, 0, Snl 

I* "!OS p. 29 *' 
SEul £21: Eul [$n....;Natp[Snl ,Sxl -> 2-CSn+ll/CSn+l) CBer[$n+l, ($x+ll/2l-\ 

Ber[Sn+l,Sx/21) 
/*MOS p. 29 */ 

SEu I £31: Eu I [$n ....;Na tp £Sn], Sx] -> 21 ($n+l) <Ber £Sn+l, Sxl -2-CSn+l) Ber [$n+ 1, \ 
Sx/21) 

!fr. MOS p. 29 *' 
SEu1£411 Eu1£Sn....;Natp£Sn1,Sxl -> 2/Comb£$n+l,2l Sum£Comb£$n+2,ml C2-C$n-m+2>\ 

-1> Ber Cm, SxJ Ber [$n-m+2l, m, 0, $nl 
/*MOS p. 29 *' 

SEulCSl1 EulCSn,Sx+Syl -> SumCComb£Sn,ml EulCm,Sxl Sy-C$n-ml,r.i,&,Snl 
/* MOS p. 29 */ 

SEul C6J: Eul CSn,SxJ -> SumCCombCSn,mJ 2-C-ml CSx-l/2)-($n-m) Eul [ml ,m,0,Snl 
/.,,,MOS p. 29 */ 

I• Euler polynomials and numbers, Special values e/ 

Eu I [Sn....;Oddp £Snl l: 0 
/*MOS p. 29 *' 

SEulC7l: Eu I CSn....;Natp CSnl, 31 -> <-ll -sn Eu I £Sn, 11 
/*MOS p. 29 *' 

SEulC8l: Eu1[$n....;Natp£Sn-1J,0J -> 2/CSn+llCl-2-CSn+lll Ber£$n+1J 
I* MOS p. 29 *' 

SEu I £91: Eu I [Sn....;Natp [Snl, 1121 -> 2-C-Snl Eu I [$nl 

SEul£18l1 

SEulClll: 

SEu I Cl21: 

SEulC1311 

SEu I £141: 

SEu I £151: 

SEu I £161: 

SEu1[171: 

SEu I C18J: 

/*MOS p. 30 *' 
Eu I CSn....;Na tp CSn/2+1/21, 1/31 -> -Eu I [Sn, 2/31 

I* MOS p. 30 */ 

E u I [ S n _., N a t p C $ n I 2 + l / 2 l , 1 I 3 l - > - l / C 2 $ r1 l C l - 3 - C 1 - 2 $ r. > > \ 
( 2 -2 $ n - 1> B e r [ 2 $ n l 

/* MOS p. 30 *' 
Eul [$n....;Natp[$n/2+1/21 ,2/31 -> 1/(2 Sn) Cl-3-Cl-2 Sn»\ 

( 2 -2 $ n - 1> B e r C 2 $ n 1 
It= MOS p. 39 ~/ 

Eul[Sn....;Natp[Snl,Sxl -> C-1>-Sn Eu1Cl-$x) 
I* MOS p. 30 */ 

Eul [$n....;Natp[Snl ,Sxl -> <-1)-(Sn+l) CEul [$n,-Sxl - C-2 $xl-$n) 
I* MOS p. 30 */ 

Eu1[$n....;Natp£$n+ll,Sxl -> C-ll-Sx Eui£$x,0] +\ 
S u m [ C - 1 ) - C S x - m - 1 ) m -$ n , 111 , 1 , $ x - 1 l 

/*MOS p. 39 */ 

Eul [$n , Sxl -> 2 Sx-Sn - Eul [Sn,Sx+ll 
I* MOS p. 30 */ 

Eul[Sn,Sxl -> 2 CSx-1)-Sn - Eul[Sn,Sx-ll 
I• MOS p. 30 ft./ 

Eul £Sn,Sxl -> SumCComb[Sn,Sml Eul [m,Sx-ll ,m,0,Snl 
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I• llOS p. 38 *' 

SEu I (1911 EulCSn,Sxl -> 2 Sx-Sn - SumCCombCSn,ml EulCm,SxJ,m,8,Snl 
I• llOS p. 38 •I 

'*Euler's numbers*' 

SEu I C21J: Eul CSn....;NatpCSnll -> 2-sn Eul CSn,1/21 
I• l'IOS p. 31 •I 

XExOot 
I•• Expansion of dot products **' 

I• x...Sca I 
declares x to be a scalar. •I 

/'!: Sea Ip Cexprl 
tests whether expr contains only scalar objects. •/ 
Sea Ip CSexprl : : Ap CAnd, llap CP [ Jl CType] :Sea I 1, Cont CSexprl J 1 

I• ExDot[exprl 
factor£ al I declared scalars out of dot products. •/ 
ExDotCSexprl :: SCSexpr,SSx. CSa....;ScalpCSaJ>.SSy-->ta SSx.SSy, \ 

(Sa...;:ScalpCSal>.SSx-->Sa SSx, SSx.CSa...rScalpCSal>-->Sa SSx,\ 
SSx. CCSa....;ScatpCSaJ) SSbl.Uy-->Sa SSx.SSb.SSy, \ 
C < Sa ....; S c a I p C s a 1 > SS b l • S S x - - >S a S Sb • S $ x , \ 
SS x • C < S a ....; S c a I p C $ a 1 l $ Sb > - - >S a $ $ x • $ Sb , I n f 1 

I• ExllDo t Cexprl 
sets at t dot products of a matrix with its inverse to the 
Identity.•/ 
Ex11Do t CSexprl : : S CSexpr, ll i nv CS ml. Sm->1, Sm. ll i nv CS: ml ->1, In fl 

I• 
#I [ 11 : I <XE x D 0 t 

#I C 2 1 : : x -JJ ...Sc a t 

#OC21: Scat 

#I [31:: Sea Ip Cx+y-2+11 

#OC3J: 1 

#I C 4 J : : S c a t p C a + x 1 

#OC4l: 8 

#I C 5 l : : Ex Do tC a. < x b > • C 1 +y > • cl 

#OCSJ: x a.b.c <1 + yl 

#I [ 6 1 : : E x ll D o t [ a • M i n v [ b 1 • b • 11 i n v [ a 1 • c 1 

#OC6l: c 
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XFPa .... 
'** Functionals **' 

I* FPow[f,n,xl 
yields n nested applications off to x. ff./ 
_fPow[Nosmpl: ll,8,8 I 
FPow[Sf,Sn_;Natp[Snl,Sxl :: Rel[Lc1[%el;%a:Sx;Rpt[%e:ApCSf, !Xejl,Snll 
FPow[Sf,8,Sxl : Sx 

'* #I C 1 l : : 

#I [ 2] : I 

/JO [2] I 

#I C 3 l : : 

/JO [3] I 

XFib 

I• FibCnl 

XFierz 

I* Dil'I 

<XFPow 

F Pow Cf , 18, x -2 l 

2 
f[f[f[f[f[f[f[f[f[f[x llllllllll 

ExCFPow[a Sx<l-Sx>,3,xll 

3 3 2 4 2 4 3 
a x - a x + a x - 2 a x + 

6 3 6 4 6 
+ 2 a x - 6 a x + 6 a 

7 6 7 7 7 8 
+ 6 a x - 4 a x + a x 

4 
a 

5 
x -

loo Fibonacci numbers **' 

yields the nth Fibonacci number. *' 

4 5 2 
x + a x - 2 

6 6 7 
2 a x + a x 

FI b [$n_;:Na tp [Snl l : : Gin t CN [ ! N [Phi-Sn/Sqrt [5] +1/21 l l 
FI b [$n] : : N [<Phi -Sn- (-Phi) ~(-Sn}) /Sqrt (5]] 

I•• Fierz transformations **' 

denotes number of dimensions (default 4). *' 
DI 11 : 4 

5 
a 

4 

I• FzCk, I] 
yields elements of the Fierz rearrangement matrix. *' 
FzCSk,Sll •• C-1>-SI <Dil1-2Sll/$k FzCSk-1,l>ll - \ 

CDil1-Sk+2l/Sk Fz(Sk-2,SIJ 
FzC8,Sll :1 -l/2--CintCDll1/2l 
Fz[l,Sll .. <-u~cs1+1> CDIM-2$1)/2--C i nt[[JIM/2] 

I• Fiarz(di111l 

3 5 
x + a 

7 5 
- 4 a x 

yields the complete Fiarz transformation matrix for any natural 

4 
x 
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nuNber of dimens i ons di•. •I 
FlerzC$dim..;NatpCSdimll 1: (LclCDIMl; DIM:Sdim; \ 

IfCEvenpCDIMJ,ArC1j8,DIMj, !8,DIM!!,Fzl, \ 
ArC f fe, <DIM+!> /2 !, !a, <DI11+1> /2 j !, Fzl J > 

I•• Curve fitting ••/ 

I• FttCllxl,ylj, fx2,y2!, ••• !, fx,yjl 
obtains a linear flt for the relation between x and y. -:;./ 
FltCSllst,fSx,Syjl :: ApCSy=Sl + $2 Sx,RpCFit0,Trans[Slistlll 

Flt8CSx,Syl :: (LclC%b8,%bll; %bl:Clen[$xl Rp[Plus,Sx Syl - \ 
A p [ P I u s , S x l A p [ P I u s , $ y l ) I C L e n [ S x l R p [ P I u s , $ x -2 l - \ 
A p [ P I us , S x l -2 ) ; % b 8 : ( R p C P l us , Sy l - % b 1 R p [ P I us , S x l ) IL an [ $ x l ; \ 

f%b8,%bl! ) 

/a FitExp£l!xl,ylj, !x2,y2!, ••• j, fx,yjl 
obtains an exponential flt of the form y =a b-x for the 
relation between x and y. a/ 
FitExp[Slist, fsx,Sy!J :: RpCNCSy = Exp[$1J ExpCS2l-Sxl, \ 

ApCFlt8CS%l,NCLogCS%2lll,TransCSlistlll 

/a FitPowC!lxl,yl!, fx2,y2j, ••• !, fx,y!l 
obtains a power fit of the form y =a x"b for the relation 
between x and y. a/ 
FitPowCSlist, ISx,Sy!l :: ApCNCSy = ExpC$1J Sx-S2l, \ 

Ap CF it 8, N Clog £Trans[$ Ii st J l l l l 

/a Corrcffxl,yl!, fx2,y2!, ••• P 
yields the population correlation coeff i cient between t he xi and yi. -1. 
..J:orrCinitl :1 <XStat 
Corr[Sllstl : : NCLclC%x,%yl; !Xx,%y!:Trans[Slistl; \ 
Ap CP lus, C%x - 11ean [%xl) C%y - Mean C%yl) I Sqrt [Var [%xl Var C%yl l l l 

I• 

/II [ 1 ] : I <X F i t 

/II [ 21 : : t : R r [ 5, N [ ! $, 2 Exp [ S l ! 1 1 

11'1 { 2] I 111, 5. 4 3 6 5 6 4 I' 12' 14. 7 7 811 I' ! 3' 4 8. 17 18 7 ! • I 4' 18 9. 19 6 3 ! ' I 5, 2 9 6. 8 2 6 3 ! I 
/II [ 3] I : F I t [ % ' ! x ' y l] 
#{lC31: 189. 8776 + y 67.71977x 

#I C 4 l : : S C % , x - >3 l 

/llJ C41 I y .. 93. 28167 

#I ( s ] : I F i t p 0 w [ t ' I x ' y I l 
2.421572 

#0£511 y = 3.953884 x 

#I [ 61 : : F I t Exp [ t ' Ix ' y 11 
x 

/llJC61 I y = 2 2. 718282 

#I [ 7 ] I I c 0 r r [ t ] 

#0 C7l: • 3278786 
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XFrac 
'** Fractions **' 

I• FrCn,rl 
represents the fraction n+r, where n is an integer, and r is a ration.II 
number less than one. *' 
I• Define output form*' 
_frCPrtl CSx,Syl :: FmtC, "<",Sx, "+",Sy,"> "l 

I• ToFrCexprl 
converts r.itional numbers other than integers in expr to Fr form.*' 
To F r C Se x p r l : : S C S e x p r , < S x _., R a t p C S x l & "'I n t p C S x J > - > \ 

Fr CG int CSxl, Sx-G int C$xl l l 

I• FromFrCexprl 
converts frac t i ans in Fr form tc rat i ona I numbers. *' 
FromFrCSexprl :: SC$expr,Fr->'Plus] 

,. 
HI [ 1] I I <XFrac 

/II C 2 l : : t:ToFrC17/6l 

#0£2]:* (2+5/6) 

#I C 3 l : : FromFrC%l 

#0 [3]: 17 /6 

#I C 4 l : : t-2 

2 
#OC4l:• <2+5/6) 

#I [ 5] I I Lpr C%l 

Fr C 2 , 5 / 6 l -2 

#I C 6 l : : To Fr CF r om Fr C t -2 J l 

#0 [6]:. (8+1/36) 

#I [ 7 l : : P r e : : F r o m F r 

#0 C7l: ' FromFr 

/II C 8 l : : Po s t : : To Fr 

#0 [8]: ' ToFr 

#I [ 9] : I t -2 

#0 [9]:. <8+1/36) 
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I• Ginds 
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/ss Dirac algebra **' 

Is a l 1st of all symbols assigned type Gind. *' 
Ginds :1 Rel(Cont[,JlCTypel=Gindll 

I• VCon(exprl 
contracts any repeated pairs of Indices in dot products in expr. *' 
Con [Sexprl : : S [Ex [Sexpr,,,,, In [ 'Vdo t, Sll l, \ 

Vdot[(S%111u_; J%111u[Typel=Gind),$%mul -> Ndim, \ 
Vdo t [$%mu_; J%mu [Type] =G ind, $%vll Vdo t [$%mu, $%v2l -> \ 

Vdot [$%vl,S%v21, Inf] 

I• Transformations of products of Dirac gamma matrices ./ 

SG [ 1J 

SG C 21 

SG C 31 

SG [ 41 

<'GCSSx,Sp,Sq_;<Ord[Sp,Sql<8),SSyll -> 2('GCSSx,S$yJJ Sp[lJ.Sq[lJ - \ 
'G CSSx, Sq, Sp, SSyl 

('G[Sp,Sq_;(Ord[Sq,Spl<8JlJ --> 2 SpCll.$q[lJ - GCSq,Spl 

< 'G C S $ x , Sp , S q _; C 0 r d r Sq , Sp l <8 ) l J - - > 2 S p [ 11 • $ q [ 11 - G C S S x , S q , Sp l 

<'GCSp,Sq_;(0rdCSq,Spl<8>,SSxJJ --> 2 Sp[lJ.Sq[lJ - GCSq,Sp,SSxl 

I• Chisholm's identi~y for Ndim:4 *' 
SG [ 5 l C'G[Smu_; JmuCTypel=Gind,SSx_;Oddp[Len[$$xll,SmuJ) --> -2 Rev[S$xl 

XGQint 
'** Gaussian quadrature integration **' 

I• GQint[f, Ix, lo, hi j,nptl 

'* #IC 1 l : : 

#I £21:: 

/µJ[21: 

forms the numerical integral of f with respect to x between lo 
and hi using npt-point Gaussian quadrature. •I 
GQlnt[Sf, !Sx,Slo,Shi j,Snpt_rln[Snpt, !6,12,24Jll :: \ 

NC(Shi-Slol/2 Sum[S[Sf,Sx-> \ 
((Shi-Slo)GQx[Snpt,il+CShi+Sioll/21 GQw[£npt,il, \ 

i,-Snpt/2,Snpt/211 
GQxC6,8l :GQwC6,8l :8 
GQxC6,ll :8.2386191868 
GQxC6,21 :8.6612893864 
GQxC6,3J18.9324695142 
G Qx [ 6, -11 : -G Q x [ 6, 11 
GQx £6,-21 :-GQx CS, 21 
GQxC6,-31:-GQx[6,3l 
GQwC6,ll :GQwC6,-1J :8.4679139345 
GQwC6,2l :GQwC6,-21 :8.3687615738 
GQw (6, 31: GQw [6, -31: 8 .1713244923 

<XGQint;GQint:; <XGQint 

GQint[f(xl, !x,-1,lj,61 

.1713245fC-.9324695l + .3687616f [-.66128941 + .4679139f (-.23861921 

+ .4679139fC.23861921 + .3687616fC.66128941 

+ .1713245f(.93246951 
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#I [ 3] : : G QI n t [ x -2 • l x ' 8 • 1 J • 6] 

#-0 [3]: • 3333333 

*' 

XGamma 
'** Gamma function **' 

5Gamrr.a _; Ld Is t 

5Gall'ma [lJ: GammaCSzl -> (Sz-l>Gamma(Sz-1) 
I• 1105 p. 2 *' 

5Gamma C2l: Gamma CSzl -> Gamma CSz+ll /Sz 

'* 1105 p. 2 *' 
5Gamma [3]: Gam111a CSzl -> Pi/Gamma[l-Szl/Sin[Pi Sz l 

'* MOS p. 2 *' 
5Gamma C4l: GammaCSzl -> -P1/Sz/Gamma[-Szl/Sin[Pi Szl 

'* MOS p. 2 *' 
5Gamma C5l: GammaCSn_rNatpCSnll -> ISn-1> ! 

5Gamma C6l: GanimaCSn..;Natp[$n-l/2ll -> P i-Cl/2) 2-(l/2-Sn) (2$n-2) ! ! 

S Ga m 111 a C 7 l : Gamm a CS z l - > P i -- 8 • 5 2 - CS z -1 ) Ga 1n ma CS :z I 2 l Ga mm a C 1 / 2 + $ :z / 2 l 
/* MOS p. 3 *' 

SGamma C8l: Gamma CSzl -> 2-Cl-2Sz) P i-Cl/2) Gamma C2Szl /Gamma CSz+l/2l 

SGamma [9]: Gamma CSzl -> 2-<-2Szl P i-Cl/2) Gamma C2Sz-ll /Gamma [$z-l/2l 

SGamma C18l: Gamma CSzl -> 1/ <2 Pi> 3-CSz-1/2) Gamma CSz/3l Gamma CSz/3+1/3l \ 

SGamma Clll: 

SGamma C 12l: 

SGamma Cl3l: 

SGamma C14l: 

SGamma C15l 1 

SGamma C16l: 

SGamma C 17]: 

GammaCSz/3+2/3] 
I• rrns p. 3 .,,; 

GammaCCSn_rNatpCSnl) Szl -> C2Pil-((1-$n)/2)Sn-($n S:z-1/2)\ 

ProdCGammaCSz+K/$nl ,K,8,Sn-ll 

I• IncoMplete gamma function •I 

GammaCSx,Sal -> Sx-Sa ExpC-SxlChgC$a,l+Sa,Sxl 

GammaCSx,8l -> -EiC-$xl 

Gamma[Sx,1/2] -> Pi-Cl/2)Erf[$xl 

Gamma CSx, ll -> Exp C-Sxl 

Gamma CSx, Sal -> CSa-1) Gamma CSa-1, Sxl +Sx-CSa-1) Exp CSxl 

Ga 111 ma CS x , Sal - > <Gamm a [ S x , $a+ 1l - $ x -$a E :< p [ S x l ) IS a 

'* 1105 pp.337-9 *' 
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XGeg 
I•• Gegenbauer polynomials **' 

SGeg_.:Ldist 

SGeg Cll: 

SGeg [21: 

SCeg C3l: 

SGeg C4l: 

SGeg C5l: 

SGeg C6l: 

SGeg C7J : 

SGeg C8J: 

XGenp 

GegCSin,Sa,Sxl -> \ 
C2CS1n+Sa-l) Sx CegC$m-1,$a,$xJ-($m+2$a-2l Ceg[Srn-2,$a,$xll/Srn 

GegCSm,Sa,SxJ -> <<Sm+l> CegCSm+l,Sa,SxJ\ 
+ <Sin+2Sa-l> Geg CSm-1, Sa, $ x J) I <2 C$m+Sa l Sx l 

GegCSm,Sa,Sxl -> C2CSm+Sa+ll Sx Geg[$m+l,$a,$xl\ 
-(Sm+2> GegCSin+2,Sa,Sxll/($m+2$a) 

GegCS1n,Sa,SxJ -> CC2Sa+Sm-2l Geg[Sm,Sa-1,Sxl\ 
- CS 111+1> S x Ge q CS m + 1 , $a -1 , $ x: l I < 2 : $a+ l l < 1- S x ~2 > ) 

GegCSm,Sa , Sxl -> <2Sa (l-Sx-2> Geg[$1T1,Sa+l,Sxl\ 
+<Sn+l) Sx GegCSm+l,Sa,Sx])/(2 S a+$ml 

Ge9[S111,Sa,Sxl -> ((2Sa+Sm-ll Geg[S:m-1,Sa,Sxl\ 
-2 Sa C 1-S x -2 ) Ge g [ $ m - l , $a + 1 , $ x l > I C $ m $ x l 

Geg [Sin, Sa, Sxl -> < <Sm+2Sa-1> GEg Csm+l, $a-1, Sxl \ 
-<Sm+2l Sx GegCSm+2,Sa-l,$xll/C2C$a-ll <l-sx~2)) 

GegCSm,Sa,SxJ -> <2Sa <l-sx~2> Geg[Sm-1,Sa+l,Sxl\ 
+(Sn+ll GegCSm+l,Sa,SxJ)/($x <Sm+2$all 

I•• Test for generic symbols **' 

I• GenpCexprl 

XGr 

yields 1 If 
GenpCSexprl 

expr contains generic syrnbols, and a otherwise.*' 
: : P CL en CC on t CSexpr, J %1 [Gen] J J J 

I•• Basic graph theory **' 

I• A non-directed graph is represen~ed by its incidence matrix, which 
specifies the number of arcs (edges) connecting each pair· of nodes. *' 

I• Nodes Cl ist] 
gives the number of nodes in the grapr represented by I ist. *' 
Nodes[SI istl : : Len CS I istl 

I• Arcs Cl istl 
gives the number of arcs in the graph represent e d by I ist. *' 
ArcsCSlistl :: ApCPlus,FlatCSlistJJ/2 

ltt. Regs Cl istl 
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gives the number of regions (faces) for planar graphs represented 
by I ist. •I 
Regs CS I istl :: Rrcs[$1 istl - Nodes[$! istl + 2 

I• Degree[list,n l 
yields the degree of node n in the graph represented by I ist. *' 
Degree CS I ist,Snl :: RpCPlus,$1 ist[$nll 

I• ToRrc[I istl 
converts the incidence matril: I ist to a I ist of Rrc project ions 
representing arcs. *' 
ToRrc[Slistl :: MapCRrc,MapCRp[Repl~$2,Sll,S8l,Pos[S3__r$3,Slistlll 

I• ToNode [Ii s tl 
converts a list of arc£ to cin incidence matrix. *' 
To Node [$I is t l : : R r CR r [ 2, 'R p [Max, F I at CS C $I i st , R r c ->L is t l l l l , \ 

Len CFos CRrc Cl is t [$$xl l, $Ii st l l l 

I• Eulerp[listl 
tests whether 
l ist is Euler 
Eulerp[$1 istl 

the graph represented by the incidence matrix 
trciversab I e. */ 
: : R p C P I u s , M a p [ 0 d d p , M a p C R p [ P I u s , $ 1 l , $ I i s t l l l <= 2 

I• Ha11pClistl 
tests whether the graph represented by I ist is Hami I ton traversable. ~ 
Hamp[$iistl •• (lc1[%ul; %u:Ar[lcn[$1istl,8l; %u[ll:l; Hamp8[Slist,ll> 
Hamp8[Slist,Snl •• (lc1[%t,%il; %t:%i:8; loop[%i<=Len[$1istl, \ 

I f [ % u [ $ I i s t C $ n , % i l l , 8, % u [ % i J : 1 ; I f C "'( % t : Hamp 8 [ $ I i s t , % i l > , \ 
%u[%il :8Jl; Inc[ %il ,"'%tl; %t) 

I• Re lab Cl ist,perml 
relabs the nodes in the graph represented by the incidence 
matrix I ist accord in g to the permutation perm. */ 
....RelabCinitJ :: <XPerm8 
Ralab(SI ist,Sperml •• Rppar[$perm,MapCRpper[$perm,Sll ,$1 istJl 

/t: Isoplgrl,gr2l 
tests for isomorphism of the graphs represented by incidence 
matrices grl and gr2. •/ 
Isop[$grl,Sgrll : 1 
Isop[Sgrl,Sgr2__rNodes[$grll""=Nodes[$gr2ll 8 
I sop [$grl, Sgr2__rRrcs [$grll ""=Arc£ [$gr2l l 8 
Isop CSgrl, Sgr2...; Isopl [Sgrll "'= Isopl [$gr2l l 0 

Isopl[Slistl :: Sort[MapERpCPlus,Sll,Slistll 
Isop [Sgrl, Sgr2...; Isop2 [Sgrll ""= Isop2 [$gr2l l : 0 

Isop2[$1istl :: ExlDet[$1ist-%1am Ar(Oim[$1istllll 

I• 

#I C 1l : : <X Gr 

#I [ 2 l I l g : ! ! 8 , 2 ' 8 , 8 i ' ! 2 ' 0 ' 1 , 1 j , ! 8 , 1 ' 8 ' 1 l ' I 8' 1 , 1 , 8 l l 
/µIC2l: 110,2,e,ej, 12,a,1,1j, !e,1,e,1j, 10,1,1,ejj 

#I C 3 l : : Nodes [ g l 

#0£3]: 4 

#I C 4 l : : R r cs Cg l 

/µ1[4]: 5 

#I C 5 l : : R e g s l g l 

/µJCSJ: 3 

#I C 6 l : : Deg re e [ g , 2 l 

#!JC6l: 4 

#I [ 7 l : : To R r c Cg l 
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#0 [7]: ! Arc [ ! 1, 2 I l , Arc [ ! 1 , 2 Jl , Arc [ !2, 1 j l , Arc [ ! 2 , 1 I l , Arc [ ! 2 , 3 ! J , Arc [ ! 2, 4 I l , 

Arc [ !3, 2 jJ, Arc [ f3, 4 jJ, Arc [ f4 , 2 jJ, Arc [ !4, 3 p I 
#I [8]:: ToNode [%] 

#O cs 1 : !! a, 2 , a, a !, 12, e, 1 , lj, I e, 1, a, lj , 1 a, 1 , 1 , a 11 
#1 [ 9 l : : Eu I er p Cg l 

#'JC9l: 1 

#I [ 18 l : : Hamp [ g l 

#CJC18l: 8 

#I C 11 l : : Re I ab Cg, ! 3, 1 , 2, 4 ! ] 
#<JClll: !!e,e,1,lj, 1a,e,2,ej, 11,2,e,1!, 11,e,1,ef! 

#I C 15 l : : I sop Cg , g l 

#<JC151: 1 

#I C 1 6 l : : I sop Cg , Sor t [ g l l 

#0£161: 8 

*' 

XHarm 
I•• Harmonic sequence **' 

'* Harm[n] 
represents the nth partial sum of the harmonic sequence. cl 
HarmCSnl : : SumC1/%i,%i,1,SnJ 

XHer 
I•• Hermite polynomials **' 

SHer_;Ldist 

SHer [lJ: 

SHer C2l: 

SH er C3J: 

Her CSm, Sxl -> 2Sx Her [Sm-1, Sxl -2 ($m-1 J Her CSm-2, Sxl 

HerCSm,Sxl -> <HerCSm+l,Sxl+2Sm HerCSm-1,Sxl)/(2SmJ 

HerCSM,SxJ -> C2Sx Her[Sm+l,SxJ-HerCSm+2,SxJJ/C2Sm+2J 
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XHgl 
I•• Hypergeometric functions - 1 **' 

SHg....:Ldist 

SHgC1,1l: 

SHgC1,2l: 

SHgCl,31: 

SHgCl,41: 

SHgCl,51: 

SHgCl,61: 

SHgCl,71: 

SHgCl,811 

SHgCl,91: 

SHgCl,181: 

Shgl,11l: 

SHgCl,1211 

SHgCl,131: 

SHgCl,141: 

XHg2 

SHg....:Ldlst 

SHgC2,1l: 

SHg (2, 21 I 

SHg C2, 311 

I• 1. Special Cases •/ 

I• 1.1 Special Elementary Cases •/ 

HgC1,1,2,Szl->-LogC1-Sz1/Sz 

HgCl/2,1,3/2,Szl -> LogC<1+Sqrt[$zl)/Cl-Sqrt[$zlll/C2 Sqrt[$CJ 

Hg Cl/2, 1/2, 3/2, Szl -> As in CS qr t CSzl l /Sqrt ($zl 

HgCl,l,3/2,Sz1 -> AsinCSzl/Sz 

HgCSa,Sb,Sb,Szl -> Cl-Sz>-<-Sa) 

HgCSa,Sa+l/2,312,Szl -> \ 
((l+Sz>-<1-2 Sa>-<l-Sz>-<1-2 Sal>/(2 $z <1-2 $a)) 

HgC-Sa,Sa,1/2,Szl -> \ 
<<l-Sz+Sqrtz1>-<2 Sa>+<1-Sz-Sqrt[-$zll-C2 $all/2 

H g C Sa , 1 - S a , 1 I 2 , - S z -2 l - > \ 
( (Sq r t Sz -2 l + h > -< 2 Sa -1> \ 
+(SqrtSz-21-Szl-<2 Sa-1))/(2 SqrtU+Sz-21> 

Hg CS a, Sa+l /2, 2•Sa, Szl -> (( l+Sqr t [ 1-Szl l /2) -<1-2 Sa> /Sqrt [1-Jil 

Hg CS a , 1-S a , 3 I 2 , S i n [ S z l -21 - > S i n [ ( 2 $a - ll $ z 1 I (( 2 $a - ll S i n [ $ z 1 ) 

H g [ $a , 2 - S a , 3 I 2 , S i n [ S z l -2 1 - > S i n [ ( 2 $a - 2 ) $ z l I < < $ a - 1 > S i n [ 2 5l 

H g C Sa , - Sa , 1 / 2 , S i n C S z l -2 l - > C o s [ 2 Sa S z l 

H g [ Sa , 1 - $a , 1 I 2 , 5 i n C$ z 1 -2 l - > C o s [ < 2 $a - 1 l S z J IC o s [ $z l 

Hg C $a , 1/2 +Sa , 1I2 , - Tan [ S z l -21 - > C o s C $ z l -c 2 $a ) C o s ~ 2 $a f z l 

I•• Hypergeometric functions - 2 ••/ 

I• 2 Special Values of the Argument •/ 

HgCSa,Sb,Sc,11 -> 
GammaCScl GammaCSc-Sa-Sbl/CGamrna[Sc-SaJ Gamma[Sc-$bl 

HgCSa,Sb,Sa-Sb+l,-11 -> Sqrt[Pil GammaC1+$a-S:bl \ 
I <2-Sa Gamma C+Sa/2-Sbl Gamma [Sa/2+1/21 l 

Hg C S a , Sb , Sa - Sb + 2 , - 11 - > 5 q r t C P i l G a mm a [ Sa - Sb + 2 l I ( 2 -s a C $ b - 1 l l \ 
Cl/ <Ga•ma CSa/21 Gamma CSa/2-Sb+3/2l l \ 



SHgC2,4l1 

SHg C2, 51: 

SHgC2,6l: 

SHg C2, 71 I 

SH9C2,811 

SHgC2,9l: 

SHgC2,18l: 

SHgC2,lll: 

XHg3 

SHg_:Ldist 

SHgC3,ll: 

SHgC3,2l: 

SHg C3, 31 I 

SHgC3,4l: 
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-ll<GammaCSa/2+1/21 GammaCSa/2-Sb+ll)) 

Hg Cl, Sa, Sa+l, -ll -> Sa/2 <Psi CSa/2+1/21 -Psi CSa/21 > 

Hg CS a, Sb, Sa/2+Sb/2+1/2, 1/21 -> Sqrt CP i l Gamma CSa/2+Sb/2+1/2l \ 
/(GammaCSa/2+1/21 GammaCSb/2+1/21> 

HgCSa,Sb,Sa/2+Sb/2+1,l/2l -> 2 SqrtCPil GammaCSa/2+$b/2+1l\ 
<ll<GammaCSa/21 GammaCSb/2+1/21>\ 
-1/CGammaCSa/2+1/21 GammaCSb/2l>>l<Sa-$b) 

HgCSa,1-Sa,Sb , 1/21 -> 2~<1-Sb> SqrtCPil GammaCSbl\ 
l<GammaCSa/2+Sb/21 GammaCSb/2-Sa/2+1/21) 

HgC1,1,Sa,l/2l -> (Sa-1> CPsi[Sa/21-PsiCSa/2-1/21) 

HgCSa,Sa,Sa+l,1/21->2-<Sa-1) Sa CPsiCSa/2+1/21-PsiCSa/2]) 

HgCSa,Sa+l/2,3/2-2 Sa,-1/31 -> 
(9/8) -<2 Sa> Gamma C4/3l Gamma [3/2-2 Sal\ 
/(GammaC3/2l GammaC4/3-2 Sal> 

HgCSa,Sa+1/2,5/6+Sa,1/9l -> (314>-Sa SqrtCPil GammaC5/6+2/3 s_ 
/(GammaCSa/3•1/21 GamrnaCSa/3+5/61) 

I•• Hypergeometrlc functions - 3 **/ 

I• Special Cases: Polynomials •/ 

HgC-Sn..slntpCSnl,Sn+l,1,Sxl -> LegpCSn,1-2 Sxl 

HgC-Sn_;lntpC$nl,Sn+2Sb-1,Sb,Sxl -> \ 
Sn!/PochC2Sb-1,Snl GegCSn,Sb-112,1-2 Sxl 

HgC-Sn..slntpC$nl,Sc,Sa,Sxl -> \ 
Sn!/PochCSa,Snl JacCSn,1-2 Sx,Sa-1,Sc-Sa-Snl 

HgC-Sn..slntpCSnl,Sn,1/2,Sxl -> CheTCSn,1-2 Sxl 



XHg4 

SHg_ildlst 

SHgC4,1l1 

SHgU,211 

XHgS 

SMP IJBRARY 

I•• Hypergeo••tric functions - 4 ••/ 

I• Special Cases: Legendre Functions e/ 

HgCSa,Sb,2 Sb,Szl -> 2""(2 Sb - 1) Ga•uCSb+l/21 Sz""(l/2-Sbl\ 
(1-Sz)""((Sb-Sa-1/2)/2) LegpCSa - Sb-1/2,1/2-Sb, <1-Sz/2)/SqrtCl-Szll 

Hg Ch, Sb, 2 Sb , Szl -> 2""(2 Sb) Ga11u [Sb+1/2l Exp CI PI <Sa-Sb) l \ 
<1-Sz) ""((Sb-Sa>l2> I (Sqrt CP i l Ga••a C2 Sb-Sal Sz·~Sb > \ 

LagpCSb-1,Sb-Sa,2/Sz-ll 

I•• Functional relations for hyperge o11etric functions ••/ 

SHg....:Ldist 

SHgCS,111 

SHgCS,ll: 

SHgCS,211 

SHgCS,311 

SHgCS,411 

SHgCS,Sl1 

SHgCS,61: 

SHgCS,711 

le Ela•entary Transformations e/ 

HgCSa,Sb,Sc,Szl -> HgCSb,Sa,Sc,Szl 

I• Linear Transformations e/ 

HgCSa,Sb,Sc,Szl -> <1-Sz)""(Sc-Sb-Sal HgCSc-Sa,Sc-Sb,Sc,Szl 

HgCSa,Sb,Sc,Szl -> HgCSa,sc-Sb,Sc,Sz/(Sz-lll/(1-Szl""Sa 

HgCSa,Sb,Sc,Szl -> Ga11•aCScl Ga••aCSc-Sa-Sbl\ 
/CGa••aCSc-Sal Ga1111aCSc-SbJ) HgCsa,Sb,Sa+Sb-Sc+l,1-Szl\ 

+<1-Sz)""(Sc-Sa-Sb) Ga••aCScl Gamma[Sa+Sb-Scl\ 
/(Ga••aCSal Ga11maCSb]) HgCSc-Sa,Sc-Sb,Sc-Sa-Sb+l,1-Szl 

Hg [Sa, Sb, Sc, Szl -> 1/ <-Sz) -Sa Ga••• CS cl Gamma CSb-Sal \ 
/(Ga11Ma[Sbl Gam11aCSc-Sal> HgCSa,1-Sc+Sa,l-Sb+Sa,l/Szl\ 

+1/C-Sz)-Sb Gam11aCScl Ga11maCSa-Sbl\ 
/(Ga•na[Sal Gam11aCSc-Sbl) HgCSb,1-Sc+Sb,l-Sa+Sb,l/Szl 

HgCSa,Sb,Sc,Szl ->\ 
1/(1-Sz)""Sa Gam11aCScl Ga••aCSb-Sal/(Gam11aCSbl\ 

Ga11•aCSc-Sal> HgCSa,Sc-Sb,Sa-Sb+l,1/Cl-Sz)J\ 
+1/Cl-Sz)-Sb Ga1111aCScl Ga11maCSa-Sbl/CGammaCSal\ 

G11111aCSc-Sbl) HgCSb,Sc-Sa 1 Sb-Sa+1 1 1/Cl-Sz)J 

HgCSa,Sb,Sc,Szl -> 1/Sz""Sa Ga1111aCScl GammaCSc-Sa-Sbl\ 
(Ga•11aCSc-Sal GammaCSc-Sbl) HgCSa,Sa-Sc+l,Sa+Sb-Sc+l,1-1/Szl\ 
+ <1-Sz) ""(Sc-Sa-Sb) Sz-<Sa-Sc) Gamma CScl Gamma CSa+Sb-Scl \ 
/(G11111aCS1l GaMmaCSbl) HgCSc-Sa,1-Sa,Sc-Sa-Sb+l,1-1/Szl 

I• Quadratic Transfor11ations e/ 

HgCSa,Sb,2 Sb,Szl -> \ 
(1-Sz)""(-Sa/2) HgCSa/2,Sb-Sa/2,Sb+l,Sz""2/(4 Sz-4)1 



SHgC5,8l I 

SHgC5,9ls 

ShgC6,18ls 

SH9CS,lll1 

SHgCS,12ls 

SHgC5,13l I 

SHgC5,14ls 

SH9C5,15l1 

SH9CS,l6l1 

SHg [5. 171 I 

SHgC5,18l: 

SHgCS,191: 

SHg cs, 28] I 

SHgC5,21l1 

SHgCS,2211 

SHgCS,23] I 

SHgCS,2411 

SHgCS,2511 

SHgCS,2611 

SMPLlBRARY 

HgCSa,Sb,2 Sb,Szl -> \ 
<1-Sz/2>-Sa Hg[Sa/2,Sa/2+1/2,Sb+l/2,Sz-2/C2-Sz>-2l 

HgCSa,Sb,2 Sb,Szl -> (l/2+SqrtC1-Szll2> .... <-2 Sa>\ 
Hg CS a , Sa-Sb+ 1 / 2 , Sb+ 1/2 , < <1-S qr t C 1-Sz l > I < 1 +Sq r t C 1-S z l > > -2 l 

HgCSa,Sb,2 Sb,Szl -> <1-Sz>-C-Sa/2) \ 
HgCSa,2 Sb-Sa,Sb+l/2,-(1-SqrtCl-Szl) .... 2/(4 SqrtCl-SzJ)J 

HgCSa,Sa+l/2,Sc,Szl -> Cl/2+SqrtC1-Szl/2)-C-2 Sa)\ 
HgC2 Sa,2 Sa-Sc+l,Sc,<1-SqrtCl-Szl)/<1+5qrtC1-Szl>l 

HgCSa,Sa+l/2,Sc,Szl -> <l-Sqrt[Sz])-C-2 Sa>\ 

HgCSa,Sa+l/2,Sc,Szl -> Cl+SqrtCSzl> .... <-2 Sa>\ 
HgC2 Sa,Sc-112,2 Sc-1,2 SqrtCSzl/(l+SqrtCSzJ)J 

HgCSa,Sa+l/2,Sc,Szl -> 1/<l-Sz>-Sa\ 
HgC2 Sa,2 Sc-2 Sa-1,Sc,<SqrtCl-Szl-1>/(2 Sqrt[l-Szlll 

HgCSa,Sb,Sa+Sb+l/2,Szl -> HgC2 Sa,2 Sb,Sa+Sb+l/2,1/2-SqrtCl-Szl/1 

HgCSa,Sb,Sa+Sb+l/2,Szl -> (1/2+SqrtC1-Szl/2l-C-2 Sa>\ 
HgC2 Sa,Sa-Sb+1/2,Sa+Sb+l/2, <SqrtCl-SzJ-1)/(SqrtCl-Szl+l>l 

HgCSa,Sb,Sa+Sb-112,Szl ->\ 
1/Sqrt[l-Szl HgC2 Sa-1,2 Sb-1,Sa+Sb-112,1/2-SqrtCl-Szl/21 

HgCSa,Sb,Sa+Sb-1/2,Szl -> Cl/2+SqrtC1-Szl>-<1-2 Sa)/SqrtCl+Szl\ 
HgC2 Sa-1,Sa-Sb+l/2,Sa+Sb-1/2, <SqrtCl-Szl-ll/(SqrtCl-Szl+lll 

HgCSa,Sb,Sa-Sb+l,Szl ->\ 
l/Cl+Sz>-<2 Sa) HgCSa/2,Sa/2+1/2,Sa-Sb+l,4 Sz/Cl+Sz>-21 

HgCSa,Sb,Sa-Sb+l,Szl -> Cl+SqrtCSzJ>-<-2 Sa>\ 
HgCSa,Sa-Sb+l/2,2 Sa-2 Sb+l,4 SqrtCSzl/Cl+SqrtCSzl>-21 

Hg CSa, Sb, Sa-Sb+l, Szl -> <1-Sqr t CSzl l -<-2 Sal\ 
HgCSa,Sa-Sb+l/2 1 2 Sa-2 Sb+l,-4 SqrtCSzl/Cl-SqrtCSzl>-21 

HgCSa,Sb,Sa-Sb+l,Szl ·> \ 
l/Cl-Sz>-Sa HgCSa/2,Sa/2-Sb+l,-4 Sz/<1-Sz>-21 

Hg CS a, Sb, CSa+Sb+l> /2, Szl -> \ 
HgCSa/2,Sb/2, CSa+Sb+l)/2,4 Sz<Sz-l>l 

HgCSa,Sb,Sa/2+Sb/2+1/2,Szl -> 1/Cl-2 Szl-Sa \ 
HgCSa/2,Sa/2+1/2,Sa/2+Sb/2+1/2,4 Sz <Sz-1)/(1-2 Szl-21 

HgCSa,1-Sa,Sc,Szl -> \ 
<1-Sz>-<sc-l>HgCSc/2-Sa/2,Sc/2+Sa/2-1/2,Sc,4 Sz-4 Sz-21 

Hg[Sa,1-Sa,Sc,Szl -> <l-Szl-<Sc-1> <1-2 Sz>-<Sa-Scl\ 
HgCSc/2-Sa/2,Sc/2-Sa/2+1/2,Sc,4 SzCSz-1>1<1-2 Szl-21 
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XHist 
I•• For11 histogram ••/ 

I• Hist[I ist,nblnl 

I• 

forms a histogram of the contents of I ist with nbin bins. #/ 
Hlst[$1ist_;Llstp[$1istl,$nbin_;Natp[Snblnll :: \ 
<Le I C%m in, %max, %step, %hist,% i ndl; %s tap: N [<(%max: Rp Cl1ax, $Ii s ti)-\ 
( % 11 i n : R p [ 11 i n, S I i st l ) ) IS n b i n l ; %h i s t : R r [ f ! % m i n , % max, % s t e p J J, 0 l ; \ 
DoC%i,Len[$1istl,%ind:%min+%ster> Gint[Slist[%il/%stepJ; \ 

%hist[% i ndl: %hist[% i ndl +ll; %hist> 

#I [ l] I I <X H i st 

#I [ 2 l : : t : R r [ 18 , P r i 11 e l 

#OC211 f2,3,S,7,ll,l3,17,19,23,29J 

/II C 3 l : : H I s t C t , 3 l 

*° [3]: !C2l: 4, Clll: 3, C28l: 2, [2911 lj 

•I 

XHorn 
I•• Horner representation ••/ 

I• Horn[poly,xl 

I• 
#I [ 1] I I 

#I [ 21 : I 

#0 [2): 

#I [3] : I 

*° [3]: 

•I 

constructs a Horner representation of the polynomial poly 
with respect to x. •I 
Horn [Sp o I y, $ x l : : ( L c I [ %p, % n l ; I f [ ( %n: Exp t C $ x, $po I y l ) <= 1 , Ru t C $po I y l l ~ 
%p:Coef[Sx .... %n,Spolyl; DoC%1,%n-1,%p:%p Sx + Coef[$x .... C%n-%1>,S:polyll; \ 
Sx %p + S£Spoly,Sx->8ll 

<XHorn 

t: x .... 3+4a x .... 2+2x+c 

2 3 
c + 2x + 4a x + x 

HornC%,xl 

c + x (2 + x <4a + x) ) 
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XInd 
I•• tlanipulation of indices In lists ••/ 

I• Llnd[listl 
yields a list of the indices In list.••/ 
Llnd[Slistl :: Ar[Len[Slistl,Ind[Sllst,Slll 

I• ToLCI istl 
writes entries in list as !index,valuej. •/ 
ToL[SI istl :1 Ar[LenCSI istl, !JndCSI ist,Sll,ElemCSI ist, !Sl jl jl 

/a Tolnd[listl 
takes sublists !index,valuej in list, and forms an 
Indexed I ist [index] :value. •I 
TolndCSlistl :: <LclC%1l; tlap[%1CS1Clll:SlC2l,Slistl; %1) 

'* /II [ 1] I I <X Ind 

#I [2] I : t I ! [I] I X ,...2 1 [ b] I X .... 3 1 [ C] I X + y l 
2 3 

/llJ (2] I ! Cal : x 
' 

[ b] : x 
' 

[ c] : x + y ! 
#I C 3 l : : LindC%l 

/llJ [3]: !a,b,cj 

#I [ 4] I : ToLCtl 

2 3 
#CJC4l1 ! !a, x ! , ! b, x 1. I c' x + y I l 
#IC SJ : : ToindC%l 

3 2 
#CJ [SJ 1 I cc l : x + y' Cb] I x 

' 
Cal : x l 

*' 

Xlndep 
I•• Declaration of independent variables **' 

I• Indep£lyl,y2, ••• L lxl,x2, ••• jl 

'* 

defines the yi tc. be independent of the xj so that Dt[yi,xjl:8. •/ 
Indep [Sy, Sxl : : l'lap [Map [O t [Sl, $2118, Sxl, Syl 

/II Cl l : : <X I n d e p 

/II C 2 l : : D t [ ! y 1 , y 2 , y 3 ! , x l 

/llJC211 !Dtiyl,xl,DtCy2,xl,Ot[y3,xl ! 
#I C 3 J : : I n de p [ ! y 1 , y 2 j , ! x , x p I l 
/llJC3J: !!a,aj,!a,ajj 

/II [ 4 J : : 0 t [ ! y 1 , y 2 , y 3 j , x l 

#(IC4J1 !8,8,0tCy3,xlj 

*' 
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Xlnfo 
I•• Basic infor11ation theory ••/ 

I• ShanCprobl 
represents the Shannon entropy for a language whose symbols have 
relative frequencies as given in the list prob.•/ 
Shan CSprob-L Is tp CSprobl l : : -N CRp CPI us, nap CSx Log CSx, 21, Sprobl l I \ 

ApCPlus,Sprobll 

I• Freq[llstl 
yields a I lat of the relative frequencies of symbols appearing 
as ele11ents of list. :t./ 
FreqCSlist_.Listp[SlistJJ :: Clc1C%fl; napC%fCS1Clll:SlC21, \ 

RexCSlistJC211; RelC%fl) 

I• 
#I C 1 J : : <X I n f o 

#IC21:: ArC18,Sx-2l 

#IJC2l: f1,4,9,16,25,36,49,64,81,188j 

#I [ 3] I : 5 h In [ % ] 

#IJ [3] I -5. 817683 

/II C 4 J : : I a , a , b , c , a , c , d , e , a , b , c , b , b , e I 
#IJC4l: fa,a,b,c,a,c,d,e,a,b,c,b,b,e I 
/II C5l:: freq[%] 

#IJC5l: 

., 

Xlnt 

!Cel: 2, [d]; 1, [cl: 3, Cbl: 4, Cal: 4j 

I•• EleMentary definite Integrals ••/ 

IntCSx-<Sn..;Sn>-1> ExpC-Sx + ll,fSx,8,Infjl: Ga1111a[Sn + 1l 
/a CRC 478 •I 

IntCSt-<sn_..Natpttn+ll) CSp_,Sp>t> -<-St>,fSt,8,Infp1 Snl/log[Spl-Ct.n+l> 
I• CRC 471 'fl'./ 

In t CS t - (Sn _. CS n + 1 > >8 > Exp C <SS a - < <"'I n CS a , S t l > & < <Sa - 1 l >-1 l l l $ t l , \ 
fsx,8,Infjl: Gamma[Sn+lJ/Sa-Sn 

/s CRC 472 :t./ 

IntCSx-<S•-Sm>-1> Lo9CSxJ-<sn-Sn>-1l, !Sx,8,1jl : \ 
(-1>-Sn GammaCSn+ll/:Sm+ll~csn+l) 

/:t. CRC 473 •/ 
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InttSx""Sm Cl-Sx>""Sn, fsx,8,ljl : BataCS•+l,Sn+ll 
/-,. CRC 479 *' 

IntCSx""S111/<l+Sx>""Sn, !Sx,8,Infjl 1 BaUCS•+l,Sn-Sm-ll 
I• CRC 481 *' 

IntC<Sx - <Sa-""'lnCSa,Sxl))""(Sm_..s11 > -1> ((Sb-'""ln[Sb,Sxl&CSb >Sa» - Sxl""(Sn\ 
_,.sn > -1>, fsx,Sa,Sbjl 1 Ga•••[Sn+ll G1111m1CSn+ll/GammaCSn +Sm +21\ 
(Sb - Sa)""(Sm +Sn + 1) 

'* CRC 482 *' 
IntCl/<1 + Sx > /Sx""(Sp...;Sp < 1>,fsx,8,InfP I Pi/SinCSp pi] 

'* CRC 484 *' 
Int Cl/Cl - Sx l /Sx""(Sp_pSp < 1>, !Sx,e, Inf jl -Pi CotCSp pi] 

'* CRC 485 oi 

IntCSx""CSp.....;:Sp > -1 & Sp< 8)/(1 + Sxl,fSx,8,Infjl : Pi/SlnCPi (Sp +lll 
I• CRC 486 •/ 

IntCSx""<S11.....;:S111 > -1 & <Sm+l> < Snl/<l + Sx""Sn>,!Sx,8,Infjl: Pi/ 
(Sn SinC<Sm+l)/Sn Pll> 

I• CRC 487 o/ 

IntCSx""(Sa.....;:Sa > -1>/C<Sm.....;:$111 > 8> + Sx""(Sb_;Sb > 8>>-<Sc.....;:Sc > (Sa+ll/Sbl,\ 
fsx,8,Infjl : S111 <Sa+ 1>/<Sb - Sc> <GammaCCSa +ll/Sbl 
GammaCSc - (Sa+ 11/Sbl/Ga•ma[Scl> 

lo CRC 488 •I 

Int[l/(l+Sxl/Sx""(l/2>, !Sx,8, Infjl 1 Pi 
I• CRC 489 o/ 

EpsCSxl: -(Sx < 8) + (Sx > 8) 

Int CS a I ( <Sb.....;: Sb = Sa ""2 l + S x ""2 l , ! S x, 8, Inf I l 1 P i / 2 E p s [Sal 
lo CRC 498 o/ 

In t C ( ( S Sa ..s "'I n [ S Sa , S x l ) -· Sx ""2 l .... ( (Sn __,. 0 d d p [Sn l l / 2 l , i Sx , 8 , S Sa .... ( l / 2 ) I] \ 
Sn!!/<Sn+ll!! * Pi/2 SSa-C<Sn+ll/2l 

lo CRC 491· •/ 

In t C Sx -s 11 (Sa -S x ""2 l -s n , I Sx , 8, Sa .... <l / 2 l I l : Sa .... ((Sm + Sn + 1 l / 2 l / 2 
BataCCSm + 1>12, CSn + 2l/2l 

/a CRC 492 a/ 

Int[SlnCSxl-Sn, 1Sx,8,Pi/2jl : Pi""<l/2)/2 Gu1maC(Sn+ll/2l/GammaCSn/2 + 1l 
/a CRC 493 •/ 

IntCSinCSm Sxl/Sx,!Sx,8,Infjl 1 EpsCS•l Pi/2 
I• CRC 494 •/ 

IntCTan[Sxl/Sx,!Sx,8,InfJl: Pi/2 
lo CRC 496 •/ 

IntCSlnC<Sa_,.lntpCSal> Sxl SlnCCSb_.(Sb-.. Sa> & IntpCSbll Sxl,fSx,8,Pijl 8 
/a CRC 497 a/ 

IntCCos[(Sa...;IntpCSal> Sxl CosCCSb_,(Sb ,..._Sal & IntpCSbl) Sxl,!Sx,8,Pijl 8 
I• CRC 497 o/ 

IntCSlnCSa Sxl CosCSa Sxl,fSx,8,Pi/Sajl 1 8 
ltfl CRC 498 o/ 

IntCSinCSa Sxl CosCSa Sxl, !Sx,8,Pi jl 1 8 
I• CRC 498 •/ 

IntCSinCSa Sxl Cos[(Sb.....;lntpCSa-Sbll Sxl,!Sx,8,Pijl: 2 Sa/(Sa""2 - Sb-2>\ 
Oddp CSa - Sbl 

I* CRC 499 •/ 

IntCSin[Sxl Cos CS• Sxl/Sx, fSx,8,Inf jl 1 Pl/2 <S111""2 < 1> + Pi/4 CS11-2" 1> 
I* CRC 588 •/ 
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IntCSlnCSa Sxl SinCSb Sx l I Sx .... 2 , ( Sx , 8 , I n f J J I Pl Sa/2 <Sa <" Sb) + Pi Sb/2 \ 
<Sb < Sa) 

/;a CRC 581 *' 
IntCSinCS11 s x J --2 • l s x • 8 • p I I J Pi/2 

I• CRC 582 *' 
Int CCos CS111 s x 1 .... 2, Is x, 8, P 1 l 1 : p i/2 

I• CRC 582 •I 

In t CS i n CS x J "'2 / S x .... 2 , IS x , 8 , In f J l : Pl/2 
I• CRC 583 •I 

In t CS i n CS x "'2 J , f S x , 8 , In f I J 1/2 <Pi/2l"'<1/2) 
I• CRC 585 *' 

I n t CC os C Sx "'2 J , I Sx , 8 , I n f I J : 1/2 <Pi/2) .... <1/2) 
I• CRC 585 •I 

IntCSinCS x l/Sx"'(1/2l, !Sx,8,Inf )l I <Pi/2l-<112> 
I• CRC 586 *' 

Int CCos CSxl /Sx-<1/2), !Sx, 8, Inf )l CP i /2) -Cl/2) 
la CRC 586 •/ 

Int [ 1 / C 1 + s a Cos CS x l > , ! S x, e , P I / 2 J J 1 R cos CS al I < 1 - Sa -2 > .... < 1/2 > 
I• CRC 587 •/ 

IntCll<Sa +Sb CosCSxJ>,!Sx,8,Inf)l P I I C Sa "'2 - Sb -2 > .... ( l 12) 
/'fl. CRC 588 *' 

IntCl/<1 +Sa CosCSxl>,!Sx,8,2 Pi)l 1 2 Pi/Cl - Sa"'2)-(1/2) 
I• CRC 589 •/ 

Int C CCos [Sa Sxl - Cos CSb Sxl > /Sx, (Sx,8, Inf p : Log [Sb/Sal 
I• CRC 518 •/ 

I n t C 1 / C Sa S i n C S x l -2 + Sb C o s C S x l "'2 > , IS x , 8 , P i / 2 J l : P i I < 2 Sa .... C l / 2 > Sb .... < l / 2 > > 
I• CRC 511 tt./ 

I n t C 1 / (Sa S i n [ Sx l -2 + Sb Cos CS x l "'2 ) -2 , I Sx , 8, P ii 2 j l 
Sb-(312> > 

Pi <Sa + Sbl I (4 Sa-C3/2) \ 

I• CRC 512 •/ 

IntCSinCSxJ-<Sn_;NatpCSnl) CosCSxl-<S•...;NatpC$11l>,ISx,8,Pi/2jl: \ 
BetaCCSn+l>/2, CS11+1>/2l/2 

I• CRC 513 •/ 

Int CS In C Sx J "'Sn, I Sx, 8, P i / 2 I l 2-csn-1> Be ta C CSn-1 > /2, CSn-1> /21 
I• GR 3.621 •I 

Int £Cos CSxl "'Sn, fsx, 8, Pi /2 )l : 2-csn-1> Beta C CSn-1> 12, <Sn-1> /21 
I• GR 3.621 •/ 

Int[CosCSxl-Cl/2>,ISx,8,Pi/2)1 1 C2 Pll-C3/2)/Ga•uC1/4l-2 
I• CRC 516 •/ 

IntCTanCSxl-Sh, !Sx,8,Pi/2)1 : Pi/2/CosCSh/2 Pil 
I• CRC 517 •/ 

IntCCAtanCSa Sxl - Atan[Sb Sxll/Sx,!Sx,8,In#Jl: Pi/2 LogCSa/Sbl 
I• CRC 518 •/ 

IntCCExpCCSa..;Sa < 8) Sxl - ExpCCSb_.Sb < 8) Sxl>ISx,!Sx,8,Infjl : \ 
Log CSb/Sal 

I• CRC 522 •I 

IntCSx-S n ExpCCsa_.sa < 8) Sxl, fsx,8,Infjl 1 Ga•maCSn+ll/C-Sa>-CSn+l> 
I• CRC 523 •/ 

IntCExpCCsa_.sa < 8) Sx .... 21,!Sx,8,InfJl 1 1/2/C-Sa>-<112> Pi-Cl/2) 
I• CRC 524 •I 
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In t CS 1< Exp C-S x -2 l , ! S x, 8, In f j l : l / 2 
I• CRC 525 *' 

In t C h -2 Exp C - Sx -2 l , { Sx , 8 , I n f j l 1 P I - <l / 2 > I 4 
I• CRC 526 *' 

I n t C Sx -Sn Exp C (Sa_; Sa < 8 > S x ""'2 l , ! Sx , 8, In fj l 1 <Sn -1> ! !/ 2 ""' (Sn/ 2 + 1) I < - Sa > -c Sn/ 2 > \ 
(Pi/-Sa)-(1/2) 

I• CRC 527 •/ 

Int[Sx""'Sn ExpC<Sa_rSa < 8> Sxl, !Si<,8,ljl 
Su111C<-Sa)""'r/r!,r,8,Snl) 

Sn!/(-Sa)""'(Sn+l> (1 - Exp[Sal\ 

In t CE x p [ -Sx ""'2 - CS a -r Sa >= 8 > -2 I Sx ""'2 l , f Sx, 8, In f ! l 
I• CRC 528 *' 

Exp[-2 Sal Pi""'<l/2)/2 
I• CRC 529 •/ 

Int[ExpCSn Si<l Sx""'Cl/2), fsx,8,Infll 1 1/(-2 Sn> <Pl/(-Sn)}""'(l/2) 
I• CRC 538 •/ 

IntCExpCSn Sxl/Sx-<112>,!Sx,8,Infjl 1 CPl/(-Sn))""'(l/2) 

Int CExp C <Sa_;Sa < 8) Sxl Cos CS111 SxJ, fSx, 8, Inf jJ 

I• CRC 531 *' 
-Sa/ <Sa-2 + Sm-2> 

I• CRC 532 •I 

IntCExp[(Sa-rSa < 8> Sxl SinCS111 Sxl,jSx,8,InfjJ: S11/CSa""'2 + Sm""'2) 
I• CRC 533 */ 

In t [ S x Exp [ CS a -r Sa < 8 > S x l S i n [Sm S x l , ! S x, 8, In f j J 1 - 2 Sa Sm I CS a ""'2 + Sm ""'2 > ""'2 
I• CRC 534 *' 

I n t [ S x E x p C < Sa _.. Sa < 8 ) S x ] C o s [ Sm S x l , f S x , 8 , I n f ! l 1 C Sa ""'2 - Sm ""'2 > I C S a ""'2 + Sm ""'2 l ""'2 
I• CRC 535 •I 

I n t[ S x ""'$ n Exp [ (Sa _r Sa < 8) S x l S i n CS b S x l , ! S x , 0 , I n f p : Sn ! * (( - Sa - I $ b l .... CS n + 1l \ 
- (-Sa+ I Sb)""'(Sn+l))/2 /(Sa""'2 + S11-2)""'($n+l> 

I• CRC 536 •/ 

IntCSx""'Sn ExpCCSa_rSa < 8) Sxl Cos[Sb SxJ,fSx,8,InfjJ: Sn!•C-C-Sa-I Sbl""'CSn+ll\ 
+ { - Sa + I Sb > .... (Sn+ 1 )) / 2 / (Sa ""'2 + Sm -2 ) .... CS n + 1) 

I• CRC 537 •/ 

IntCExpC(Sa...;Sa < 8) S1<J SinCSxJ/Sx, fSx,8,Inf jJ : Acot[-Sal 
I• CRC 538 •I 

IntCExpC-Sa""'2 Sx""'21 Cos[Sb SxJ,fSx,8,Infjl 1 Pi""'Cl/2)/2/Sa Exp[-Sb-214/Sa-21 
I• CRC 539 *' 

In t [Exp C-S t Cos C ( Sx _r Sx -2 <P i ""'2 / 4) ] l St ""'(Sb ....r Sb>- l> S i n CS t S i n CS x] l , ! St , 8, In f j l : \ 
Gu1maCSb + 11 SinC(Sb + l> Sxl 

I• CRC 548 *' 
In tC Exp CS t Co• C < S x _.. Sx ""'2 < P I ""'2 / 4 > J J S t .... CS b __;o Sb >8 > Cos [ s t S i n C Sx l J , ! S t , 8, In f p : \ 

Gamma [Sb + 11 Cos [<Sb + 1 > Sxl 

IntCSt-CSb_;CSb>-1 & Sb<8»Cos[StJ, jSt,8,InfjJ 

lnt[St""'(Sb_;(Sb>-1 & Sb<8»Sin[StJ, fSt,8,InfjJ 

IntCLogCSxl""'Sn, fsx,8,ljl : C-l>""'Sn n! 

IntCLogCl/Sxl""'Cl/2),jSx,8,ljl: Pi""'<l/2)/2 

IntCLogCl/SxJ-C-112>, fSx,8,ljl : Pi""'<l/2) 

I• CRC 541 *' 
Ga1:111a [Sb+lJ Cos C ($b + 1) Pi /21 

I• CRC 542 *' 
Gamma [Sb+lJ Sin [(Sb + 1 > Pi /21 

I• CRC 543 */ 

I• CRC 544 *' 
I• CRC 545 *' 
I• CRC 546 *' 
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InttlogCl/SxJ-Sn, !Sx,8,ljl : nl 

IntCSx Log Cl - Sxl, !Sx,8,lj l -3/4 

Int[Sx Log[l + Sxl, !Sx,8,lj l 1 1/4 

IntCLogCSxl/(1 + Sx>, !Sx,8,ljl -Pi -2112 

IntCL09CSxl/(l - Sx>,!Sx,8,ljl 1 -Pi-2/6 

In t [Log C $ x J I <1 - Sx "2) , I Sx, 8, q J 1 -P i -2 I 8 

In tC Log C ( 1 + Sx ) I ( 1 - S x > J IS x , I Sx , 8 , 1 jl 1 P i -2 I 4 

In t CL o g C Sx l I ( 1 - S x -2 > -< 112 >, I Sx, 8, 1 jl 1 -P i I 2 Log C 2 l 

Int CSx-<s11__..s11+l>8> Log Cl/Sxl-CSn__..sn+l>8>, !Sx, 8, l jl 
<S• + l> "(Sn + l> 

I• CRC S47 •I 

I• CRC S48 •I 

I• CRC S49 •I 

I• CRC 558 •I 

I• CRC 5Sl '4'. I 

I• CRC SS2 •I 

'* CRC SS3 "ft.I 

I• CRC S54 *' 
: Gatn:na CSn + 

I• CRC SSS */ 

Int[(Sx-Sp - Sx-Sq)/LogCSxJ , !Sx,8,ljJ: LogC(Sp + ll/CSq + lll 
/* CRC SSS *' 

IntCl/LogCl/Sxl-Cl/2),!Sx,8 , lJl: Pi-Cl/2) 
I• CRC SS7 •/ 

Int Clog [<Exp CSxl + 1 >I <Exp CSxl - 1> J, !Sx, 8, Inf jl pi -214 
I• CRC 5S8 *' 

lntCLogCSinCSxlJ, !Sx,8,Pi/2jl -Pi/2 LogC2J 
I• CRC SS9 *' 

Int Clog [Cos Uxl 1, !Sx, 8, Pi /2 jl -Pl/2 Log C2l 
/111 CRC 5S9 •I 

Int[LogCSecCSxJJ, !Sx,8,Pi/2jl I Pi/2 Log C21 
I• CRC S68 */ 

Int Clog CCsc CSxl], !Sx, 8, Pi /2 jl I Pi/2 Log C21 
I• CRC S68 •I 

Int CSx LogCSin£Sx11, !Sx,8,P i jl : -Pi -212 LogC21 
I• CRC 561 •I 

lntCSinCSxJ LogCSlnCSxJJ, !Sx,8,Pi/2j1 : Lo9C21 - 1 
I• CRC S62 •I 

IntCLogCTanCSxll,!Sx,8,Pi/2j1: 8 
I• CRC 563 •/ 

11 I\ 

Int [Log CS a + C Sb__.. Sb<= Sa> Cos C Sx 1 1 , I Sx, 8, P i I l P i Log C (Sa+ (Sa -2 -$ b -2 > -cl/ 2) > I 2 l 
I• CRC 564 *' 

lntClogCSa - ($b__..Sb<sSa)CosCSx11, !Sx,8,PI jJ 

IntCl/CoshCSa SxJ,!Sx,8,Infjl: Pi/2/Sa 

In tC S x IS I n h C Sa Sx 1 , I Sx, 8, In fj 1 : C P i 121 Sa> -2 

P I Log C (Sa+ ( $a -2 - Sb -2 ) - ( 1I2 ) ) I 2 1 
I• CRC S64 */ 

I• CRC S65 •/ 

I• CRC S66 "ft.I 

IntCExpC(Sa_;Sa < 8) Sxl Cosh[(Sb_;Sb:>--8 & Sb< -Sa) Sxl, !Sx,8,Infjl :\ 
- Sa I < Sa -2 - Sb -2 > 
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I• CRC 567 •/ 

IntCExpC<Sa_;Sa < 8) Sxl SinhC<Sb..;Sb>=88& Sb< -Sa) Sxl, fsx,8,Infjl :\ 
Sb/ <Sa-2 - Sb-2) 

Its CRC 568 •/ 

Int[ExpC-Sxl Lo9CSxl, fsx,8,Inf ll : -Euler 
I• CRC 572 >'II/ 

IntC(l/<1 - ExpC-Sxl> - l/Sx)ExpC-Sxl, (Sx,8,Infll Euler 
I• CRC 573 •/ 

IntCl/Sx Cl/<l + Sx> - ExpC-Sxl>,fSx,8,Int!J Euler 
I• CRC 573 •/ 

Xlntp 
I•• Additional rules for inta9ar tasting ••/ 

IntpCCSSx_;lntpCSSxl >+<Sy_;ilntpCSyl >l : 1 
Intp C CSSx_;lntp CSSxl > <Sy_;lntp CSyl )l : 1 

Jntp[(Sn...rintpCSnl >-<S11_;NatpCSml )] : 1 
In tp C CSn..;Abs CSnl >1 >-<Sm_; Na tp C-S11l > l : 8 

I• 
If.I Cl J : : <Xlntp 

l/:IC2l:: Intp Cxl: 1 

/IO [2] I 1 

#I [ 3] I I I n t p C x ""2 - 2 J 

/lfJ [3] I 1 

., 

Xlter 
I•• Genera I i tarated for11s ••/ 

I• IterCt,expr,var, lo,hil 

I• 

appllas f to the set of values of expr attained when var 
takes on values lo, lo+l, lo+2, ••• , hi. •I 
JterCNos•pl: f1,1,1,8,8I 
IterCSt,Sexpr,Svar,Slo,Shi_;lntp[Shi-Sloll :: \ 

A p [Sf , Ar C f f s I o, Sh i I ! , Re I CS C Sex pr, S var - >S ll J J J 

/II C 11 : : <X I t e r 

#'JCll: 'ApCSf,Ar£l(Slo,ShiH,RelCSCSexpr,Svar -> Slllll 

#I C 2 l : : I t er [ f , x + i ""2 , i , l , 6 l 

#OC2J: f[l + x,4 + x,9 + x,16 + x,25 + x,36 + xl 

., 
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Xltp 
I•• Lagrange Interpolation of list values ••/ 

I• Itp[list,xl 
uses all the values given in list to yield an opti1ul estimate 
for the value corresponding to an index x. a/ 
ItpCSlist,Sxl 1: <Lc1[%nl; %n:Len[Slistl; \ 

#I [ 1l I I <X I t p 

Su•C%x1Ind[Slist,il;Prod[Sx-Ind[Slist,j1,j,l,%nl/ \ 
((Sx-%x) Prod[%x-Ind[Sllst,jl,j,l,%n,l,j"'!zl]) \ 

EleMCSlist,fill, I, 1, LenCSlistll> 

#I C 2 l : : t : Ar C j j 8, 1, 8. 2 j j, N [ S I n CS x l 1 l 

#0 £21 I I £81 I 8. c. 21 I • 1986693. c. 41: • 3894183. c. 61: • 5646425' 

1.811 .7173561, Cll: .84147lj 

/II C 3 l : : I t p C % , x 1 

#0 £31: 25. 8684x (-1 + x) <-4/5 + x) (-3/5 + x> (-2/5 + x) 

- 181.411x (-1 + x) (-4/5 + x) <-3/5 + x> (-1/5 + x) 

+ 147.8423x <-1 + x) <-4/5 + x> (-2/5 + x) (-1/5 + x> 

- 93. 48574x <-1 + x> (-3/5 + x) (-2/5 + x> <-1/5 + x> 

+ 21.91331>< <-4/5 + x> C-3/5 + x) C-2/5 + x) (-1/5 + x) 

#I ( 4 l I I Ex ( %l 

2 3 4 
#0 C4l: .999978x + .8882439154 x - .1676164 x + .881612961 x 

5 
+ .887252478 x 

#I C 5 l : : N C S C % , x - >8 • 8 l l 

#CJC5l1 .7173561 

#I C 8 l 1 : N [ S I n [ 8 • 8 l l 

#0£611 .7173561 

•I 
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XJac 
I•• Jacobi polyno•ials ••I 

I• Recurrence relationships a/ 

SJac_:ldist 

SJacCll: JacPCSm,Sa,Sb,Sxl -> (((2S111+Sa+Sb-l> <Sa""2-Sb""2)\ 
+PochC2S•+Sa+Sb-2,3l Sx> JacPCS11-l,Sa,Sb,SxJ\ 
-2 (S•+Sa-1> <S11+Sb-1> (2$11+Sa+Sb) \ 
JacPCS•-2,Sa,Sb,Sxl)/(2Sm (SM+Sa+Sb) <2Sm+Sa+Sb+2)) 

SJacC2lt JacPCS11,Sa,Sb,Sxl -> <2CS11+l> <S~+Sa+Sb+l> (2Sm+Sa+Sb>\ 
JacPCS11+1,Sa,Sb,Sxl+2(Sn+Sa> (Sn+Sb> (2$n+Sa+Sb+2l\ 
J a c P CS• - l , Sa , Sb , S x J ) I ( ( 2 Sn+ Sa+$ b + 1 ) (Sa ""2 - Sb ""2 ) \ 

+Poch £2Sn+Sa+Sb, 31 Sx) 

SJac£3l 1 JacPCS11,Sa,Sb,Sxl -> <<<2Sm+Sa+4b+3) <Sa""2-Sb""2>\ 
+Poch[2Sm+Sa+Sb+2,3l Sxl JacPCS11+l,Sa,Sb,Sxl\ 
-2<S•+2l <S11+Sa+Sb+3l C2S.r+Sa+Sb+2> JacPCSm+2,Sa,Sb,Sxl>\ 
/(2(Sm+Sa+1> (Sm+Sb+l> (2S•+Sa+Sb+4>> 

SJacUl: JacPCS.1,Sa,Sb,Sxl -> <<Sm+Sa) JacPCS•,Sa-1,Sb,SxJ-CSm+ll\ 
JacPCSm+l,Sa-1,Sb,Sxl)/(($m+Sa/2+Sb/2+1/2) Cl-Sx>> 

SJac [51 i JacP CS111, Sa, Sb, Sxl -> < <Sm+Sa/2+Sb/2+1> <1-Sx> JacP CSm, Sa+l, Sb, SxJ \ 
+(Sm+l> JacPCS11+l,Sa,Sb,Sxl)/(Sm+Sa+l> 

SJac£6lt JacPCS111,Sa,Sb,Sxl -> CCS11+Sa> JacPCS•-1,Sa,Sb,Sxl \ 
-<Sm+Sa/2+Sb/2) Cl-Sx) JacPCSm-l,Sa+l,Sb,SxJ)/$111 

SJacC7l: JacPCS11,Sa,Sb,Sxl -> <<Sm+Sb) JacPCS11,Sa,Sb-l,SxJ+(Sm+l>\ 
JacPCSm+l,Sa,Sb-1,Sxl>l<<Sm+Sa/2+Sb/2+1/2) Cl+Sx)) 

SJacC8li JacPCSm,Sa,Sb,Sxl -> CCSm+Sa/2+Sb/2+1> Cl+Sx> JacPCSm,sa,Sb+l,Sxl\ 
-<S11+l> JacPCS111+l,Sa,Sb,Sxl)/(S111+Sb+l> 

SJac C9l t JacP CS11, Sa, Sb, Sxl -> C CS11+Sa/2+Sb/2) < l+Sx) JacP CSm-1, Sa, Sb+l , Sxl \ 
-<S11+Sbl JacPCS111-l,Sa,Sb,Sxl )/Sm 

SJac £181: JacP CS111, Sa, Sb, Sxl -> \ 
C2JacPCSm,Sa-1,Sb,Sxl-Cl+Sx) JacPCSm,Sa-1,Sb+l,SxJ)/Cl-Sx> 

SJacClll: JacPCSm,Sa,Sb,Sxl -> \ 
<<1-Sxl JacPCS11,Sa+l,Sb,Sxl+Cl+Sx> JacPCSm,Sa,Sb+l,SxJl/2 

5Jac[l21: JacP[S111,Sa,Sb,Sxl -> \ 
(2JacPCSm,Sa,Sb-l,Sxl-(1-Sx) JacPCSm,Sa+l,Sb-1,Sxl)/(l+Sx) 

SJac C13l: JacP CSm, Sa, Sb, Sxl -> < <SM+Sa+Sb+l > JacP [Sm, Sa+l, Sb, Sxl \ 
-<S•+Sb) JacPCSm-1,Sa+l,Sb,Sxll/(2Sm+Sa+Sb+l> 

SJac[14lt JacPCSm,Sa,Sb,Sxl -> CC2S11+Sa+Sbl JacPCSm,Sa-1,Sb,Sxl\ 
+CS11+Sb) JacPCSm-1,Sa,Sb,Sxl)/(Sm+Sa+Sb> 

SJac C15l: JacP CSm, Sa, Sb, Sxl -> C CS11+Sa+Sb+l> JacP CSm+l, Sa, Sb, Sxl \ 
-<2Sm+Sa+Sb+2) JacPCSm+l,Sa-l,Sb,Sxl)/C2Sm+Sa+Sb+2) 

SJac Cl6l: JacP CSm, Sa, Sb, Sxl -> ( CS11+Sa+Sb+l> JacP CSm, Sa, Sb+l, Sxl \ 
+(Sm+Sal JacPCSm-1,Sa,Sb+l,Sxll/C2Sm+Sa+Sb+ll 

SJac Cl7l: JacP CS111, Sa, Sb, Sxl -> C C2S11+Sa+Sb) JacP CSm, Sa, Sb-1, SxJ \ 
-<S11+Sa) JacPCSru-1,Sa,Sb,Sxl)/(Sm+Sa+Sbl 

SJac £181: JacP CS11, Sa, Sb, Sxl -> ( (2Sm+Sa+Sb+2> JacP CSm+l, Sa, Sb-1, Sxl \ 
-<Sm+Sa+Sb+l> JacPCSm+l,Sa,Sb,SxJ)/C2Sm+Sa+Sb+2> 
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SJacC19J1 JacP[Sm,Sa,Sb,SxJ -> JacPCSm-1,Sa,Sb+l,SxJ-JacPCSm,Sa-l,Sb+l,SxJ 

SJacC28J: JacPCSm,Sa,Sb,SxJ -> JacPCSm+l,Sa,Sb-l,Sxl-JacPCSm+l,Sa-1,Sb,Sxl 

SJacC2111 JacPCSm,Sa,Sb,Sxl -> JacPCSm,Sa+l,Sb-l,Sxl-JacPCSm-1,Sa+l,Sb,Sxl 

XKilllO 
I•• Kl I I Input/Output **' 

I• KlllIOCnl,n2l 
re•oves values assigned to #I and #0 I ines numbered nl 
through n2. •I 
KlltIOCSnl..,NatpCSnlll$n2....rNatpCSn2ll :1 \ 

Ar C ! Sn 1, $ n 2 ! ! , #I C $% ll : #0 C $ %1 l : K I I I e d l ; 

'* /II C 1 J : 1 <X K I I I I 0 

#I [ 2 l : : t I x 

/IOC2J1 x 

#I C 3 l : : R p t C t : t < 1 + t > , 2 l 

/IOC3l: x (1 + x) (1 + x (1 + x)) 

/II [ 4 l I I E x [ %] 

2 3 4 
/IO C4l I x + 2 x + 2 x + x 

#I C S l : : F a c C % l 

/IO CS] 1 

2 
x <1 + xl <1 + x + x ) 

#I C 6 l 1 : K I I I I 0 C 2 , 4 l J 

/II C 7 l : : /IO 

2 no c11 I ! [ 6 l I CSl: x Cl+ x) Cl+ x + x >, C4l: Killed, C3J: Killed, 

[211 Killed, Cll: !Null, C9l: l"!ul/smp/SRC/smp.start"!l 

#I [ 8] I 1 /II 

/IOC8l1 !C7l:: #0, C&l:: KillIOC2,4J;, [SJ:: FacC%l, C4l: Killed, 

C3l: Killed, C2l: Killed, C!l:: <XKillIO, C8l:: Initj 

•I 
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XJac 
I•• Jacobi polyno•ials ••I 

I• R•eurr•nc• relationships•/ 

SJacCll: JacPCSm,Sa,Sb,Sxl -> (((2S111+Sa+Sb-l> (Sa"'2-Sb"'2)\ 
+PochC2Sm+Sa+Sb-2,3J Sx) JacPCS111-l,Sa,Sb,Sxl\ 
-2 <S•+Sa-1> <S11+Sb-1> (2S111+Sa+Sb ) \ 

JacPCS•-2,Sa,Sb,Sxl)/(2Sm <S•+Sa+Sb) <2Sm+Sa+Sb+2>> 

SJacC211 JacPCS•,Sa,Sb,Sxl -> (2(S111+l> (Sm+Sa+Sb+l> <2Sm+Sa+Sb>\ 
JacPCS111+1,Sa,Sb,Sx1+2<Sn+Sa> (Sn+Sb> (2Sn+Sa+Sb+2l\ 
J a c P CS• -1 , Sa , Sb , S x l ) I ( ( 2 $ n +Sa+ Sb+ 1 ) (Sa "'2 - Sb "'2 > \ 

+Poch C2Sn+Sa+Sb, 31 Sx> 

SJacC3l1 JacPCS11,sa,sb,Sxl -> <<<2S11+Sa+4b+3) (Sa"'2-Sb"'2>\ 
+PochC2Sm+Sa+Sb+2,3l Sx) JacPCS111+l,Sa,Sb,Sxl\ 
-2<1•+2> <S•+Sa+Sb+3) <2S111+Sa+Sb+2> JacPCSm+2,Sa,Sb,Sxl>\ 
/(2(SM+Sa+l> (S111+Sb+l> <2S111+Sa+Sb+4>> 

SJacC4l: JacPCSm,Sa,Sb,Sxl -> <<S•+Sa) JacPCS111,Sa-l,Sb,Sxl-<Sm+ll\ 
JacPCS111+1,Sa-1,Sb,Sxl)/((Sm+Sa/2+Sb/2+1/2) Cl-Sx>> 

SJacCSl1 JacPCSm,Sa,Sb,Sxl -> ((S11+Sa/2+Sb/2+1> (1-Sx) JacPCSm,Sa+l,Sb,Sxl\ 
+(Sm+l> JacPCS11+l,sa,Sb,Sxl)/(S1n+Sa+l> 

SJacC6l: JacPCS11,Sa,Sb,Sxl -> ((S111+Sal JacPCS111-l,Sa,Sb,Sxl \ 
- (Sm+Sa/2+Sb/2) <1-Sx) JacP CSm-1, Sa+l, Sb, Sxl) /Sm 

SJac C7l: JacP CS11, Sa, Sb, Sxl -> ( <Sm+Sb) JacP CS•, Sa, Sb-1, Sxl + <Sm+l> \ 
JacPCS111+1,Sa,Sb-1,Sxl>l<<Sm+Sa/2+Sb/2+1/2) (l+Sx)) 

SJac C8l 1 JacP CS11, Sa, Sb, Sxl -> ( <Sm+Sa/2+Sb/2+1) (l+Sx> JacP CSm, Sa, Sb+l, Sxl \ 
-<S11+l> JacPCS111+l,Sa,Sb,SxJ)/($111+Sb+l> 

SJacC9l: JacPCSm,Sa,Sb,Sxl -> ((SM+Sa/2+Sb/2) (l+Sx> JacPCSm-1,Sa,Sb+l,Sxl\ 
-(SM+Sb) JacPCS11-1,sa,Sb,Sxl )/$111 

SJacC18l: JacPCSm,sa,Sb,Sxl -> \ 
(2JacPCSm,Sa-1,Sb,Sxl - <1+Sx) JacPCSm,Sa-1,Sb+l,Sxll/(1-Sx) 

SJacClll: JacPCStn,Sa,Sb,Sxl -> \ 
((1-Sx) JacPCS111,Sa+l,Sb,SxJ+(l+Sxl JacPCSm,Sa,Sb+l,Sxll/2 

SJacC12J: JacPCSm,sa,Sb,Sxl -> \ 
(2JacPCS111,Sa,Sb-l,Sxl-<l-Sx> JacPCSm,Sa+l,Sb-1,Sxl>l<l+Sx> 

SJac C13l: JacP CSm, Sa, Sb, Sxl -> ( (SM+Sa+Sb+l > JacP CSm, Sa+l, Sb, Sxl \ 
-(SM+Sb) JacPCSm-l,Sa+l,Sb,SxJ)/(2Sm+Sa+Sb+l) 

SJac Cl4l 1 JacP CS111, Sa, Sb, S1<l -> ( <2S11+Sa+Sb> JacP CSm, Sa-1, Sb, Sxl \ 
+(S111+Sb) JacPCSm-l,Sa,Sb,SxJ)/CS11+Sa+Sbl 

SJac [151: JacP CSm, Sa, Sb, Sxl -> < <Sm+Sa+Sb+l > JacP [$111+1, Sa, Sb, Sxl \ 
-(2Sm+Sa+Sb+2) JacPCSm+l,Sa-1,Sb,Sxl)/(2Sm+Sa+Sb+2l 

SJac Cl6J: JacP CSm, Sa, Sb, Sxl -> ( <S•+Sa+Sb+l) JacP [Sm, Sa, Sb+l, Sxl \ 
+(S111+Sa> JacPCSm-l,Sa,Sb+l,SxJ)/(2Sm+Sa+Sb+ll 

SJacC17J: JacPCS111,Sa,Sb,Sxl -> ((2S111+Sa+Sb) JacPCSm,Sa,Sb-1,Sxl\ 
-(SM+Sa) JacPCSID-1,Sa,Sb,SxJ)/(Sm+Sa+Sbl 

SJac Cl8J: JacP CS11, Sa, Sb, Sxl -> ( (2S111+Sa+Sb+2> JacP CSm+l, Sa, Sb-1, Sxl \ 
-<S111+Sa+Sb+l) JacPCSm+l,Sa,Sb,SxJ)/(2Sm+Sa+Sb+2) 
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SJaeC19l 1 JaePISm,Sa,Sb,Sxl -> JaePCSm-1,Sa,Sb+l,Sxl-JaePCSm,Sa-l,Sb+l,Sxl 

SJaeC28l: JaePCSm,Sa,Sb,Sxl -> JaePCSm+l,Sa,Sb-1,Sxl-JaePCSm+l,Sa-1,Sb,Sxl 

SJaeC21l: JaePCSm,Sa,Sb,Sxl -> JaePCSm,Sa+l,Sb-l,Sxl-JaePCSm-1,Sa+l,Sb,Sxl 

XKilllO 
I•• Kill Input/Output **' 

I• KlllI0Cnl,n2l 

I• 
#I [ 1] : I 

/II c 2] : I 

#0 [2] I 

#I C 3 l : : 

#0 [3]: 

(II [ 4 l I I 

#0 [4] I 

#I C 5 l : : 

#0 [5] I 

#I [ 6] I : 

/II C 71 : : 

#0£711 

re•ovas va I uas ass I gnad to #I and #0 Ii nas numbered nl 
through n2. •I 
KillIOCSnl-NatpCSnll!Sn2_;NatpCSn2ll 11 \ 

Ar [ ! Sn 1, $ n 2 I ! , #I [ $ %1 l : #0 [ SX 1l : K i I I e d l ; 

<XKlllIO 

t IX 

x 

Rpt Ct: t <l+tl ,21 

x (1 + xl (1 + x (1 + x)) 

Ex C %1 

2 3 4 
x + 2 x + 2 x + x 

FaeCXl 

2 
x (1 + x> (1 + x + x ) 

Ki llIOC2,4l I 

*° 2 
I cs 1 : CSl: x (1 + xl <1 + x + x >, [4]: Killed, [31: Killed, 

[211 Killed, Cll: !Null, C8l: !"lul/smp/SRC/smp.start"ll 

(II [ 81 I 1 /II 

#OC8l1 !t7l:: #fJ, C6l:: KiliIOC2,4l;, [51:: FaeC%l, C4l: Killed, 

C3l: Killed, C2l: Killed, Cll:: <XKillIO, [8]:: Initj 
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XKumU 
I•• Kummer U function **' 

SKumU~Ldist 

SKumUCll: KumUCSa,Sb,Szl -> z-Cl-Sb>KumUCl+Sa-Sb,2-Sb,Szl 

SKumU C2l: Ku1nU [Sa, Sb, Szl -> Pi/Sin CP i Sbl CChg [Sa, Sb, Szl I CGamma C l+Sa-Sbl 
Gamma CS bl> -Sz -c 1-Sb> Ku mg Cl+Sa-Sb, 2-Sb, Szl I CGall'ma CS al\ 

Ga1ua C2-Sbl l l 

SKumU C3l KumU CS a, 2Sa, Szl -> Sz-C 1/2-Sal Exp CSz/2l BesK CSa-1/2, $z/2l /Sqrt CP i J 

SKumUC4l Ku mUCSa,2Sa,Szl ->Sqrt CPil CI Szl-Cl/2-Sal Exp[$z/2+$a pi] \ 
BesHlCSa-112,I Sz/2l I 2 

SKumUCSl KumUCSa,2Sa,Szl ->Sqrt CPil <I Szl-C l /2-Sal ExpCSz/2-Sa pi] \ 
8esH2CSa-1/2,-I Sz/21 I 2 

SKumUC6l 1 KumUCSa,2Sa,Szl -> Sz-Cl/2-Sal ExpCSz/2l BesKCSa-1/2,Sz/2] 

SKumUC7l 

SKumUCSl 

KumUCS/6,5/3,Szl -> 3-Cl/6l C2/zl-C2/3l SqrtCPil ExpCSz/21 \ 
AirAi CC3Sz/4l-C2/3ll 

KumUCSa,2Sa,Szl -> I-CSa-1/2) C2Sz>-Cl/2-Sal Exp[Szl \ 
Kellee[Sa-1/2,SqrtC2l ReCzll I SqrtCPil 

SK um U C 9 l : Kum U CS a , Sb , S x 1 - > ( -1 l -s a C - $a l ! * L a g C - $a , Sb -1 , $ x l 

SKumUC181 

SKumUClll 

SKumUC12l 

SKumUC13l 

SKumU C 141 

SKumUC151 

SKumUC161 

SKumUC15l 

SKumUC16l 

SKumUC17l 

SKumU C 18] 

SKumU C 191 

KumU CS a, Sa, Sxl -> Exp CSxl Gamma CSx, 1-$al 

KumU Cl, 1, Sxl -> -Exp CSxl E i C-Sxl 

KumU Cl, 1, Sxl ->Exp CSxl Exp i CSxl 

KumUCl,1,Sxl -> -ExpCSxl Logi CExpC-Sxll 

KumUCSa,Sb,Sxl -> \ 
GammaC1-2Sal ExpCSx-21 Sa Pil Cu~o[CSb-2Sa-ll/2,Sb-l,Sxl 

KumU CS a, 0, Sxl -> Gamma C 1-Sal Exp [$xl Bat IC C-2Sa, Sxl 

KuMUCl,1,Syl -> -ExpCSyl CCos i CI Syl+ICSini CI SyJ-Pi/2ll 

K u m U C S a , 1 I 2 , S z l - > 2 -s a E x p C S z I 2 l P a r C - 2 $ a , S q r t C 2 $ z l l 

KumUCSa,3/2,Szl -> 2-sa ExpCSz/21 ParC1-2Sa,Sqr ·. C2Szll/SqrtC2zl 

KumUCSa,3/2,Sxl -> 2-Cl-2Sal Heril-2Sa,SqrtCSxll I SqrtCSxl 

KumUCl/2,1/2,Sxl -> Sqrt[Pil ExpCSxl ErfcCSqrtCSxll 

/e AS 13.6.21-39 *' 
KumUCSa,Sc,Szl -> ExpCSz/2lSz-C-Sc/2)UhiUCSc/2-Sa,Sc/2-l/2,$zl 

/e "OS p.304 *' 
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XLArith 
/a:• Arithmetic operations on lists **' 

/a: LSu111CI istl 
yields the sum of al I elements in the I ist or set of nested I is ts 
I is t. a:/ 
LSumCSlistJ : : RpCPlus,FlatC$1istll 

I• LProd[listl 

'* 

yields the product of elements in I ist. ft.I 
LProd[Slistl :: RpCMult,FlatCSlistll 

#I C 1l : : <XL R r i t h 

#I C 2 l : : ! ! a , b ! , ! 1 , 2 , 3 j , d j 

/fOC2l: /!a,bj,!1,2,3j,dj 

#I c 3 l : 1 LS um C % l 

#0 [3] I 6 + a + b + d 

#I C 4 l : : LP rod C @2 J 

/fO C4l: Sa b d 

*' 

XLCM 
I•• Lowest common multiple **' 

I• LCMCnl,n2, • •• l 
yields the lowest common multiple of nl, n2, •••• •I 

LCM_;Flat 
LCMCSnl,Sn2l :: CSnl Sn2l/GcdCSnl,Sn2l 

XLitp 
'** Interpolation of contiguous I ist va l ues **' 

I• Lltp[I ist,xl 
uses all the values given in list to find an interpolated value 
for an element with index x. *' 
Lltp[Slist...;Contp[Slistl,Sxl :: \ 

(Lc1[%nl; %n:Len[$1istl; \ 
SumCSlist[k+GintCC%n+ll/2ll C-ll-CGintC%n/2l+kl \ 

I C Ck+ G i n t [ C % n - ll I 2 l l ! * ( G i n t [ % n I 2 l - K l ! * ( S x - G i n t C ( % n + 1 l I 2 l - k l l \ 
Prod [Sx-Oddp [%nl -t, t, Evenp [%nl, 2G int C%n/2l l, \ 
tc,-GintCC%n-ll/2l,GintC%n/2Jl> 

I• Litp2Clist,x] 
uses two-point (linear) interpolation to yield an estimate 
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for an elelHnt of list with Index x. •I 
lltp2I'Slist,S~..;<l <= Sx <= Len[Slistl>l :: \ 

Clc1[%xl; %x:Gint[Sxl; Cl-Sx+%x) $1istC%xl+CSx-%x) SlistC%x+ll> 

I• Litp3[1ist,xl 
uses three-point Lagrange Interpolation to estimate the 
value of an ele•ent of list with index x. fl.I 
Litp3CSlist,Sx ... 1d2 <= Sx <= Len[Slistl-lll :: \ 

Clc1[%x,%pl; %p:$x-<%x:Gint[$xl>; \ 
%p<%p-lll2 Slist[%x-ll + (l-%p-2) $1istC%xl + \ 

Xp (%p+l) 12 SI is t Ch+ll) 

#I [ 1] : I <XL I t p 

#I [ 2 l 1 : t: Ar [ 6, Sx --4 l 

#OC2li fl,16,81,256,625,1296f 

#I [ 3 l : : L I t p C t , 3 • 5 l 

#0 [3]: 158. 8625 

#I [ 4] : I 3 • 5 ..... 

#0 (4] I 158, 8625 

#I C 5 l : : L I t p 2 C t , 3 • 5 l 

#0£511 168.5 

#I [ 6] : I L I t p 3 ( t • 3 • 5] 

#OC6l: 154.75 

/II C 7 l : : l I t p CA r C 3 l , x l 

C-3 + x> C-2 + x> 3(-2 + x> (-1 + x> 
#0 [7]: - 2(-3 + x> (-1 + x) + 

2 2 

#I c 8 l I : Ex c % l 

#QCSJ: x 

XLPart 
I•• List positions of al I parts **I 

I• LPar- t Cexpr-l 

I• 

yields a list of the positions of all subparts of expr. •I 
LPart CSexpr-l : : 11ap [$1 C2l, Pos [$1, Sexpr-l l 

#I C 1l : : <XL Pa,. t 

#I C 2 J : : Rex Cl 

2 
#0 [2]: 12 x y z <S + xl C3 + x + 2E yl 

#I C 3 J : : LP a,. t C %l 



#IJC3l1 

><Lag 
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lf1,1J, 11,21.111. 121, !3!. f4,1j, 14,2!, 14!, 1s,1J, !s,2L 1s,3,1J, 1s,3,2J. 

l5,3f,l5l.lt!! 

I•• Laguerre polynomials ••/ 

Slag...:ldlst 

SlagC1J1 LagCS•,Sa,Sxl -> \ 
((2S•+Sa-1-Sx> LagCSm-1,Sa,Sxl-(Sm+Sa-1) LagCSm-2,Sa,Sxll/Sm 

Slag C2l 1 Lag CS11, Sa, Sxl -> \ 
((Sll+l> LagCSm+l,Sa,Sxl+CSm+Sa> LagCS11-1,Sa,Sxl)/(2S11+Sa+l-$~ 

Slag C3l 1 lagCS11,Sa,Sxl -> \ 
CC2S11+Sa+3 ) LagCSm+1,Sa,Sxl-CSm+2) LagCSm+2,Sa,Sxll/CSm+Sa+l) 

><Lap 
I•• Laplace transforms ••/ 

I• lapCaxpr, t,sl 
reprasents the Laplace transform of expr 
fro• the t do•aln to s domain. •/ 

Lap CSn-Nu11bp CSnl, St, Ssl : Sn/Ss 

L a p C S t , S t , S s l : l / S s .... 2 

LapCSt-Sp,St,Ssl 1 GammaCSp+ll/Ss .... CSp+l> 

LapCSx + SSx,St,Ssl :: LapCSx,St,Ssl + LapCSSx,St,Ssl 

LapCSx SSx,St...;"'lnCSt,Sxl,Ssl :: Sx LapCSSx,St,Ssl 

lapCSx/Sy,St...;"'InCSt,Syl,Ssl :: LapCSx,St,Ssl/Sy 

LapCSx=Sy,St,Ssl :1 Lap[Sx,St,Ssl=Lap[Sy,St,Ssl 

LapCOCSy,ISx,Sn,Stjl,St,Ssl :: \ 
Ss .... Sn LapCSy,St,Ssl - SumCDCSy,ISx,i,8jl Ss .... ($n-i>,i,l,Snl 

LapCExpCSSa St] SSx,St....;"'lnCSt,SSal,Ssl :: LapCSSx,St,Ss-SSal 

Lap[(St+SSa>-Sp,St....;"'lnCSt, !SSa,Spfl,Ssl :: \ 
Ga1111aCSp+l,SSa Ssl ExpCSSa Ssl/Ss .... CSp+ll 

LapCLogCStl,St,Ssl :: -LogCEuler Ssl/Ss 

Lap CSt-Sp Log CStl, St, Sal : : Gamma CSp+ll <Psi CSp+ll-Log CSsl) /Ss .... (Sp+l> 

L a p C L o g C S t l .... 2 , S t , S s l : C 2 e t a C 2 l + L o g C E u I e r $ s l .... 2 ) I$ s 

Lap CS I n CS Sa St l , S t _.."'I n CS t , SS al , S s l : SS a I < S s .... 2 + S $a .... 2 > 
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Xlatsum 
I•• Lattice sums ••/ 

I• LatsumCf,spec] 
su•s the results of applying the template f to the sets of 
lattice points specified by spec. *' 
....Latsum[Nosmp]: ll, 8 j 
Latsum[Sf,Sspac] :: Ral[ApCPlus,FlatCRrCSspec,Sfllll 

/s 
/II C 11 : : <XL a ts um 

#I c 2 l : : L a t sum C l / < S l -2 + S 2 -3 > , ! 5 , 4 I J 

#0 (21: 1. 428285 

/II C 3 l : : Su• CS um C l / < i -2 + j -3 > , j , 1 , 4 1 , i , 1 , 5 l 

#OC3l: 1.428285 

s/ 

XLdEq 
I•• Lists of equations **' 

I• LdEqCaxprl 
distributes Eq over lists in expr, th1.:s converting equations 
Involving lists into lists of 9quations. •/ 
LdEq CSexprl : : Ld is t CSexpr, 'Eql 

'* /II [ 1l : I <XL d E q 

#I [ 2] : 1 ! ! a , b j, ! c, d j j . fl , 2 j = ! 5 , - 3 j 

#<JC21: !a+ 2b,c + 2dj"' !S,-3j 

#I C 3 I : : L d E q C % l 

#0 [3] 1 

s/ 

!a + 2b 5,3 + c + 2d e 1 
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XLegP 
I•• Legendre polynomials ••I 

SLegP..JLdist 

SLegP Cll 1 

SLegP C2l 1 

LegPCSm,Sxl -> <<2Sm-l> Sx LegPCSm-l,SxJ-<Sm-1) LegPCSm-2,Sxl)/Sm 

LegP CSm, Sxl -> \ 
((Sm+l) LegPCSm+l,Sxl+Sm LegPCSm-1,Sxl)/((2Sm+l> Sx> 

SLegP C3l 1 LegP CSm, Sxl -> \ 
((2SM+3> Sx LegPCSm+l,Sxl-<Sm+2> LegPCSm+2,Sxll/(Sm+l) 

XL en ex 
I•• Length of expanded expressions ••/ 

I• Lenex[exprl 
yields an upper limit on the length of the expression resulting 
from expansion of expr. tt./ 
Lenax[Sx+SSxl :: lenexCSxl+LenexCSSxl 
Lanex [Sx SSxl : : Len ex [Sxl Len ex CSSxl 
Lenex[Sx-"Sn...;Natp[Snll :: CombCLenex[Sxl+Sn-1,Snl 
Lenex[(Sx SSx>ISyl :: LenexCSxl LenexCSSxl 
Lenax Clog CSx SSxl l : 1 Lenex CSxl +Len ex CSSxl 
lenaxCSxJ : 1 

,. 
/II ( 1] : I <XLenex 

#I ( 2] I : t: <l+x+x-2) (a+b+ll-3 

3 2 
#0 C2J I <1 + a + b) <1 + x + x > 

/II C 3 l : : l e n • x C X] 

l/lJ [3) I 38 

#I ( 4] I : Ex ( t J 

2 2 2 
/Ill [4]: 1 + 3a + 3b + x + Sa b + 3a x + 3a b + 3a x + 3b x + 3b x + 

2 
3 a b 

2 2 2 3 3 2 2 2 2 3 3 2 
+ 3 

+ Ba 

+ 3 

#I C 5 l : : l e n [ X l 

#{JCSl: 38 

a x 

b x 

2 
a + 

#I [ 6 J 1 1 Lene x [ t -S l 

#0 [6]: 2856 

a/ 

+ 

+ 

3 
a 

3 a x + a x 

2 2 
Ba b x + 3a b 

2 3 
+ 3 b + b + 

+ a x + 3 b x + 3 b x + b x + b x 

2 2 2 2 2 
x + 3a b x + 3 a b x + 3 a b x 

2 
x 



XL er 

SLar C1l: 

SlarC2l: 

SL er C3l: 

SL er C4l: 

Xlev 
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I•• Larch transcendent ••/ 

LarCl,Ss,11 -> ZataCSsl 

LerCl,Ss,Sal -> ZetaCSs,Sal 

LerCSz,Ss,11 ->Li CSs,Szl/Sz 

LerCSz,Ss,Sal ->I Sz--Sa Gau1aCl-Ssl (2Pil-<Ss-1>\ 
(ExpC-I Pi Ss/2lLarCExpC-2 Pi I Sal,l-Ss,LogCSzl/C2Pi Ill \ 
-Exp CI Pi (Ss/2+2SallLarCExpC2Pi I Sal ,l-Ss,1-LogCSzl/(2Pi Ill 

/a MOS pp. 33-4 •/ 

I•• I~olate single level ••/ 

I• LavCaxpr,nl 
yields a list of parts of axpr on level n. •/ 
LavCSexpr,Snl :: (LclC%1l; %1:!!; llapC%i:Cat[%1,!S1Jl,Sexpr,!Snjl; %1l 

I• Lanlev[expr,nl 
finds the number of parts of expr at level n. •/ 
LanlevCSaxpr,Snl •• (Lc1[%nl; %n:8; llapC'IncC%nl,Saxpr,!Snjl; %nl 

I• 

#I C 1 l : : <XL av 

/II C 2 l : : t:RexCl 

2 
#0 C2l: 56 x <x + zl 

#I C3l : : LevCX,ll 

2 
#0 C3l: f )( ')( + z l 
#I C 4 l : : LevC@2,2l 

#OC4l: fx,2,x,zJ 

(/I CS l : : Lan I ev C@z, 21 

*° [51 I 4 

*' 
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><Levi 
'** Generate Levi-Civita tensor **' 

I• Levi CnJ 

Xlist0 

yields the Levi-C i vita totally antisymmetric epsilon tensor 
In n di111ensions . •/ 
LeviCSn_.NatpCSnJ J :: ArCArCSn,SnJ,SigJ 

I•• Bas i c I ist manipulations **' 
I• FlrstClistl 

yields the first entry in 
Flrst[SI ist...;Listp[S I ist]l 

I is t. •I 
:: EletnCSI ist, !ljJ 

I• Prep Ce fem, I ist] 
prepends elem to the beginning of I ist. *' 
Prep[Selem,SI ist.....rLlstp[SI ist]J :: Cat£lSelemj,SI istl 

I• RppCelem,listJ 
appends elem to the end of I ist. *' 
AppCSele•,SI ist_..ListpCSI istJl : : Cat CSI ist, !Sele11 jl 

I• Tk Cn, I ist] 
takes the first nor last -n entries in list. "1./ 
TkCSn_.,NatpCSnl,Slist_.ListpCSlistll :: ArCSn,Slistl 
TkCSn..a:NatpC-Snl,Slist...rlistp[Slistll :: \ 

Cat CRr C !Len CS Ii s tl +!Sn+!, 8 j j, SI is tl l 

I• Ins Ce I em, I ist,il 
inserts the entry elem into list at position i. c-./ 
Ins[Selu1,Slist...;ContpCSlistl,Sn...;Nat,:[Sn+1ll :: \ 

Ca t [Ar [Sn -1 , S I i st J , l Se I em j, Ar[ l ! Sn , Len [ S I i s t l 11. S I i s t l ] 

I• Rltllist,nl 
removes the n th entry from I ist. •/ 
RmCSlist..a:ListpCSlistl,Sn.....rNatpCSnJl :: Cat[RrCSn-1,Slistl, \ 

ArCl!Sn+l,LenCSlist] jj,Slistll 
RmCSlist...rContp[Slistl,Sn...rNatp[Snll •• \ 

Ca t [ R r [Len [ S I i 11 t l , $ I i s t , $ % 1,"'= Sn l l 

I• Lrpt[list,nl 
yields a list consisting of n repetitions of list. •I 
LrptCSI ist..a:ContpCSI istl ,Sn...rNatpCSnll •• \ 

CatCRepl ($1 ist,SnJl 

/s 

/II C 1 l : : <XL i s t 8 

#I C 2 J : : t : ~a , b , c , d , a , f , g l 
#JJC2l: !a,b,c,d,e,f,gj 

#I C 3 l : : F i rs t C t J 

#JJC3J: a 

#I C 4 l : : Las t C t 1 
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#0 [4]: g 

fICSJ:: PrepCl,tl 

fOCSJ: fl,a,b,c,d,e,f,gl 

/JI [ 6 J : : App Cl , t l 

/µJC6Ji fa,b,c,d,e,f,g,ll 

/JI [ 7 l : : Tt U , t l 

#OC7l: fa,b,c,dj 

#I [ 8] : I Tt [ -4 , t] 

#OC8l1 fd,e,t,gJ 

/II C 9 l : : I n s C 1 , t , 4 l 

#0£91: fa,b,c,1,d,e,f,gJ 

/II [ 18] I : R. [ t , 4] 

/IOC18l: fa,b,c,e,t,gJ 

#I [ 11 l 1 : L r p t [ f a , b , c J , 4 l 

/IOClll: fa,b,c,a,b,c,a,b,c,a,b,cJ 

s/ 

Xlistl 
/ss Operations on sublists ss/ 

/s LPos[sub, I lat] 
find positions at which the sublist sub appears in list.*' 
LPosCSsub_;Contp[Ssubl,Slist...rContpCSlistll :: \ 

<Lc1[%1,%2l; Xl:H; DoC%1,Len[Slistl-Len[Ssubl+l, \ 
For[%2:8, PCSsub[%2+llaSI istC%1+%2ll & %2<LenC$subl, \ 
IncCX2l,l; IfC%2=LenCSsubl,Xl:CatC%1,f%1jlll; %1> 

LPos[Ssub...r(Contp[Ssubl & Len[Ssubl=l>,SI ist....rContp[$1 istll :: \ 
FI at CPos CSsub C 1l, SI is t, 21 J 

/s LSub[list2,listl,listl 
substitutes list2 for all occurrences of the sublist list! in list.•/ 
LSubCSlist2,Sllst1,Slistl :: (Lc1[%fl; %f_;i='lat; \ 
SCSCAp[%f,SI istl ,ApC%f,SI istll->ApCXf,SI ist2l ,1, In fl ,%f->Listl > 

Is LSCI ist,rapl,rep2, ••• l 
applies successively the raplace11ents repl specified for 
sublists In list. (The repl •ay contain patterns.) •I 
LSCSlist,SSrepsl 1: <Lc1C%1l; %1:Slist; \ 
lhpC%1 :LSubCS1C2J ,SlCll ,%11 ,List CSSrepsl ,1, \ 

<S2C8l='Rep) I (S2C8l='Repd)l; %1) 

/s Lln[listl,listl 
yields 1 if listl is a sublist of list, and 8 otherwise.•/ 
Lln[Slistl,Slistl :: Clc1C%fl; %f_;Flat; "'f>C"-tfatchCRpC%f, \ 

Cat C IS S %1 I, SI i s t l, f SS%2 jl l , A p C % f , S I i st l l l > 

#I ( 1 ] I I <XL i 8 t 1 
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/JI C 2 l : : t : I a , b , c , a , b , d , e , a , c J 

#OC2l: !a,b,c,a,b,d,e,a,cj 

#I C 3 l : : l P o s C I a , b ! , t l 

#OC3l: fl,4J 
/II C 4 l : : l S u b C I g , h , i J , ! a , b I , t l 
#0£41: !g,h,i,c,g,h,i,d,e,a, cj 

#I C 5 l : : l S [ t , I a , b I -> I g , h , i J, ! e l ->I r , s I l 
#OCSJ: fg,h,i,c,g,h,i,d, r,s,a,cj 

#IC6l:: Lincfa,bj,tl 

#0£61: 1 

/IIC7l:: Lin£!a,dj,tl 

#0£71: 8 

•I 

Xlogic 
I•• Elementary laws In propositional calculus ••/ 

I• Note p=q represents the logical bicondltlonal "if and only if p then q" :c:/ 

I• Idempotent laws •/ 
Sp I Sp : Sp 
Sp & Sp : Sp 

I• Commutative anci associative laws built in •I 

,. Distributive laws ., 
Sp I CSSq & Sr> : ($p I 

I• Identity laws bu i I t 

I• Co11plement laws '!fl./ 
---Sp : Sp 
Sp I "'Sp : 1 
Sp & "'Sp : 8 

I• Da11organ's laws *' -cssp I Sq> : ("'$Sp) 
-cssp & Sq) : ("'$$pl 

I• Reflexive law fl/ 
Sp c> Sp : 1 

& 
I 

I• Antisymmetric law :c:/ 
(Sp •> Sql & (Sq => Spl 

I• Transitive law•/ 
CSp c> Sql & CSq => $rl 

SSql & (Sp I Sr> 

in •I 

("'$q) 
("'$q) 

Sp=Sq 

Sp= >Sr 
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Xlogic2 
I•• Ele•entary logic with quantifiers ••/ 

I• Quant[ql,q2, ••• ,s tatl 
represents the statement stat subject to the quantifiers 
ql, q2, ••• •I 

I• A I I Cxl 
represents the quantifier "for all x". •I 

/a So11e[x] 
represents the quantifier "for some x" or "there exists an x 
such that". •I 

Quant CSsl : Ss 
QuantCSSq,QuantCSSrll 1 QuantCSSq,SSrl 

I• Denorgan's law a/ 
""Guan t CA I I [Sxl, SSq, Ssl : Quant [Some CSxl, ""Guan t CS Sq, Ssl l 
""Guant CS011eCSxl ,SSq,Ssl : Quant CA 11 CSxl ,"'Quant [SSq,$sll 

XLogicPr 
I•• Logical truth tables **' 

I• PrTF[exprl 
prints a table giving the values of the logical expression 

I• 
#I [ 1] : I 

/II C 2 l : : 

p q 
8 8 
8 8 
e 1 
8 1 
1 8 
1 8 
1 1 
1 1 

#0 £21: 

a/ 

expr for all possible truth values of sy11bols appear i ng in it.•/ 
PrTF [Sexprl : : <Le I [%pl; Ap [Pr, Cat [%p: Cont [Sexprl, !Sexpr pl; \ 

ArCArCLenC%;>l, '!!e,ljp, \ 
Ap CPr, S CC at C%p, !Sexpr jl, Ld is t C%p->L is t CSSll l l l l > 

<Xlog 1 cPr 

PrTF C <p&r> "'><q I "1>> l 

r p & r => q I ,.., p 
8 1 
1 1 
8 1 
1 1 
8 1 
1 8 

• 1 
1 1 

! [8] I ! [ 81 I ! [ 8] I 1, [ 1l: lj, [ll: ! [8] : 1, [ 1l: 11 !. 
[1] : ! [ 81 : ! [ 8] : 1, [ 1] : 8 ! . [1]: ! [ 81 : 1, [ 1l : 11 Jl 



SMP LlBRARY 

XL om 
I•• Lo•11al function ••/ 

SLo•....:Ldlst 

SL o • [1 l r Lo• [ S •, Sn , S z J - > S z -< S 11 -1) - (( S 11-1> -2 - Sn -2 ) L om [Sm - 2 , Sn , S z J 
I• nos P· 10s *' 

Slo•C211 Lo•CS•,Sn,Szl -> <Sz-<S11+l)-Lo•CS11+2,Sn,Szl)/((Sm+U-2 - Sn-2) 
'*nos p. 10s *' 

SL01nC3l: Lo•CS•,Sn,Szl -> Sz/2/Sn C<S• + Sv - 1) Lo11CSm-l,Sn-l,Szl - '\ 
<S• - Sn - 1) Lo•CS•-1,Sn+l,Szl) 

I• nos P· 1as *' 
SL0111Ul1 Lo•CS11,Sn,Szl -> <Sm+Sn+l>-<-1> <2 Sn/Sz LomCSm+l,Sn+l,Szl - '\ 

CS• - Sn+ 2> Lo11CS11,Sn+3,Szl> 
'*nos p. ies *' 

SLo•CSl: Lom[S•,Sn,Szl -> C<S11 + Sn -1> LoM[Sra,Sn-2,Szl -'\ 
2<Sn - 1)/Sz Lo11CSm+l,Sn-l,Sz])/(Sm-Sn+l> 

I• MOS p. 189 •/ 

I• Special cases of Lom•el 's functions*' 

SL0111[6l1 Lo•CSn,Sn,Szl -> Pi-<112> 2-<Sn-l) Gam111aC1/2+Snl StrHCSn,Szl 
I• MOS p. 189 'fl./ 

I• LomSCSm,Sn,Szl 
Generalised Lommel function cnos p. 1891 *' 

Lo11SCS11,Sn,Szl1 Lo•[Sm,Sn,Szl + 2-<Sm-1> Ga•11a[CS11-Sn+l)/2J Gamma[C$m+Sn+l)/2J 
I• nos p. 10s *' 

SL01n[7J: Lo11SCSn,Sn,Szl -> Pi-<1/2) 2-csn - 1> GammaCl/2 + Snl\ 
CStrHCSn,Szl - BaaYCSn,Szl > 

I• MOS p. 118 'fl./ 

Slo•C8li Lo•CSn,Sn,Szl -> Lo11SCSn,sn, $ zl + Pl-<1/2) 2-csn-1> 
Gam•aCl/2 + Snl BasYCSn,Szl '* nos p. 110 *' 

SL0111C9l : Lo11SCSn,sn,Szl ->Lo11[Sn,Sn,Szl - Pi-Cl/2) 2-<Sn-1> 
Ga•raa[l/2 + Snl BesYCSn,Szl 

Slo1n [18]: 

SL011Clll I 

Sloll [1211 

SL011[13l I 

SL0111 £141: 

Slom ClSl: 

SL011 C16] I 

SL011C17l: 

'*nos P· 110 *' 
Lo11C8,Sn,Szl ->'\ 

Pl/2 /SinCPI Snl CAngJCSn,Szl - AngJC-Sn,SzJ> 
'* nos p. ics *' 

Lo•SC8,Sn,Szl -> Pi/C2SinCPi Snl> CAngJCSn,Szl-RngJC-Sn,Szl\ 
-BasJ[Sn,Szl + BasC-Sn,Sz]) '* 110S p. 118 *' 

Lo11C-l,Sn,Szl -> -Pl/C2Sn SinCPi Snl> CAngJCSn,Szl+RngJC-Sn,Szl) 
'* nos p. 118 *' 

Lo11S C-1, Sn, Szl -> Pi I (2Sn Sin CP i Snl > CBesJ CSn, Szl +BesJ C-Sn, Szl \ 
-AngJCSn,Szl - AngJC-Sn,Szl> 

I• nos P· 110 *' 
L o II C 1 , S n , S z l - > 1 + Sn - 2 L o m C - 1 , Sn , S z l 

I• MOS p. 118 fl.I 

Lo 11 S [ 1 , Sn , S z l - > 1 + Sn -2 Lo 11 S [ -1 , $ n , S z l 
I• MOS p. 118 fl.I 

Lo11C8,1/2,Szl -> <2 Pl/Sz>-Cl/2) CSinCSzl F ~ eCCSzl - \ 
Cos [Szl FreS [Szl > 

I• nos p. 118 *' 

Lo11SC8,1/2,Szl -> C2 Pl/Sz)-(1/2) CCosCSzJ <112 -\ 



SL011 Cl8l: 

SL011C191: 

SL0111 [2811 

SL011 C21l : 

SL0111 [221: 

SL011 [231: 

SL011 C24l: 

XL or 
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FreS CSzl) - Sin CSzl <l/2 - FreC [$zl)) 
/* MOS p. 118 */ 

LomC-1,1/2,Szl -> 2 (2 Pi/Sz>-Cl/2) CSinCSzl FreSC$zl +\ 
Cos [Szl Free CSzl) 

/* MOS p. 118 *' 

LomSC-1,1/2,Szl -> 2 C2 Pi/Sz>-Cl/2) CCos[$zJ Cl/2 - FreCC$zl>\ 
+ Sin [$zl < 1/2 - FreS [$zl)) 

/* MOS p. 118 .,,_; 

LomS [1/2, l/2, Szl -> z-(-1/2) 
I* MOS p. 118 ;/ 

LomS [3/2, 1/2, SzJ -> Sz-< 1/2) 
If/. MOS p. 118 */ 

LomSC8 , -1,Szl -> l/Sz 
/* MOS p. 118 ~/ 

LomSC-1/2,1/2,Szl -> Sz-C-1/2) CSinSz Cosi [$zl - \ 
Cos[Szl t-Pi/2 + Sini[Szl)) 

/* MOS p. 118 */ 

LomSt-312,1/2,Szl -> - Sz-C-1/2) CSin[Szl C-Pi/2 + Sini [$zll\ 
+Cos [$zl Cos i [Szl) 

I* MOS p. 118 t;./ 

'** Lorentz vectors **/ 

I• Ldot[listl,llst2l 

XMKS 

<XO i • 

for•s the contraction of two Lorentz vectors with a metric 
of s : gnature ---+ *' 
Ldot[Slistl,Slist2l :: !-1,-1,-1,lJ.<Sl i stl Sl i st2) 

I• Units for fundamental dimensions o/ 

SSIC8,ll 

SSIC8,2l 

SSIC8 , 3l 

SSIC8,4l 

SSIC8,5l 

length ->metre 

11ass -> k i I ogram 

ti me -> second 

current ->ampere 

temperature ->kelvin 
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SSIC8,61 Intensity -> candela 

551£8,71 amount ->mole 

I• fundamental units•/ 

SSICl,11 metre -> length 

551£1,21 kilogram -> mass 

55IC1,31 second -> time 

SSICl,41 ampere -> currant 

551£1,51 kelvin -> temperature 

SSICl,61 candela -> Intensity 

551£1,71 mole -> amount 

I• derived units•/ 

SSIC2,11 

S5IC2,21 

55IC2,31 

551£2,41 

551£2,51 

55I£2,6l 

551£2,71 

551£2,81 

551£2,91 

551£2,181 

SSIC2,11l 

551£2,121 

S5IC2,13l 

SSIC2,14J 

SSIC2,151 

551£2,161 

SSI C2, 171 

951£2,181 

I• Multipliers *' 
551£2,11 

S5I£2,21 

551£2,31 

S5IC2,4J 

SSIC2,51 

hertz ->frequency 

newton -> force 

pas ca I -> pressure 

j ou I e -> energy 

watt ->power 

coulomb ->charge 

volt-> voltage 

ohm ->resistance 

siemans ->conductance 

mho ->conductance 

farad ->capacitance 

weber -> f I ux 

tesla ->weber/area 

henry ->inductance 

gray -> dose 

becquErel ->activity 

lumen-> intensity steradian 

lux -> i I luminance 

exa -> h~1s 

pet a -> 1.~1s 

tar a -> h~12 

giga -> lt: ~ 

11aga -> 1:1: ~ 



SSIC2,6l 

SSIC2,7l 

SSIC2,8l 

SSIC2,9l 

SSIC2,18l 

SSIC2,lll 

SSIC2,12l 

SSIC2,13l 

SSIC2,14l 

551[2,151 

SSIC2,16] 

XMSet 

SMP LIBRARY 

k i Io -> l:o:-3 

hecto -> l:o:-2 

de ca -> 18 

deci -> 8. 1 

cent i -> h--2 

mi II i -> 1*--3 

micro -> 1*--6 

nano -> l:o:--9 

pi co -> 1:1e--12 

femto -> 1*--15 

'** Automatic memo definition **' 

I• expr ::: val 

'* #I C 1 l : : 

#I C 2 l : : 

/Ill C2l: 

#I C 3 l : : 

/Ill (31: 

#I [ 4 l : I 

/Ill [41: 

assigns the value val to the projection axpr in such a way 
as to store explicitly each form of expr requested. t;./ 
nset~Nosmp 

..l!SetCPrl CSexpr,Svall :: SxC" ::: ", !Saxpr,Svj,41 
Sxse t [ "::: ", MSe t, 41 
Sexpr : : : Sva I : : Sexpr • : Saxpr : Re I [Sva I l 

<X11Se t 

f(8l:f(ll:l 

1 

f [$xl::: Sx f C$x-2l 

' f CSxl : Re I C$x f CSx - 21 l 

!£81: 1, Cll: 1, [' Sxl:: <' fC$xll Ral [' $x fCSx - 211 j 

#I C 51 : : f [ 6 l 

/Ill [5]: 48 

#I C 6 l : : 

/Ill [61: 

#I C 7 l : : 

/Ill C7l: 

#I C 81 : : 

!£61: 48, C4l: 8, [21: 2, [81: 1, [11: 1, 

[, Sxl: 1 (' f [$xl) : Ra I [' Sx f CSx - 21 l I 
f [ 11] 

18395 
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#{JC8J: ! Clll: 18395, C9J: 945, C7J: 185, C5J: 15, C3J: 3, C6J: 48, C4J: 8, 

C2J: 2, C8J: 1, Cll: 1, 

C, Sxl: 1 <' fCSxl) : Ra IC' Sx fCSx - 2JJ j 

*' 

XMatl 
'** Matr i x input and generation **' 

I• MRdCn,1111 
reads In turn each entr!{ of an n * m matrix.*' 
MRd CSn, Sml : 1 Ar C !Sn, Sm), Pr C !sl, S2 j, ": "J; Rd Cl l 

'* OiagClistl 
ylelds a matrix with diagonal I ist and al I other entries zero. *' 
OiagCSlist_;ContpCSlistll :: ArCArC2,'LenCSlistJJ, \ 

If CS'.tl=S%2, $Ii st CS%1l, 81 J 

'* 
#1 C 1 l : : <X Ma t 1 

#I C 2 J : : 11 R d C 2 , 2 l 

1, 1 a 1 
1, 2 a 1 
2,1 bl 
2' 2 b2 

#0£21: !!al,a2j,fbl,b2jj 

#I C 3 J : : D i a g C l 3 , 2 , a ! J 

#0£31 1 !f3,8,e!, !e,2,ej, !e,e,a!! 

*' 

XMat2 
I•* Structural matrix operations **' 

<XMat3 

lee LOiagCmatl 
yields a list of the elements on the leading diagonal of r.1at. *' 
LDiagCSmat_;MatpCSmatll :: ArCMinCOimCSmatl Cll ,DimCSmatl C2JJ, \ 

Sma t CS%1, S%1l J 

I• TDiagCmatl 
yields a I ist of the aleiaants on the trai I ing diagonal of mat. '!;./ 
TOia9CSmat_;MatpCSn1atll •• ArCMinCOimCSmatl Cll ,DimCSmatl C2ll, \ 

Sma t CS%1, Dim CSm.;. tl C2J -S%1+1l J 

I• Mi norCexpr, i,jl 
forms the i,j th minor of the matrix expr. *' 
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.JlinorCinitJ :: <Xlist8 
ftinorCSmat_;ftatpCSmatJ,Si_;NatpCSiJ,Sj..;NatpCSjll •• \ 

ftapCRmCS%1,Sjl ,RmCSmat,Sill 

/II C lJ : : <X Ma t 2 

/II C 2 J : : h1 : R r C ! 3 , 3 ! , f l 

#0 [ 2) : ! ! f [ 1 ' 1l ' f [ 1 ' 2] ' f [ 1' 3 J j , ! f [ 2 ' 1l ' f [ 2' 2 J ' f [ 2 ' 3 J l . ! f [ 3 ' u ' f [ 3 ' 2 J ' f [ 3' 3 J l 
#I C 3 J : : L D i a 9 Cm l 

#flC3l: !Hl,ll,fC2,2J,fC3,3l 

/II C4 l : i TD i a 9 Cm l 

#QC4l: !fC1,3J,fC2,21,fC3,ll 

#I C 5 l : : M i nor Cm , 2 , 3 l 

#flCSJ: !!fCl,ll,fCl,21 j, !H3,ll,fC3,21 l! 
.. , 

XMat3 
'** Matrix character tests **' 

/o MatpCexprl 
yields 1 if expr represents a matrix (rank 2 tensor).*' 
Ma tp CSexprl •• Fu I Ip [Sexpr, 21 

I• Sq111atp Cexprl 
yields 1 if axpr represents a square matrix. *' 
Sq1utpCSexprl •• MatpCSexprl & PCDim[Sexprl Cll = Oim[$exprl [211 

/o Sy111p [axprl 
yields 1 if 
Symp[Sexprl 

I• RsympCexprl 

axpr represents a symmetric matrix. *' 
:: ftatp[Sexprl & PCSexpr = TransCSexprJJ 

yields 1 if axpr represents an antisymmetric matrix. *' 
Asyh1p[Sexprl :: MatpCSexprl & PCSexpr = -Trans[Sexprll 

/o OiagpCexprl 
yields 1 if expr represents a diagonal matrix. *' 
Oiagp[Sexprl :: MatpCSexprl & \ 

PCSaxpr-Dia9CLDia3[Sexprll=RrCDim[Sexpr,2l~ 

lo Projecp[exprl 
yields 1 if expr represents a projection matrix. *' 
Projecp[Sexprl :: MatpCSaxprl & Ex[Sexpr.Sexpr=Sexprl 
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XMat4 
'** Algebraic matrix operations **' 

I• MpowCmat,nl 
yields then th power of the matrix mat (for integer n). *' 
ltpowCSmat.....rSqmatpCSmatJ,8] :: ArCRrC2,LenCSmatlll 
ltpowCSmat.....rSqmatpCSmatl ,Sn.....rNatpCSnJJ : : Dot CRepl CSmat,SnlJ 
ltpowCSmat.....rSqmatp[$matl,Sn.....rNatp[-$nll :: DotCRepl[MinvCSmatl,-Snll 

I• Adj [exprl 
forms the Hermitean adjoint of expr. •/ 
Adj [Sexprl •• Conj [Trans CSexprl l 

I• Cof [expr, i , jl 
forms the l,j th cofactor of the matrix expr. •/ 
....Cof[Initl :: <Xltat2 
Cof[Sexpr.....rltatp[Smatl,Si.....rNatpCSil,Sj.....rNatp[Sjll :: \ 

Det[Minor[Sexpr,Si,SjlJ 

I• Charpo I Cexpr , varl 
forms the characteristic polynomial for the matrix expr 
with raspec t to var. •I 
Charpo I CSexpr...;Matp CSexprl, Svar] •• De t CSexpr - $var Ar [Dim CSexprl l l 

lit. Gentr[expr, Kl 
forms the k th order trace of the matrix expr. •/ 
GentrCSexpr.....rMatpCSexprl,SK.....rNatp[Skll •• (Lc1[%1aml; \ 

Coe f [%I am~Sk, Ex [Charpo I [$expr, % I am] l J) 

'* 
#IC l l : : 

#I C 2 l : : 

/IO C21: 

HI [3] : : 

/IO [3]: 

#I C 4 l : : 

#CJC4l: 

#I C 5 l : : 

<XMa t4 

m: I !al,a2 !, lbl,b2 j j 

!!al,a2l, lbl,b2ji 

CofCm,1,ll 

b2 

Char po I [111, xl 

- a2 bl + (al - xl (b2 - x) 

Ex C %1 

#CJCSl: alb2-alx-a2bl-b2x+x 

#I [ 6 l : : Gen t r C m , 21 

#!JC6l: 1 

#I C 7 l : : Gen t r Cm , 1l 

/IO C7l: - al - b2 

*' 

2 
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XMaxind 
I•• Find •axl•al Index ••/ 

I• naxlnd[I istl 

I• 
/IICll:: 

#I [ 2 J I : 

l/-0 [2]: 

/JI [ 3] I : 

l/-0 [3]: 

•I 

XMorse 

11 "t •II rr 

yields the •axi11al index in list. e/ 
naxindtSlist_;ContpCSlistll :: LenCSlistl 
ftaxind[Slistl i: ApCMax,RrCLenCSlistJ,Ind[Slist,Sllll 

<XMax ind 

t: !C4l :a, [SJ :b, C2J :c, Cll :dj 

fC4l: 11, CSl: b, C2l: c, Cll: dl 
ftaxlnd[tl 

5 

I•• ftorse code (international version) translator ••/ 

".-"t•"•"J "- ... ":="b"J "-.-. ":="c"• "- .. "z="d"; ". "i="e"; " .• -. ":="f"J 
It "I It " " "I "h " " "I II,. ,, ,, ,, I II J " " ". "t " " "I II I " --· • ~ J •••• • ' •• z ; .--- • ; -.- .2 ; .-.. • ; 

u--"1="• 't "-. ":•"n"J "---":="o"; ".--. "za"p"; "--.-":="q"; ".-. ":s"r"; 
" ... ":="• '1 "-"s="t"; " •. -":="u"; " .. . -"t•"V"J ".--":z"w"; "- .. -":="><"J 
"- • - - "t = "y "; ,. _ - •. ": • "z "; 

I• 
#I [ 1] I : 

#I [ 2] : I 

/µJ C2l: 

e/ 

<Xnorse 

-- .--. 
s•p 
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XNAT 
I•• Natural units **' 

I• Basic constants : 
Qc velocity of light in vacuo 
Qhbar Planck's constant 
Qk Boltzmann's constant 
Qalpha Dimensionless fine structure ct'nstant 
QG Newton's constant of gravitatit'n 
QN Avogadro's number. *' 

<XDim 

I• 1. Conversion from system with Qhbar: Qc Qk 

length -> Qhbar/(Qc mass) 

t i • e - > Q h bar I ( Q c -2 ma s s > 

t e 111 p e r a t u r e - > ( Q k ma s s Q c -2 l -- 1 

1 *' 
SNATCl,ll 

SNATCl,21 

SNATCl,31 

SNATCl,41 

SNRTC 1, 51 

current-> mass (Qhbar--1 Qc-5 <ilphal-(1/2) 

amount -> QN 

lo 

#I C 1 l : : <XNAT 

#IC2l:: current energy/length 

/JO [2] I 

/II C 3 J : : 

/JO C31: 

current energy 

length 

SiC%,SOi11l 

currant length mass 

2 
t i 1118 

#I C 4 l : : S I C % , 5 N RT C 1 l l 

/llJ [4]: 

•I 

11/2 
Qc 

1/2 
alpha 

3/2 
Qhbar 

mass 
3 
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XNMap 
I•• Multi-element generalization of 11ap **/ 

I• NMap[f,list,nl 

I• 

applies f to ~roups of n elements in I i st. •I 
.. Jll'lap [Nosmpl: p, 8, 8 l 
...lilMaprinitl :: <XUnFlat 
NMap[Sf,Slist.....rContp[Slistl,Sn.....rNatp[Snll :: \ 

Re I [Map CR p C $ f , $% 1l , Un F I at C $ I i st, Sn l l l 

#I C 1l : : <X NM a p 

#I C 2 l : : t : Ar C 18 l 

/µJC21: p,2,3,4,S,6,7,8,9,18j 

#I C 31 : : NM a p [ f , t , 21 

#0 £31 1 ! f Cl, 21, f [3, 41, f CS, 61, f C7, 81, f CS, 181 

#I C 41 : : NM a p C f , t , 3 l 

/µJ [41 I ! f Cl, 2, 3] 1 f[4 1 5 1 6) 1 f [7, 8, 9], f [181 

•I 

XNSol 
I•• Numerical solution of equations by Newton's method * */ 

I• NSol Ceqn,x,x8,accl 

'* 

atta111pts to find a solution for x in the equation eqn 
using Newton's method starting at the point x=x8, 
with accuracy acc. *' 
NSo I CSa=Sb, Sx.....rSymbp CSxl, Sx8.....rNumbp CN CSx8l l, Sacc.....rNumbp [Sac cl J • • \ 

<Lei C%f,%df,%x,%x8l ;%x:Sx8;%f:$a-Sb;%df:0(%f,Sxl; \ 
L 0 0 p [ , % x : N [ ( % x 8 : % x) -5 [ % f I% d f , $ x - >% x l ] ' Rb s [ % x - % x a] >Sa c cl ; % x ) 

#I C 11 : : <X N 5 o I 

#I C 2 l : : N 5 o I C 5 i n C x l = x, x , 1 , 1/18 8 8 l 

/µJC2l: .881476886 

#I C 3 l : : N C 5 i n C % l l 

#0 [3] : • 881476886 
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XNorm 
'** Norm of a vector **' 

I• Nor•[I istl 
yields the norm of the vector represented by I ist. *' 
N o r m [ $ I i s t l : : S q r t [ A p [ P I u s , S I i s t -2 l l 

XO pl 
'** Orthogonal polynomials - 1 **' 

I• 1. Special Cases *' 
I• 1.1 Special Values*' 

JacPCSn,Sa,Sb,ll Comb[Sn+$a,Snl 

JacPC8,Sa,Sb,Sx] 1 
I* AS 22.4.1 *' 

Geg[Sn,Sa_;(Sa!=8>,ll : Comb[$n+2 Sa-1,Snl 

Geg CSn_;Oddp CSnl, Sa_; <Sa! =8>, 81 

Geg C$n_;Evenp [Sn], Sa_; (Sa! =8>, 81 

GegC8,Sa_;(Sa!=8),Sxl : 1 

Geg[Sn_;(Sn!=8>,3,ll : 2/Sn 

Geg [Sn_;Oddp [$nl, 8, 81 : 8 

Geg [Sn_., CEvenp CSnl & Sn! :8), 8, SJ 

Geg[8,8,Sx] : 1 

CheT[Sn, 11 : 1 

CheT CSn_;Oddp [Sn], 81 : 8 

8 

CheT [Sn ...;;Evenp CSnl, 81 (-1 > -CSn/2 > 

CheT[8,Sxl : 1 

CheU[Sn,1] : $n+l 

CheUCSn_;OddpCSnl,81: 8 

CheU CSn_;Evenp [$nl, 81 (-1)-(Sn/2) 

CheUC8,Snl : 1 

C-1)-(Sn/2) Comb[$a+$n/2-1,Sn/21 

I* AS 22.4.2 */ 

2<-1>-CSn/2)/S., 

/* AS 22.4.3 *' 

/* AS 22.4.4 */ 
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legPCSn,lJ : 1 

legP CSn_.Oddp CSnl, 81 : 8 

legPCSn_.EvenpCSnl,81: C-1>-<Sn/2) CornbCSn,Snl2Jl2-Sn 

legPC8,SxJ 1 1 

lagCSn,Sa,81 : CornbCSn+Sa,Snl 

lagC8,Sa,SxJ 1 1 

Her csn-Oddp CSnJ. 81 I 8 

Her Csn_.Evenp CSnl, 81 : C-ll -<Sn/2l Sn! I CSn/2) I 
In I/ CSn/2) I 

Her [8, Sxl 1 1 

X0p2 
/ea Orthogonal polynomials - 2 eel 

/a 1.2 Special Casas a/ 

/a RS 22.4.6 el 

/a AS 22.4.7 a/ 

/a AS 22.4.8 a/ 

JacPCSn,Sb,Sb,SxJ 1 PochCSb+l,Snl I CPochC2Sb+l,Snl Geg[Sn,Sb+l/2,Sxll 

JacPCSn,Sa,112,Sxl : PochC112,Snl/CSqrtCCl+Sxl/2l Poch[Sa+112,Snl\ 
GegC2Sn,Sa+l/2,SqrtCCl+Sxl/2JJ) 

JacPCSn,Sa,-112,Sxl : \ 
Poch[l/2,Snl/Poch[Sa+l/2,Snl GagC2Sn,Sa+l/2,SqrtCCl+Sx)/2lJ 

JacPCSn,-112,-112,Sxl : CombC2Sn,SnJ/4""Sn CheTCSxJ 

JacPCSn,8,8,Sxl 1 LagPCSn,Sxl 

GegCSn,1,Sxl : CheUCSn,Sxl 

GegCSn,8,Sxl 2/Sn CheTCSn,Sxl 

GegCSn,112,Sxl 1 LegPCSn,SxJ 

lag[Sn,112,Sxl Her[2Sn+1,Sqrt[Sxll I (2 Sn! (-4>-Sn Sqrt[Sxl) 

lagCSn,-112,Sxl: HerC2Sn,SqrtCSxlJ I CSn! C-4)-Sn) 
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X0p3 
I•• Orthogonal polynomials - 3 ••/ 

I• Functional Relations •/ 

I• 111 th more genera I functions •/ 

SOr-.:Ldlst 

SOr Cll: 

SOr C2l: 

SOr C3l 1 

Sor C41: 

JacPCSn,Sa,Sb,Sxl -> \ 
Co•b CSn+Sa, Snl Hg C-Sn, Sn+Sa+Sb+l, Sa+l, Cl-Sx > /21 

JacPCSn,Sa,Sb,Sxl -> CoaibC2Sn+Sa+Sb,Snl <<Sx-1)/2)-Sn\ 
HgC-Sn,-Sn-Sa,-2Sn-Sa-Sb,2/Cl-Sx)J 

J a c P CS n , Sa , Sb , S x l - > Co• b CS n +Sa , Sn l ( <1 + S x > I 2 > -s n \ 
HgC-Sn,-Sn-Sb,Sa+l, <Sx-ll/(Sx+l)J 

J a c P CS n , Sa , Sb , S x l - > Co 111 b [Sn+ Sb , Sn 1 < ( S x -1 ) / 2 > -s n \ 
HgC-Sn,-Sn-Sa,Sb+l, <Sx+ll/CSx-1>1 

I• AS 22.5.42-45 •I 

SOr C5l 1 Geg CSn, Sa, Sxl -> Co11b CSn+2Sa-1, Snl Hg C-Sn, Sn+2Sa, Sa+l/2, C 1-Sx) /21 
I• AS 22.4.46 •/ 

SOr C6l 1 Geg [Sn, Sa, Sxl -> Gamma [Sa+l/21 Gamma C2Sa+Snl I CSn ! •Gamma C2Sal > \ 
((Sx-2-1)/4)-(1/4-Sa/2) LegPCSn+Sa-112,1/2-Sa,Sxl 

I• AS 22.5.68 •/ 

SOr C7l: CheT CSn, Sxl -> Hg C-Sn, Sn, 1/2, C 1-Sx) 121 

SOr C8l 1 CheU tSn, Sxl -> <Sn+ll Hg C-Sn, Sn+2, 3/2, <1-Sx > 121 
/3 AS 22.4.47-48 •I 

SOrC18l: LegPCSn,Sxl -> HgC-Sn,Sn+l,1, <l-Sxl/21 

SOrC111: LegPCSn,Sxl -> \ 
CoabC2Sn,Sn1 ((Sx-1>12)-Sn HgC-Sn,-Sn,-2Sn,2/Cl-Sx)J 

SOr C12l: LegP CSn, Sxl -> \ 
Co• b C 2 Sn , Sn l ( S x / 2 > -s n Hg C - Sn / 2 , ( 1-Sn ) 12 , 112 - Sn , 1 IS x -2 l 

SOr C13l: LegP CSn_pOddp CSnl, Sxl -> \ 
( -1> -Sn ( 2 Sn - l> !/ C 2 -S n Sn ! ) -2 S x H g C - Sn , Sn + 3 12 , 3 12 , S x -2 l 

SOrC14l: LegPCSn...rEvanpCSnl ,Sxl -> \ 
C o • b C 2 Sn , Sn l Hg C - Sn , S n + 112 , 11 2 , S x ""2 l I ( - 4 > ""$ n 

I• AS 22.4.49-53 •I 

SOrC15l 1 LagCSn,Sa,Sxl -> CombCSn+Sa,Snl ChgC-Sn,Sa+l,Sxl 
I• AS 22.5.54 •/ 

SOr C 181: Her CSn ...rOddp CSnl, Sxl -> \ 
( -1> ""' ( ( Sn -1> 12) Sn ! I ( (Sn -1> I 2 ) I * 2 Sx C h g C - (Sn -1 ) 12 , 112 , $ x ""2 l 

SOr Cl7l: Har CSn...rEvanp CSnl, Sxl -> \ 
C-1> ... CSn/2) Sn!/(Sn/2) ! ChgC-Sn/2,112,Sx-21 

I• AS 22.5.55-56 •I 

S 0 r [ 18 l : Har CS n, S x l - > 2 -s n Par [ 1I2- Sn 12, 312, S x -2 l 

S 0 r C 19 l : Har [Sn, S x l - > 2 ... (Sn 12) Exp [ S x -212 l Par [ - $ n -1I2 , Sq r t C 2 l $ x l 

SOr C2811 

I• llith Orthogonal Polynomials •/ 

GegCSn...rOddpCSnl,Sa_;CSal .. 8>,Sxl -> PochCSa,Sn+ll Sn!\ 
2-c2Sn+1> Sx JacPCSn,Sa-1/2,l/2,2Sx-2-ll I C2Sn+l> ! 



SOr £211: 

SOr £221: 

SOrC231: 

SOr £241: 

SOr [251: 

SOr £2611 

Sor £271: 

SOr [281 1 

SOr C29l 1 

SOr C38l: 

SOrC311: 

SOr £131: 

XOpR 

So pr [ 1l 

Sopr C2l 

Sopr [3] 

So pr [4] 

Sopr [5] 

SoprC6l 

Sopr[7l 
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Gag CSn_.Evanp CSnl, Sa_:; <Sa! :8), Sxl -> Poch CS a, Snl Sn!\ 
2-(2$n) JscPCSn,Sa-112,1/2,2Sx-2-ll I (2$n) ! 

GagCSn,Sa!,.8,Sxl -> \ 
PochC2Sa,Snl JacPCSn,Sa-1/2,Sa-112,Sxl I Poch[Sa+l/2,Snl 

GegCSn,8,Sxl -> \ 
2<Sn-1) ! JacPCSn,-112,-112,Sxl I Poch[l/2,Sn] 

I* RS 22.5.25-28 *' 

ChaT CSn...;Oddp CSnl, Sxl -> \ 
Sn! Sx JacP[Sn,-112,1/2,2$x-2-ll I Poch[l/2,Snl 

ChaTCSn,Sxl ->Sn! JacPCSn,-112,-112,Sxl I PochCl/2,Snl 

CheU CSn_;Evanp CSnl, Sxl -> \ 
Snl JacPCSn,112,-112,2Sx-2-ll I PochCl/2,Snl 

CheTCSn,Sxl - > Sn/2 GegCSn,8,Sxl 

CheU CSn, Sxl -> Gag [Sn, 1, Sxl 

LegPCSn,SxJ -> JacPCSn,e,8,Sxl 

LagPCSn,Sxl -> GagCSn,112,Sxl 

Her CSn...;Oddp [$nl, Sxl -> \ 

I* RS 22.5.29-34 *' 

I* RS 22.5.35-36 */ 

( - 1 ) - ( C S n - 1 > I 2 ) 2 -s n ( ( $ n - 1 ) I 2 ) ! L a g : ( $ n - l ) I 2 , 1 I 2 , $ x -2 l 

Har [$n_;Evenp [Snl, Sxl -> \ 
<-1>-<Sn/2) 2-sn (n/2) ! LagCSn/2,-112,Sx-2) 

/* RS 22.5.48-41 */ 

'** Rodrigues formulae for orthogonal polynomials **/ 

J a c P [ Sn , S s , $ b , S z l - > 0 [ ( 1- % x ) -s a ( 1 + % x ) -s b ( 1- % x -2 l -s n , ! % x , n , $ z ! l \ 
I C - 2 > -s n I Sn ! I ( 1- $ z l -s a I < 1 + $ z l -s b 

Gag[Sn,Sa,Szl ->\ 
P o c h C 2 $a , S n l ( 1 - $ z ) - ( 1 I 2 - $ a ) 0 [ ( l - % x -2 l - ( $ a + $ n + 11 2 ) , l % x , $ n , $ *' 

I C-2l-Sn I Snl I PochCSa+l/2,Snl 

Ch a T [ Sn , S z l - > Sq r t [ P i ( 1 - $ z -2 ) l 0 [ ( 1- % x -2 J - ( $ n - l / 2 ) , ! % x , $ n , $ z I l \ 
I C-2>-Sn I Gamma[$n+l/2l 

Ch a U [Sn, $ z l - > (Sn+ 1 ) Sq r t [ P i I ( 1- $ z -2) l 0 [ ( 1- % x -2) - (Sn+ 1/2) , l % x , $ n , $ *' 
I 2 I <-2>-Sn I Gamma[$n+l/2l 

Lag P [ $ n , $ z l - > 0 [ ( 1 - % :< -2 ) -s n , I % x , $ n , $ z I l I < - 2 ) -$ n I $ n ! 

LagCSn,Sa,Szl -> 0[%x-CSn+$a) ExpC-%xl, !%x,Sn,Szjl Exp[$zl I $n! It­

HarCSn,Szl -> <-ll-Sn Exp[Sz-21 OCExp[-%x-2l,l%x,Sn,Szjl 

/*RS 22.11 *I 



XPR 

I• PSig 
prints as 

SMP LlBRARY 

I•• Spacial output forms **' 

\ 
I 

a/ 
_p S i g [ P r 1 

11 
: 

11 
F ~ t 1~ ! 1~ 3 :, 2 .~ , f 2 , 2 I, ! 1 , 2 l, 11, 1 I, ! 1 , 8 I, 11 , - 1 I, ! 2 , - 1 j, l 3 , - 1 ! I, \ 

- ' - , -
I• PPi 

prints as 

I I 
I I 

•I 
_fPl[Pr]: F•tCtl1,-1j,t1,e1,11,11.t2,1j,l3,l!,13,8!,l3,-ljj,\ 

"I It' "I J , ,, ._:.'' "._:. ' It~·' "I If' "I I J 

_p I am CPr1 

I• Pla11 

prints as 
\ 
I\ 

Fmt cl ll,-1 !, !1,e j j, fl/ 

prints as I\ 
I \ 

•I 

al 
_flam[Pr1: F111tCf!l,-l!,!2,ej,l3,-ljj, 11

/
11

,
11

/ 

I• PDalta 
prints as I\ 

'-~ a/ 
_fDeltaCPrl 1 F111tC!fl,-lj,!2,-lj,!3,-lj,f2,8j!,fll 11

,
11

-
11

,
11 

I• PG an11aa 
prints aia 

*' _fGammaCPrl 1 F11tcf!l,-ll, fl,8!, l1,ljj, 11 ffl, 11 f 11
,

11
--

11
l 

/a PXi 
prints as 

*' _p X I [Pr 1 1 F Ill t C ! l 1, -1 J, ! 2, -,ti: ,j3,1 _-,~ !,1_!_2 ,l 8J: J/, 1 ! , f 2, 1 I, ! 3, 1 11. 11

-

11

, fl_ - ", "-
11

, \ . , ' 

I• Pint 

_flnt CPrl 

/a PSqrt 

prints as I 
I 
I 

•I 
FIR t [ I ! 1' 1 l. ! 1 I 8 ! , ! 1 ' -1 ! ! ' tr/ 11' fl I fl' fl I fl] 

prints as 
I 

I 
•I 

_p Sqrt C Pr l 1 F 11 t C l ! 1 , -1 !, f 2 , 8 j, ! 3 , 1 ! !, tr I 11
, 

11 I 11
, 

11
- -

11
] 

I• 
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#I [ 1 J : : <XPR 

#I C 2 l : : pp i -2 

---2. 
#0 [2]: * I I 

I I 

#I C 3 J : : ..J[PrJ:PSig 

\ 
#0£3):* I 

#I C 4 l : : f+l/f 

1 
b-toC4J:>1< I + ---

\ 
I 

•I 

XPar 
/** Parabo I i c cy Ii nder function **/ 

SPar_: Ld is t 

SPar Cll: 

SPar C2J: 

Par CS n, S z J - > 2-< < $ n + 1I2) I 2 > S z -< -1/2) IJ h i II CS n / 2 + l / 4 , 1I4 , S z -212 J 

Par[Sn,Szl -> 2-((Sn-ll/2lExpC-Sz-2/41Sz KumUC<l-$nl/2,3/2,Sz-2/2J 
ltt. MOS p . 324 */ 

ltt. Special values */ 

S P a r C 3 l : P a r [ 8 , S z J - > E x p C - S z -2 / 2 1 

SParC4l: ParCl/2,Szl -> Pi-(-1/2l<Sz/2l-C3/2l\ 
(Bes K C 1I4 , S z -2 I 4 l +Bes K C 3 I 4, S z -2 / 4 l l 

SPar [5]: Par [3/2, Szl -> Pi -C-1/2 l <Sz/2 > -<512 > C28esK [ 1/4, Sz-2/41 \ 
+38esKC3/4,Sz-2/4l-8esKCS/4,Sz-2/4Jl 

SP a r [ 6 l : Par C 5 I 2 , S z l - > < S z I 2 l - C7 / 2 l IP i ( 5 Bes K Cl/ 4, $ z -2 I 4 J + 9 Bes K C 3 I 4 , $ z -2 / 4 l \ 
-5 Bas K C 5 I 4 , S z -2 / 4 J -Bes K C 7 / 4 , S z -2 / 4 l l 

SP a r [ 7 l : Par [ -1/2, S z J - > ( $ z I ( 2 P i } > -cl/ 2 l Bes K Cl/ 4 , $ z -2 / 4 l 

SPar £81: Par C-3/2, Szl -> CSzl-C3/2l I C2P i >-Cl/2) \ 
( B e s K C 3 I 4 , S z -2 I 4 l - B a s K C l / 4 , S z -2 I 4 J > 

SPar C9l: Par C-5/2, Szl -> Sz-C5/2l I (3 C2P i l -C1.12l l <BesK C5/4, Sz-2/41 \ 
-38esKC3/4,Sz-2/41+28esKCl/4,Sz-2/4ll 

SP a r [ 18 l : Par CS n , S z l - > 2 - ( - Sn/ 2 l Exp C -S z -2 I 4 l Her [Sn , S z / 2 - < l / 2 l l 
/"-' l'IOS p.32S -J;./ 

I• Recurrence relations *' 
SPar C lll: ParCSn,SzJ -> Sz Par[Sn-l,Szl-CSn-llParCSn-2,Szl 
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SPar C12l 1 ParCSn,Szl -> CParCSn+l,Szl+Sn ParCSn-1,Szl)/Sz 

SPar C 131: ParCSn,Szl -> ($z Par[$n+l,Szl-ParC$n+2,$z])/($n+ll 
I• 1105 p.327 ,,,.; 

XPaul 
/'/l.'/I. Representation of Pauli sigma matrices '/l.'/I./ 

I• SigmaC i l 
gives a representation of the the ith Pauli sigma matrix. '/I./ 

s~g111ace1: 1,e!·!e,1j 
S1g11aC1J : 8,1 , 1,8 
Sigmar21 : 8,-I I. !I,8 j 
Sigur3J 1,aj,!s,-1 

XPeel 
I•• Peel away subiists **/ 

I* ~eel£!exprl,expr2, ••• jl 

#IC 1J : : 

#I C 2 l : : 

#0 C2J: 
•I 

represents the sequence exprl,expr2, ••• in a I ist. 
("Peels" away lists).*' 
Peel[Slist..;Listp[Slistll :: RprNp,Slistl 

<XPee I 

fPeel cfa,bjl, !c,djj 

!a, b, f c, d l l 
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XPerm0 
'** Permutations **' 

'* R per~utation is represented by a contiguous I ist of sequential integers 
in any order *' 
'* ParmpCaxprl 

yields 1 if axpr represents a permutation. */ 
Per mp [Sexprl : : PCS or t CSaxprl =Ar [Lan CSexprl l l 
Permp CSexpr....;;:"'Contp [Sexpr] l : 8 

I• Fipar[listl,list2l 
finds if possible a permutation which places the elements of 
list2 in the order of listl. *' 
Fipar[SI istl....;;:Contp[SI istll, \ 

SI ist2....;;:(ContpCSI ist2l&LenC$1 istll=Len[SI ist2])] :!>, 
Flat CRrCLenCSI istll ,PosCSI ist2[$%1l ,SI istllll 

I• Rpper[perm, I istl 

I• 

#I C 1 J : : 

HI [ 2] : : 

#0 [2]: 

#I [ 3 J : : 

#0 [3): 

#I C 4 J : : 

/l-OC4l: 

#I C 5 l : : 

#0 CSJ: 

#I C 6 l : : 

#0 [6): 

., 

applies the permutation per~ to list. 'fl./ 
Rpper CSperm....;;:Permp [Sperm],$ Ii st ....;;:Con tp [$Ii s tl] .. \ 

RrCLenCSI istl ,SI istCSparmCS%1lll 

<XPerm8 

PermpC!l,3,2,4jJ 

1 

PermpC!l,3,1,4 jl 

8 

tl:la,c,d,bj 

!a, c, d, b I 
FI per [!a, b, c, d ! , t 11 

11, 3, 4, 2 I 
RpperCX, !a,b,c,djl 

!a, c, d, b ! 
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XPerml 
I•• Elementary operations on permuations ••/ 

<XPerm8 

I• Pcomp[perml,perm21 
forms the compost ion (product) of the two permutations 
perml and perm2. *' 
Pcomp [$pl_;Permp [$pll, $p2_;Per111p C$p21] •. Ar [Len CSpll, $p2 [$pl [$%11 J J 

I• Ppow[perm,nl 
forms the nth power of the permutation perm. •/ 
Ppow [Sp_;Permp [$pl, 81 : : Ar Clan [$pl l 
Ppow[$p_;Permp[$pl ,Sn_;Natp[$nll :: \ 

S [Sp, S% 1- - >Ar CL en CS pl , $ % 1 [Sp [ S% 2 J J J , Sn - ll 
Pp ow CSp_;Permp CSpl, Sn_;Na tp C-Snl l : : Pp ow CP i nv CSpl, -Snl 

I• Pinv[perml 
yields the inverse of the permutation perm. •I 
Pi nv [Sp _;Per mp CS pl J : : Ar CL en CS pl, Pos [$%1, Spl [ 1, ll l 

/a 

#I C 1l : : <XPerml 

#I C2l : : pl: fl,S,4,2,31 

#0 [2): ll,S,4,2,31 

#I C3l : : p2: 1s,1,3,2,4I 

#0 [3): IS,1,3,2,41 

#I C4l : : Pcomp[pl,p2l 

#0 [4]: !S,4,2,l,3f 

#1 cs l : : Pcomp Cp2, p ll 

#0 [5] : l3,l,4,5,2f 

#I [61 : : PpowCp2,6l 

#0 (6]: l4,S,3,l,2f 

#I C7l:: PinvCpll 

#0 C7l: 11,4,5,3,2! 

#I C 81 : : PcompC%,pll 

#0 [8] I !1,2,3,4,Sj 

•I 
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XPermC 
I•• Cycle decomposition of permutations ••/ 

I• Cycles are represented by projections of the form C£il,i2,i3, .•. J *' 
<XPer118 

I• ToC[perml 
yields a list of cycles whose composition is perm 
(eye I e decomposition). •I 
ToCCSp..;ParmpCSplJ :: (Lc1[%a,%t,%n,%11; \ 

Xa: I!;% t: Ar Clan [Spl, 11; Do [%1, Lan [$pl! If[% t [%11, \ 
ForC%n:SpC%11;%1:!, \ 

%t[%n1, %n:Sp£%nl, %t[%n1:8;%1:Cat[%1, f%njl1; \ 
h:Cat[%a, !RpCC,%11 jlll;Xa> 

I• ToPCcycsl 

I• 

#I [ l l : : 

#I £21 : : 

/Pl [21: 

#I £ 3 l : : 

/PlC31: 

•I 

XPhys 

yields the permutation represented by the I ist of cycles eyes. •I 
ToP CScycs..;L i stp [Sey cs] l : : (Le I[% I l; Map CRr [Len [$cl, \ 

XI CCycCSc,-ll CS ill :Sc[SiJl ,Scycs,11; %1> 

<X per me 

ToC [ ! 1, 5, 7, 2, 4, 3, 6 Jl 
1cr11,cr5,4,21,cc7,6,3l 

ToP £%1 

11,5,7,2,4,3,61 

'** Fundamental physical constants ••/ 

I• 1. Principal constants •I 

I• speed of I ight in vacuo •/ 
SPhys£1,ll Qc -> 2.997924588•""8 metre second--1 

I• Planck's constant •I 
SPhysCl,21 Qh -> 6.626179•--34 joule second 

I • Dirac's constant *' 
SPhysil , 31 Qhbar -> 1.8545887•--34 joule second 

I• charge on electron •I 
SPhys[l,41 Qa -> 1.6821892•--19 coulomb 

I• mass of electron •I 
SPhys[l,51 Q1ne -> 9.189534•--31 k i logra11 

I• Avogadro's number •/ 
SP h y s C 1, 6 J Q N - > 6. 8 2 2 8 4 5 * -2 3 • o I a --1 

I• constant of gravitation•/ 
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SPhysC1,8l Q G - > 6 • 6728:o:....__11 new ton metre -2 K i t o gram -- 2 

I• 2 . Atom i c constants :o:/ 

/:o: fine structure constant :o:/ 
SPhysC2,1l Qatpha -> 7.2973586•--3 

I• Rydberg constant (inf i nite nuclear mass) ii/./ 
SPhysC2,2l QR inf -> 1.897373177•-7 metre--! 

I• Boh r r adius :o:/ 
SPhysC2,3l Qa8 -> 5.2917786•--11 metre 

I• electron Compton wavelength :o:/ 
SPhysC2,4l QlambdaC -> 2.4263889:0:--12 m~tre 

I• classical 
SPhys £2, SJ 

"electron radius" :o:/ 
Qre -> 2.817938:0:--15 metre 

I• Thomson cross-section •I 
SPhysC2,6l QsigmaT -> 6.6522448:0:--29 metre-2 

I• Bohr magne t on :o:/ 
SPhysC2,7l Q11uB -> 9.274878:0:~-24 joule tesla--1 

I• nuclear 11agneton •/ 
SPhysC2,8l QmuN -> 5.5858824>"<--27 joule tesla--1 

/:o: gyromagnetic ratio of free proton*' 
SPhysC2,9l Qgamma -> 2.6751987:0:-8 second--1 tesla--1 

I• electron volt :o:/ 
SPhysC2,18l QeV -> 1.6821892:0:--19 joule 

I• 3 . Thermal constants :o:/ 

I• molar gas constant :o:/ 
SPhysC3,1l QR -> 8.31441 joule kelvin--1 mole--1 

I• Loschmidt number :0:/ 
SP h y s [ 3 , 2 l Q L - > 2 • 6 8 6 7 5 4 * -2 5 m e t r e -3 

I• Boltzmann constant :o:/ 
SPhysC3,3] Qk -> 1.388662:0:--23 jt1ule kelvin--1 

I• Stefan-Boltzmann constant :o:/ 
S P h y s [ 3 , 4 l Q s i g m a - > 5 • 6 7 8 3 2 * ~- 8 w a t t m e t r e -- 2 K e I v i n ~- 4 
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XPlhist 
'** Plot histogram •~/ 

I• PlhlstClistl 

XPlot 

plot I ist as a histogram. *' 
PlhistCSlistl :: PlotC!ArCLenCSlistJ, \ 
LlneC!PtC!IndCSllst, fS1jJ,8jl,PtC!Ind[$1ist, fSljl,ElemCSlist, fSljl jJ~ 

Ptcflnd[Slist, fS1+1jl,Elern[$1ist, !Si jJ jl,PtC!IndCSlist, fS1+ljl,8jl jl, \ 
AxesC8,8J !Jl 

'** Operations on plots **' 
I• PCatCpl,p2, ••• l 

co•bines the plots pl, p2, into a single plot. •/ 
PCatCPlot[Spl,SSpll,Plot[Sp2,SSp2Jl :: PlotCUnion[Spl,Sp2ll 

I• PAp[trx,try,pll 

XPolar 

appl las the templates 
In the plot pl. •/ 
PApCStrx,Stry,Spll • • 

trx and try respectively to each point 

SCSpl,PtC!Sx,Sy!,SSfl--> \ 
PtC!ApCStrx, !sxjl,Ap[Stry, fsyjl !,SSfll 

I•• Polar graphs **' 
I• Polar[expr,theta,nptl 

yields a ~olar plot of expr obtained by evaluation at npt 
points in the angle theta. •I 
Polar[Sexpr,Stheta,Snptl :: \ 
Graphe!Sexpr CosCSthetal,Sexpr SinCSthetal j,Stheta,8,2Pi,,,Snptl 
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XPoly 
'** Information on polynomials **' 

I• LCoef[poly,varl 
yields a list of the coefficients of powers of var in poly.*' 
LCoe f CS po I y, Svarl : : Rr [Exp t CSvar, Spo I yl, Coe f CSvar-$%1, Spo I yl l 

I• LExpt[poly,varl 

'* #I [ 1] : I 

#I C 2 l : : 

#0 C2l I 

#I [ 3] I I 

#0 [3]: 

#I [ 4 l : : 

#0 [4]: 

*' 

XPrimep 

yields a list of the exponents with which var appears in poly.*' 
LExpt[Spoly,Svarl •• UnionCExpt[Svar,Spoly,ListJJ 

<XPoly 

t : Ex C <a+ x > -3 < 1-x > -2 l 

2 3 4 2 2 2 2 3 3 3 2 
3a x - Sa x + 3a x + 3 a x - S a x + 3 a x - 2 a x + a x 

3 3 4 s 
+ a + x - 2 x + x 

LCoe f [%, xl 

2 3 2 3 2 
!3 a - 2 a ,3a - S a +a ,1 - Sa + 3 a ,-2 + 3a,lj 

LExptCt,xl 

!1,2,3,4,5j 

I• PrlmepCexprJ 

XProj 

yields 1 if expr is a prime number, and 8 otherwise. 'ft./ 
Pri•ep[Sexprl •• Natp[Sexprl & PCLen[Nfac[Sexprll=ll 

'** Projection manipulation **' 

I• PCat[projl,proj2l 
yields a projection whose filters are the concatenation of 
those in the project ions projl, proj2 (which must have 
the same projector). •/ 
PCat[Sx...;ProjpCSxl,Sy...;<ProjpCSyl & SyC8l=SxC8lll :: \ 

Proj[Sx[8l, 1scSx,SxC6l->Npl,SCSy,SyC01->Npl jl 

I• Pap[temp,projl,proj2, ••• J 
treats the filters of the projections projl, proj2, ••. as I is ts, 
and applies the template temp to them, yielding a projection with 
the resultin~ list as its filters.•/ 
J>ap CNos11pl: l1 ! 
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Pap[Stemp,SSproj_;CRpCRnd,llap[Projp, !SSproj Jll & \ 
Rp CEq, llap CS% C8l, !SSpro j jl l l l : : \ 
Pro j CS Sp r o j C 1l C 8 l , R p C tamp , II a p CS [ S % 1 C 81 - >Np , ! $$pro j ! l J 1 l 

XPsi 
/** Di gamma and Po I yga••a CPs i l functions **/ 

SPsl .J Ldist 

SPsiCll: Psi CSzl -> Psi CSz+ll -1/Sz 
;,,,. MOS p. 14 ft./ 

SPslC2l: Psi CSzl -> Psi Cl-Szl-P i CotCPi Sz 1 
/* MOS p. 14 :;./ 

SPsiC3J: Psi [Szl -> Psi C-Szl -1/Sz-P i CotCPi Sz J 
/f{. nos p. 14 ft.I 

SPsi[4l: Psi CSzl -> Psi C-Sz+2l +1/ CSz-1> -Pi CotCPiCSz-1>1 
;,,,. MOS p. 14 ,,,.; 

SPsiC5l: Psi CSzl -> Psi C-Sz+ll +Pi Tan[Pi ($z-1/2ll 
1 .. llOS p. 14 */ 

SPsiC6l: Psi CSzl -> Psi CSz-ll + 1/ CSz-ll 

SPsiC7l: Psi CSn_;Na tp CSnl, 11 -> <-1>-<Sn+llSn!*Zata[Sn+ll 
/* RS 6. 4. 2 ,,,.; 

SPsiC8l: Psi [Sm_; Na tp CSml, Snl -> C-ll -Sm Sm!*C-Zeta[trn+ll+\ 
Sum Ck ~c-Sm-1>,k,1, Sn-ll 

I• RS 6.4.3 ft./ 

SPsiC9l: Psi [Sn_;Natp[Snl ,1/21 -> (-l)~(Sn+ll Sn!,,,.(2~($n+ll-1)2eta[Sn+ll 

/*RS 6.4.4 */ 

S P s i C 1 8 l : P s i C Sn , S z 1 - > P s i C S n , S z l + < -1 l ~s n S n ! * S z ~ < - Sn - 1 l 
/-!'1. AS 6.4.6 ft./ 

SPs i Clll: Psi CSn, Szl --> <-1> ~csn+l> Psi CSn, 1-Szl -Pi D CCo t CP i Sql, !Sq, Sn, Sz Jl 
/*RS 6.4.7 .,,; 

SPsiC121: PsiCSn,<Sm_;NatpCSmll Szl -> <Sn=8llogCSmi.sm~(-$n-ll\ 
SuatCPsi CSn,Sz+k/Sml ,k,8,Sm-ll 

I• RS 6.4.8 ;:./ 

<XHar• 

Psi[ll: -Euler 

Psi Cl/21: -Eu I er-2Log [2] 

Psi C-1/21: -Eu I er-2Log [21 +2 

Psi CSn_;Na tp CSn-111 : Harm CSn-11-Eu I er 



SMP LIBRARY 

XRandC 
'** Generation of random numbers from continuous distributions **' 

I• NRand[(x:8>,<sd:l>l 
generates a random number from a normal (Gaussi a n) distribution 
with mean x and standard deviation sd. tt.I 
NRand_;Tier 
NRand (]:: NRand [8, 11 
NRand CS111aanl:: NRand [$mean, 11 
NRand(Smean,Ssdl :: \ 

NCS11aan + Ssd Sqrt[-2 Log[Rand[Jll CosCC!NC2Pill Rand(]]] 

I• BRand[rhol 
generates a pair of random numbers from a bivariate normal distributio 
with zero mean, unit variance and correlation coefficient rho. ,}/ 
BRand CSrhol •• Cle I [%xll 1 \ 

! % x 1 : N Rand [ l , N CS rho % x 1 + Sq r t [ 1-$rho ~2 J N Ran d CJ l l l 

/t: ERand[thetal 
generates a random number from the exponential d i stribution 
Exp [-x/the ta]. •I 
ERandCSthetal • • NC-Stheta LogCRandClll 

I• RRRandCa,b,dist,maxdistl 

XRandO 

uses an acceptance-rejection method to gener a te a r ar. d om num ber 
between a and b from the distribution defined by the tenplate 
dist ~hose maximum value is not lass than maxd i st. 
Number of attempts necessary is proportional to 
(b-a l maxd is t. •I 
RRRand[Sa,Sb,Sdist,Smaxdistl .. Clc1C%yl; \ 

LoopC,Xy:NCSa + CSb-Sal RandCll, \ 
Rand[] >= NCRp(Sdist, j%y ll / S:ma x ciizt]]; /, y) 

'** Generation of random numbers from discrete distributions ** ' 
'* IRandCnl 

generates a random integer from a uniform distribution between 
8 and n-1. "!!<./ 
I Rand [Snl : : Gin t [Rand CSnJ J 

I• PNorndl istl 
yields a normal i zed list of probabilities from a list of relative 
frequencies. •/ 
PNorm[Slistl 11 NCSlist/RpCPlus,Slistll 

I• PCum[I istl 
yields a list of cumulative probabilities. ff./ 
PCumCSl i stJ .. Clc1I%tl; %t:8; MapC%t:%t+S%1;%t,P fforr.; ~ $1istlll 

'* 0Randr!cpl,cp2,. • • jl 
yields a random position in the list with distr i bution de: t e~1:1inec1 

by the cuaulative probabilities cpi. •I 
I• Not optimal algorithm'//./ 
DR and CS I i s t l • • C L c I C % x l ; % x : R and CJ ; Po s C $1 _;;. S 1 >% x , $ I i s t , 2 , 1 l C 1 , 2 , 1 J ) 
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XRandL 
I•• Random &election of I ist elements **' 

lo LRand[I istl 
yields one of the elements of I ist, randomly chosen with equal 
probabilities. tt./ 
...l.Rand[Initl :: <XRandD 
LRand[SI ist...;Listp[$1 istll •• Ent[$1 ist, l:+IRand[Len[$1 istll jl 

I• LDRand [Ii st, prob] 
yields one of the elements of I ist, randomly chosen with 
relative frequencies given b~ prob. •/ 
...l.DRand [In i tl • • <XRandD 
LDRand[$1 ist,Sprob...;(Contp[Sprobl & Len[Sprobl=Len[SI istl )] 

SI is t CDRand CPCum [Sprobl l 1 

I• ORand[I istl 

XRot2 

yields a random reordering of I ist. o/ 
-1JRand [In i tl : : <XPerm 
ORand[Slistl •• <Lcl[Xll; Xl:Ar[LenCSlistl,'RandCll; \ 

Apper CF i per CX I, Sort CX Ill, SI is tl) 

'** Rotations in two dimensions **' 
la Vec2p[exprl 

tests whether expr represents a two-dimansional vector. *' 
Vec2pCSex~rl :: Contp[Sexprl & Len[Sexprl=2 

I• Rotll2Cthetal 

\ 

yields a ~atr i x representing a two-d i mensional rotation through 
an angle of theta radians. *' 
Rotll2CSthetal : I!Cos[Sthetal,SinCSthetal !, 1-Sin[Sthetal,Cos[Sthetal II 

/1;. Rot2Cvec,theta, <pt: fe,ej>l 
rotates the two-dimensional vector vec about the po i nt p t 
through an angle of theta radians. •/ 
Rot2_:Tier 
Ro t2 CSvec...;Vec2p [$vecl, St he t al Rot M2 [$the t al. l v ec 
Ro t2 CSvec...;Vec2p [Svec], St he ta, Sp t ...;Vec2p [Sp tl 1 •• \ 

Spt + Rotll2 [Sthetal. (Svec-Spt) 



SMP LlBRARY 

XRot3 
/** Rotations in three dimensions **/ 

I• Vec3pCexprl 
tests whether expr represents a three-dimensional vector. */ 
Vec3p[Sexprl •• Contp[Sexprl & Len[$exprl=3 

/* Rotl13[ t hetal 
yields a 111atrix representing a three-dimensional rotation specified 
by the Euler angles phi, theta, psi. t;./ 
Rotl13[$phi,Stheta,Spsil : \ 

l!Cos[Spsil Cos[Sphil - Cos[Sthetal Sin[Sphil Sin[Spsil, \ 
Cos[Spsil Sin[Sphil + Cos[Sthetal Cos[Sphil Sin[Spsil, \ 
Sin[Spsil Sin[Sthetal j, \ 
!-Sin[Spsil Cos[Sphil - Cos[Sthetal Sin[$phil Cos[Spsil, \ 
-SinCSpsil SinCSphil + CosCSthetal CosCSphil Cos[$psil, \ 
Cos[Spsil Sin[Sthetal j, \ 
!Sin[Sthetal Sin[Sphil, -Sin[$thetal Cos[Sphil, Cos[$thetal 

I• Rot3Cvec,phi,theta,psi,Cpt: !B,B,Bj>J 

XRpoly 

rotates the three-dimensional vector vec about the point pt 
through the Euler angles phi, theta, psi. •/ 
Rot3_;Tier 
Rot3CSvec...;Vec3p[$vecl ,Sthetal : RotM3CSthetal .Svec 
~ot3CSvec....rVec3pCSvecl,Stheta,Spt...;Vec3pCSptll :: \ 

Spt + RotM3[$thetaJ. ($vec-$pt) 

/** Randont polynomial generation **/ 

I* RanupCnl 
generates a rando• univariate polynomial of size n. *I 
Ranup CSn....rNa tp CSnl l : : \ 

ExCRex[Sn, !!x,lj, f2,lj, f-1,ljj, ffPlus,1,-7j, )Mult,1,-Sjjll 

I• RanMp[n,nxl 

I• 

#I [ 1] : : 

#I C 2 l : : 

#0 [21: 

#I [ 3] : : 

#0 [3]: 

#I C 4 l : : 

#0 [41: 

generates a random polynontiai of size n in an average of nx 
variables. */ 
Ran mp CSn....rNa tp CSnl, Snx....rNa tp [Snxl l : : \ 

Ex CR ex CS n, Cat CA r C I )18, 18 +Sn x -1 ! !, I mp I C f S%1 ! J l , ! ! 2, 1 !, !-1, 1 ! l l\ 
!fP1us,1,-7J, !Mult,1,-Sjjll 

<XRpo I y 

RanupC18l 

3 4 5 
168 x + 248 x + 78 x 

RanupC18l 

2 
2 + Sx + 8 x 

Ran111p [18, 31 

2 
12 + 3a + 2b + 4c + Sa c 
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#I C 5 l 1 1 Ran• p C 18 , 3 l 

#£JC5l: 

o/ 

XRslt 

2 5 2 6 3 5 2 
l2b + 18a b + 4b c + 96 a c + 32 a c + 88 a c + 16 a b c 

2 
+ 2 b 

/oo Polynomial resultants oo/ 

/a Rslt[a,b,xl 
forms the resultant of the polynomials a and b Mith respect 
to the unit x. o/ 

5 

Rslt[Sa,Sb,Sxl :1 <Lc1CXeq,Xa,%bl; Xeq:SolCJSa=Xa,Sb:%b,,, !Sx!J;' 
SCNumCRatCExC%eqC1,ll-%eqC1,2JlJl, fXa->8,Xb->8 J> 

/o OiscCa,xJ 
forms the discrirninant of the polynomial a in x, 
which must be zero If a has multiple roots. o/ 
0 i ec CS a, Sx_;Symbp CSxl l •• Rs It CExp t CSx, Sal Sa-Sx D CS a, Sxl, 0 CS a, Sxl, Sxl 

#I [ 1 l : 1 <X Rs I t 

#I ( 2 J : I Rs I t ( x --2 +a x y ' y --2 - a x .-3 y ' x] 

#D [2): 

/II [ 3 l I : 

#D [3]: 

4 4 2 
a y + y 

t : < 1 +a x > < 1-b x ""2 > 

2 
(l + a xl (1 - b x l 

/II C 4 l : : Ex C Xl 

2 
#D (4]: 1 + a x - b x - a b x 

#I C 5 J : : D i s c C X , x J 

3 

2 2 4 3 
#D £5]: 24 a b - 12 a b - 12 b 

/II C 6 l : : D I s c CE x C < 1- x > -2 o@I. l l 

(1Dt6J1 8 
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I•• Elementary finda sat theory ••/ 

I• Sets are represented as ordered I is ts with no repeated elements. 
A list may be placed in this canonlcal form by Union[listl. 
Once in this form, the equivalence of two sets is determined . by Eq. *' 
/~ Union[satl,set2, ••• J 

forms the union of the sets satl, sat2, •I 

I• Intar[satl,set2, ••• J 
forms the intersection of the sets sat!, set2, ••• •I 

I• Cmpl[sat,usatl 
yields the complement of sat with respect to the universal 
sat use t. •I 
Cmpl [SI ist_.rlistp[SI istl ,Sul ist_.rllstp[Sul istll : : \ 

Ca t [Ar [Len [ $ u I i s t l , $ u I i s t , , "'In [ $ % 1 , $ I i s t l l l 

I• Sub[sat,critl 
yields a subset of sat all of whose elements satisfy the condition 
crit. a/ 
Sub[Sset,Scri tl : 1 Flat CRr[LanCSsetl,, ,·scri tll 

I• Subp[sub,satl 
yields 1 if sub is a subset of set and 8 if it is not. 11-/ 
Subp[Ssub,Ssetl :: Len[Union[Ssub,Ssetll=Len[Union[Ssetll 

I• Disjp[Ssatl,Sset2l 
yields 1 if the sets satl and set2 are disjoint (have no elements 
in common). •I 
Disjp[Ssetl,Sset2l :: PCintar[Ssatl,Ssat2l=lll 

I• Multsat[setl,set2, ••• l 
forms the product sat of the seti (set of al I possible ordered 
n-tuples of elements from n sets). •/ 
Multset[S$setl :: FlatCDuterCList,SSsetl,LenCList[$$setll-ll 

I• Powse t Cse tl 

'* 

forms the set of al 1 possible subsets of set (power set). •/ 
Powset CSl_.rContpC$ill : : Flat Cle I [%f,%9l; SCDist [RpC%9,RrCLenCSIJ, \ 

% f C ! !, l SI [ $% 1l I l l l , I %9, % f, L i st , % 9 I l , %9->C at l , Len [$I l -11 

#I [ 1] I : <XS a t s 

#I [ 2 l : : s 1: Un i on [ la, b , a, c, d l J 

#DC2J: !a,b,c,dl 

#I [ 3 l 1 : s 2 : I c , e , f l 
#0£31: !c,e,fl 

#I [ 4 J : : s 3: Ar [ 5 J 

#0£41: ll,2,3,4,SJ 

#I [ 5] : : Un i on [ s 1 , s 2 , s 3 l 

#DCSJ: !1,2,3,4,S,a,b,c,d,e,f l 

#I [ 6 l : : I n t er [ s 1 , s 2 l 

#DC6l: !cl 

#I C 7 l : : Cm p I Cs 2 , s 1l 

#DC7l: !a,b,dj 
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f1I8l:: SubCs3,Evenpl 

#<JC8l: f2,4j 

f I C 9 l 1 1 S u b p C ! a , c I , s 1 l 

/µJCSJ1 1 

#I [ 18] I : D i s j p [ B 1 's 3] 

/µJC18l1 1 

/II [ 11] I I 11 u I t s e t [ B 1 , s 2] 

#0 C 111 1 ! l ! a, c ! , ! a, e j, ! a, f 11, ! !b, c ! , ! b, a j, lb, f ! L ! f c, c !, ! c, a !. ! c ,, f ! j, 
!fd,cl, !d,ej, !d,fljl 

/JI C 12 l : : Pow set Cs 2 l 

/IOC12l: ! ! j, !t j, !• j, !e, f j, fc !, !c, f !, !c,e I. !c,e, f ! ! 

•I 

XSetsSX 
I•• Set theory notation **' 

I• aUbUc ••• or a U b U c ••• 
stands for UnionCa,b,c, ••• l. •I 
S x set C "U ", Un I on, 3 l 

I• alblc ••• or a I b I c ••• 
stands for InterCa,b,c, ••• l. •/ 
S x set C "I ", Inter, 3 l 

I• aor a b 
stands for C111pl Cb,al. •I 
SxsetC" 

I• aCb or a C b 
stands for SubpCa,bl. •I 
S x sat C "C ", Sub p, 4 l 

I• a--.b-•c ••• or a ...... b ..... c ••• 
stands for l1uitsatCa,b,c •.• l. •/ 
SxsetC"--.",l1ultset,3l 

/• ......... a or ......... a 
stands for Powsat Cal. •I 
Sxse t C ............. , Powsa t, ll 
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XSol 
/cc Invarsaa of elementary transcendental functions ••/ 

So I CExp CSxl =Sy, Sxl 11 So I CSx=Log CSyl, Sxl 
So I [Log CSxl =Sy, Sl<l : : So I CSx=Exp CSyl, Sxl 
So I CS in CSxl =Sy, Sxl 11 So I [Sx=Rs in C$yl, Sxl 
So I [Cos CSxl =Sy, Sxl : 1 So I CSx=Rcos [Syl, $x] 
So I CT an CSxl :Sy, Sxl : : SCI I [Sx=R tan CSyl, Sxl 
So I CAs in CSxl =Sy, Sxl 1: So I [Sx=S in CSyl, Sxl 
So I CA cos CSxl :Sy, Sxl : : So I CSx=Cos CSyl, $1<1 
So I CA tan CSxl =Sy, Sxl 1: So I CSx:Tan CSyl, Sxl 
So I CS I nh CSxl =Sy, Sxl 1: So I CSx=Rs i nh CSyl, Sxl 
So I CCosh [Sxl :Sy, Sxl : : So 1 CSx:Rcosh CSyl, Sxl 
So I CTanh CSxl =Sy, Sxl •• So I CSx=R t anh CSyl, Sxl 
So I CAs i nh CSxl cSy, Sxl 1: So I CSx=S i nh CSyl, Sxl 
So I CAcosh CSxl =Sy, Sxl : : So I CSx=Cosh CSyl, Sxl 
So I CAtanh [$xl =Sy, Sxl : : So I [Sx=Tanh CSyl, Sxl 
So I CGd CSxl =Sy, Sxl : : So I CSx=Agd CSyl, Sxl 
So I IAgd CSxl =Sy, Sxl : 1 So I CSx=Gd CSyl, Sxl 

XSpare 
I•• Remove almost al I values cc/ 

/a Spare[vl,v2, ••• ] 

/a 
/II C ll : : 

fI [ 2 l : I 

/IO C2J: 

#I [ 3] : I 

/IO [3]: 

#I [ 4] I : 

#0 [4]: 

a/ 

removes all values except those of vl, v2, ••• •I 
Spare_:Nosmp 
Spara CSSxl 11 <Le I ['Spare, SSxl; Set[]) 

<XS para 

a: b IC I 1 

1 

Spara Cal 

Spare[' al 

fa, b, c I 
!I,b,cj 
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XS tat 
I•• Statistical properties of univariate distributions ••/ 

I• MeanClistl 
gives the mean of the values in list.•/ 
neanCSI 1st] II ApCPlus,SI istl/LenCSI 1st] 

I• GMeanCI 1st] 
gives the geometric 11aan of the values in I ist. •/ 
GMaanCSllstl 1: NCApll1ult,Sllst-<1/LenCSlistl>ll 

I• Hl1eanClistl 
gives the harmonic 11aan of the values in I ist. •/ 
HneanCSI istl :: NCLenCSI istl/ApCPlus,MapCl/Sl,SI istlll 

I• Med[llstl 
gives the median of the values in I ist. •/ 
ned[Sllst...;OddpCLenCSI istlll :: Sort CS I istl [(LenCSI istl+l>/21 
nedUlht_.Evenp[LenCSlistlll :: \ 

(Lc1C%1l; %l1Sort[Slistl; (%1CLenCSlistl/2l + \ 
%1 ClenCSI istl/2+11 )/2 

I• MDClistl 
g i v •a the 111 ea n de v i a t I on o f the ·v a I u es I n I i s t. *I 
ftDCSllstl 1: MeanCAbsCSlist-Mean[Slistlll 

I• VarCllstl 
gives the variance of the values in I ist. '//./ 
Var [ S I I s t l 1 : n ea n [ ( S I i s t -Mean CS I i s t )) -2 l 

I• SDClistl 
gives the standard deviation of the values in list.•/ 
SDtSlistl :1 NCSqrtCVarCSlistl LenCSlistl/(LenCSlistl-l>ll 

I• Range Cl 1st] 
gives the range of the values in I 1st. •/ 
RangeCSllstl 11 Aptftax,Slistl-ApCMin,Slistl 

I• RftSCllstl 
gives the root mean square of the values in I 1st. •/ 
RnSCSlistl 1: NCSqrtCMeanCSlist-2lll 

I• Fractttist,r1 
yields the r fractl le of the values in I ist. *' 
,JractCin i tl 11 <XLitp 
FractlSlist,Srl :1 Litp3CSortCSlistl,Sr LenCSllstll 

I• QlCtistl 
yields the first quar-tile of the values in list.•/ 
QlCStistl :1 FractCSlist,1/41 

I• Q3Cllstl 
yields the third quartile of the values in list.•/ 
Q3CSl1stl 1: FractCSllst,3/4] 

I• QDClistl 
yields the quartile deviation of the values in list. •I 
QDCSlistl 1: CQ3CSlistl - QlCSlistll/2 

I• Mo11Clist,nl 
yields the nth 111011ent of the values in list.•/ 
ftomCSi ist,Snl :: Mean CS I ist-Snl 

I• Cmon.Clist,nl 
yields the nth centr-al moment of the values in list.•/ 
C11011CSllst,Snl :: neanC<Slist-MeanCSlistl>-Snl 

I• Cuin[llst,n] 
yields the nth cu111ulant of the values in list. •I 
Cu11CSllst,ll :: Plean[Slistl 
CuaCSlist,21 1: VarCSlistl 
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Cu11CS1ist,3l :1 C11om[Slist,3l 
cu II [ s II s t , 4] : I c .. 0 Ill [ $ I i s t , 4] - 3 cm 0 m [ $ I i s t , 2 l -2 
Cu11CSI ist,51 : 1 C11om[SI ist,51 - 18 CmomCSI ist,31 CmomCSi ist,21 

I• SkewCiistl 
gives the coefficient of skewness of the values in I ist. •/ 
s k e w [ s I i s t ] : I c • 0 hi [ $ I i s t , 3 l Is a [ $ I i s t l -3 

I• Kurt[list] 
gives the coefficient of kurtosis of the values in I ist. •/ 
Kurt CS I istl 1: CmomCSI ist,41/SDCSI istl-4 

I• Excesa[l lstl 
gives the coefficient of excess of the values in I 1st. •/ 
Excess[Slist] 11 C111omCSlist,4l/SDCSlistl-4 - 3 

I• Qakaw[listl 
gives the quartile coefficient of skewness of the values in list. a/ 
QakewCSllstl :: <Q3[Slistl - 2 lled[Slistl + QlCSlistl> I \ 

CQ3CSI istl - QlCSI istl) 

I• Expc[op, I 1st] 
yields the expectation value of the operator represented 
by the template op on the values in list. a/ 
...Expc CNosmpl 1 11, 8 I 
ExpcCSop,SI istl 1: Rei CRp[Plus,llapCSop,Si istlll/Len[SI istl 

I• CharClist,xl 

/a 

yields the characteristic function of the values in list.•/ 
CharCSlist,SxJ :: ExpcCExpCI Sl xl,Slistl 

fll [ 1J I I <XS ta t 

#I C 2 l : : t : R r C 2 8, 'Rand Cl l 

#0 [2) I f. 7512881, • 9799641,. 3878826 1 • 1427415, • 8638817 1 .1446294 1 • 44 !.4654 1 

• 2389524,. 664948,. 1285833, .1148291,. 243175,. 5178353,. 4259514, 

• 6894183,. 9818886,. 02981599,. 4496743,. 8693484 7,. 4439974 I 
/II [ 3] I I Post1N 

#0 C3l I N 

#I [ 4] I 1 naanCtl 

#0 [41: .4238211 

#I C 5 l : : GlleanCtl 

#OC5l1 .3851757 

#I [ 6] : I Hllaan C tl 

#0 [61 I .1837451 

#I [ 7 l : : lled[tl 

#0 C7l: .4337884 

#I C 8 l : : s 0 [ t] 

#0 C8l: .2941784 

#I [ 9 l : I Range C tl 

#0 C9l: • 9581481 

#I [ 181 I : RllSCtl 
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#0£181: • 5118389 

#I C 1 ll : : Q 1 [ t l 

#0£111: .1427415 

#1£121 : : Q3 [ t l 

#0£121: .6894183 

#I [ 13 l : I Skew[tl 

#OC13l: .4857557 

#I [ 14] : I Kurt [t] 

#0£1411 1. 824871 

#I C 15 l : : Expc CExp, tl 

#0£1511 1.592872 

•I 

XS tr 
I•• Struve function& ••/ 

SStr....;Ldi&t 

SStr[lJ: StrHCSn,Szl -> 8a&YCSn,Szl + Pi"'(-1/2) SumCCSz/2)"'(-2m+Sn-1>\ 
(211> !•2-<-2ml /m!/(Sn-m-1/2) ! ,m,8,Sn-1/21 

I• 1105 p. 115 •/ 

SStrC2l: StrLCSn,Szl -> BasICSn,Szl + 2/Pi C-1>-<Sn-1/2) BasK[Sn,Szl\ 
-Pi"'(-1/2) SumC<-1>--m CS.:/2)"'(-2m+Sn-1> C2m> !•2-C-2l\ 
(11 I* <Sn-111) I>, m, 8, Sn-1/21 

I• 1105 p. 115 •/ 

SStrC3l: StrHCSn....rNatpC-Sn+l/21 ,Szl -> <-1)"'(-Sn-112) BasJC-Sn,Szl 
h;. 1105 p. 115 •I 

SStrC4l: StrHCl/2,Szl -> (Sz/2 Pi>-C-1/2)(1-CosCSzl> 
I• 1105 p. 115 •/ 

SStrC5l: StrLC-112,Szl -> (Sz/2 Pi)"'(-1/2><1-CoshCSzl) 
I• 1105 P• 115 •/ 
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XStr0 
I•• Basic character string manipulation ••I 

I• Char [str, il 
yields the ith character in the string str. a/ 
Char[$str,Si...;(8<Si<Clen[$str])] :: Impi CExpl [$strl [Sill 

la Clen[strl 
gives the number of characters in the string str. a/ 
CL en CSs tr] : : Len [Exp I [Ss tr] J 

la CRev[strl 
reverses the string str. a/ 
CRev [Ss tr] •• Imp I [Rav [Exp I [Ss tr] l J 

I• CJoln[strl,str2,. .. l 

,. 
#I C 1 J : : 

#I [ 2 J : : 

#0 [2]: 

#I £3 l : : 

#0 [31: 

#I C 4 l : : 

/llJC4l: 

/II [ 5] : I 

#0 [5]: 

/II [ 6] I I 

#0 [6] I 

#I [ 7 l : : 

#0 [7] I 

., 

concatenates the strings strl, str2, ••• *' 
CJoinCSSsJ :1 Impl[RpCCat,llapCExpl,ListCSSsJJJl 

<XString 

t : "R ch a r a c t er s t r i n g " 

"R character string" 

CharCt,41 

h 

Char[t,21 

,, ,, 

Clan[tl 

18 

CRevCtJ 

119 n i rt s re t car ah c R" 

CJoinC%,t,tl 

"gnirts retcarahc RR character stringR character string" 
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XStrl 
I•• Further character string manipulation ••/ 

<Xlistl 

I• CRap[strl,str, il 
replaces the character at position I instr by the string 
str1. •/ 
CRapCSstrl,Sstr,Sil :: (lc1[%1l; Xl:ExplCSstrl; %1[$il:ExplCSstrll; \ 

lmplCFlatC%1ll> 

I• Clns[strl,str,il 
Inserts the character string strl at position instr. •I 
..tlns[lnitl :: <Xlist8 
Clns[Sstrl,Sstr,Sll .. Impl[InsCExpl[Sstrll,Expl[$strl 1 $ill 

I• CPos[form,strl 
yields a I ist of the positions of the substring form 
in the string str. •I 
CPos[$form,Sstrl :: LPosCExpl [$form] ,Exp I [$strll 

I• CSCstr,repl,rep2, ••• l 

I• 

app Ii es success i va I y the rap I acemen ts rap i for substrings of the 
string str. Each replacement is used until it is no longer applicable. 
The special "generic character"$ represents any single character. •I 
CSCSstr,SSrepsl :: IiaplCApCLS,CatC!ExplCSstrl j, \ 

S Cllap CExp I [$1 Cll l ->Exp I [$1 C2l l, list [$$raps] l, \ 
( I Exp I C "S "l C 1 l > - >S % 1 l l l l 

#I [ 1 l : : <XS t r 1 

#I C 2 l : : s : "the ca t i n the ha t " 

/µJ C2l: "the cat in the hat" 

#I C 3 l : : C R e p C R R R R , s , 5 l 

/µJC3l: "the RRRRat in the hat" 

#I [ 4 l : : C I n s [ " n o t ", s , 8 l 

/IOC4l: "the cat not in the hat" 

#I r 5 l : : C Po s C t he , s l 

#0£51: 11,12j 

/II C 6 l : : C S Cs , t h a - >a , Sa t - >X X X X X l 

/µJ [61: "a XXXXX in a XXXXX" 

•I 
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XS um 
I•• Summation of series ••/ 

I• Canonica I forms for sums *' 

I• Canonical form for limits*' 
SSumCll 1 Sum[Se,Si,Sl,S2l --> SumCSCSe,Si->Si-Sl+l,-1,ll,Si,1,S2-Sl+ll 

I• Sums of rat Iona I functions •/ 
SSu•C21 Su11CSe,Si,Sl,S2l --> Su11CPfCSe,Sil,Si,Sl,S2l 

I• Simplification of sums •/ 

I• Remove Nosmp property for Sum o/ 
..Sum CNosmpl 1 

SumCSx+SSx,Si,Sl,S2l :: SumCSx,Si,Sl,S2l + Sum[$Sx,Si,Sl,S2l 

Su 1a CS x , S I ....r C "'I n CS i , S x l >, S 1 , S 2 l 1 1 ( S 2 - S 1+1> S x 

SumCSSn Sx,Si-"'ln[Si,SSnl,Sl,S2l :1 SSn SuiaC5x,Si,Sl,S2l 

Sum{Sx/CSSn Syl,Si-"'lnCSi,SSnl,Sl,S2l 11 SumCSx/Sy,Si,Sl,S2l/$$n 

I• Sums of positive powers•/ 

Sum[Si,Sl,1,Snl 1 SnCSn+l)/2 

Sum[$ i -csm-Na tp CS111l >,Si, 1, Snl CBerCSm+l,Sn+ll-Ber[Sm+ll)/(Sm+l> 

Su 111 C (-$a> -s i S I - (Sm_;. Na t p CS ml > , $ i ...;. "'In CS i , Sal , 1 , Sn l : \ 
<<-1>-Sn EulCSm,Sn+ll - EulCSm,8l)/2 

I• Geo~etric progression •I 

Su• CSa-S I, SI -ao"'ln CS I, Sal, 1, Snl (Sa-Sn - 1)/(Sa - ll 

XSumPR 

/a 

#ICll: I 

#1 [2] : I 

I•• Special output form for Sum **/ 

<XPR 
.Jiu• tPrl [Sexpr, $var, Ss tart, Sendl : 1 \ 

F•tClf1,8J, f3,8J, fl,-lJ, !1,1Jj,PSi9,Sexpr,Svar=Sstart,Sendl 

<XSum#PR 

1 +Su m C l / I -a , i , 1 , I n f l 

Inf 

-a 
//lH2l u 1 + I I 

I ,. 1 

a/ 
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XSympol 
I•• Generate symmetric polynomials **' 

I• Sympo I [n, xl 

XTEx 

generates a I ist of all symmetric polynomials Inn variables 
x[il. •/ 
Sympol[Sn_;Natp[Snl,Sxl :: (Lcl[%xl; \ 

Ps[ExCProdCC1+Sx[%il %x),%i,l,$nll,%x,8,$nl [5]) 

'** Tensor expansion **' 
I• TExCfCxl,x2,. •• ] ,reorl 

#1 ( 1] ' ' 

#1 [ 2] I l 

#0 [2] I 

#1 [ 3 l : : 

#0 [3] I 

#I [ 4] I I 

#0 [4] I 

*' 

• 

constructs a sum of tensor obtained by reordering the xi 
and assigning the factors specified by the permutation 
symmetries reor. •I 
<XPerm8 
<XRrperm 
TExCSf[SSxl,Sreorl •• Clci[%1,%o,%t,%c,%fl; Jf!Reorl:Sreor; \ 
Xo:RpC%f,List[S$xll; %t:8; RpCPlus,MapC%1:RpperCS1,ListCSSxll; \ 

IfCln[%f,%c:Rp[%f,Xll/%ol,8,IncC%t,%cl;%c RpCSf,%1ll, \ 
RrpermCLen[ListC$$xlllll/%t) 

<XTEx 

TEx Cf Ca,bl ,Syml 

f[a,bl + f[b,al 

2 

TExCf Ca,b,cl ,syml 

f[a,b,cl + fCa,c,bl + f[b,a,cl + f[b,c,al + fCc,a,bl + f[c,b,al 

6 

TEx[f[a,b,cl ,Cycl le] 

fCa,b,cl + f[b,c,al + fCc,a,bl 

3 
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XTrl 
I•• Elementary transcendental functions - 1 **' 

STr.....:Ldist 

I• 1. Exponential and Logarithm a/ 

/a 1.1 Functional Relations •/ 

I• 1.2 Relations to Other Functions •/ 

STrC1,2,1l1 

STrC1,2,2l: 

ExpCSxl ->Cos CI Sxl-I Sin CI Sxl 

Exp CSxl -> Co sh CSxl +SI nh CSxl 

XTr21 
I•• Elementary transcendental functions - 2.1 **' 

/a 2.1 Circular Functions •/ 

I• 2.1 Spacial Cases •/ 

STr.....:Ldist 

Sin CPI /681 <CS qr t C6l +Sqrt C2J > CS qr t C5l -1 > \ 
-2 CS qr t C3l -1) <Sqrt C5+Sqr t C5l l) > / 16 

SinCPi/381 CSqrtC38-6 SqrtC5ll-Sqrt[5J-1)/8 

SI n CP i /281 : (Sqrt C18l +Sqrt C2J -2Sqr t CS-Sqrt [5J l > /8 

SI n CPI /151 1 CS qr t C18+2Sqrt CSJ J -Sqrt Cl SJ +Sqrt C3l) /8 

SinCPl/121 CSqrt C6l-Sqrt C2l l/4 

SinCPi/18) : CSqrtCSJ-1)/4 

• 
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STr-1Ldlst 

STrC2,2,ll: 

STrC2,2,2l: 

STrC2,2,3l1 

STrC2,2,4l: 

STrC2,2,Sl: 

STrC2,2,6l: 

XTr23 

STr....:Ldist 

STrC2,3,ll: 

STrC2,3,2l: 

STrC2,3,3l: 

XTr24 

SMP LlBRARY 

I•• Elementary transcendental functions - 2.2 **' 
I• 2.2 Pythagorean Relations •I 

Sin[Sxl -> Sqrt[l-Cos[SxJ-2) 

Cos[Sxl -> Sqrt[l-SinCSxl-21 

Tan[Sxl -> S qr t [ S e c [ S x ] -2 - ll 

Cos[Sxl -> l/Sqrt[l+TanCSxl-21 

SinCSxl -> l/Sqrt[l+Cot[Sxl-21 

Tan[Sxl -> l/Sqrt[Csc[Sxl"'2-ll 

I•• Elementary transcendental functions - 2.3 ••/ 

I• 2.3 Rngle-suM Relations *' 

Sin [$x+SSyl -> Sin [Sxl Cos [$$yl +Cos CSxl Sin CSSyl 

Cos CSx+SSyl -> Cos CSxl Cos CSSyl -Sin CSxl Sin CSSyl 

Tan CSx+SSyl -> Clan CSxl +Tan CSSyl >I Cl-Tan CSxl Tan CSSyl) 

I•• Elementary transcendental functions - 2.4 **' 
lo 2 . 4 nultiple Angle Relations •/ 

Sln[Sn.-a:EvenpCSnl Sxl::SinCSxl (SuM[(-l>"'k CombCSn-k-1,kl\ 
(2Cos [$xl) "'(Sn-2k-l), IC, 8, Sn/2-ll) 

Sln[Sn.-a:Oddp[Snl Sxl :: SinCSxl (Sum[(-ll"'k Comb[Sn-k-1,kl\ 
(2Cos CSxl) "'($n-2k-l), k, 8, Sn/2-1/21) 

Co s C Sn __. E v e n p [ Sn l S x l 1 : 2 .... ( Sn - ll C o s C $ x l "'$ n + \ 
Sn/2Sum [ (-1) -IC Comb CSn-k-1, k-ll (2Cos [$xl) "'($n-2k), k, 1, Sn/2] 

Cos[Sn_.Oddp[Snl Sxl :: 2"'($n - ll Cos[$xl"'Sn+\ 
Sn/2Sum[(-1)-t Comb[$n-k-l,k-ll (2Cos[$xl)-($n-2k),k,l,Sn/2-l/2l 
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XTr25 
I•• Elementary tran&cendental functions - 2.5 ••/ 

I• 2.5 Power Relations *' 
Sin CSx_;Evenp CSnll Sn : : 1/2-CSn) <Sum [ C-1> -<Sn/2-U 2Comb [$n, l<l \ 

Cos C2 CSn/2-IC) Sxl, IC, 8, Sn/2-ll +Corr.b [Sn, $n/2l) 

SinCSx..sOddp[SnllSn 1: 1/2-CSn-1> CSumCC-ll-CSn/2+1C-l/2l Comb[Sn,l<l \ 
Sin[(Sn-21<) Sxl ,1e,8,Sn/2-l/2l) 

CosCSx..;EvenpCSnllSn :: 1/2-<Sn) (Sum£2Comb£Sn,kl\ 
Cos [2 (Sn/2-IC) Sxl, k, 8, Sn/2-ll +Comb [Sn, Sn/21) 

CoaCSx..sOddpCSnllSn :: 112-<Sn-1) (SumCCombCSn,kl \ 
Cos[(Sn-21<) Sxl ,1<,8, (Sn-1>/2]) 

XTr26 

STr_;Ldlst 

STrC2,6,ll1 

STrC2,6,2l: 

5TrC2,6,3l: 

STrC2,6,4l: 

STrC2,6,5l: 

XTr27 

STr_;Ldist 

STrC2,7,ll1 

STrC2,7,2l: 

STrC2,7,3l 1 

I•• Elementary transcendental functions - 2.6 **' 
I• 2.6 Fractional Angle Relations •/ 

Sin[Sxl -> Sqrt [Cl-Cos [2 Sxl) /2] 

CosCSxl -> Sqrt [ <l+Cos [2 Sxl) /21 

TanCSxl -> Sqrt C Cl-Cos (2 Sxl l I <l+Cos [2 Sxl)] 

Tan CSxl -> (1-Cos[2 Sxll/Sin[2 $x l 

TanCSxl -> SinC2 Sxl I <l+Cos [2 Sxl l 

I•• Elementary transcendental functions - 2.7 **' 
I• 2.7 Products of Sines and Cosines •/ 

Sin CSxl Sin CSyl -> Cos CSx-Syl /2-Cos [$x+Syl /2 

Cos CSxl Cos CSyl -> Cos [$x+Syl /2+Cos [$x-Syl /2 

Sin CSxl Cos CSyl -> Sin [$x+$yl /2+5 in [Sx-Syl i2 
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XTr28 
'** Elementary transcendental functions 

I• 2.8 Sums of Functions •I 

STr.....:Ldist 

STrC2,8,1J: SinCSxl+SinCSyJ -> 2S In [ <Sx+Sy> /2J Cos [ ($x-$tj l /2] 

STrC2,8,2J: SinCSxl-Sin[Syl -> 2Cos [ ($x+Sy) /2] Sin [ CSx-Sy> /21 

STrC2,8,3l: CosCSxl+CosCSyl -> 2Cos [ (Sx+Sy) /21 Cos [ <Sx-$y) /21 

STrC2,8,4l: CosCSxJ-CosCSyl -> -2S in C <Sx+$y > /21 Cos [ ($x-$y l /2] 

STrC2,8,5l: TanCSxl+TanCSyl -> Sin[$x+Syl/(CosCSxl Cos [$yl) 

STrC2,8,6l: TanCSxl-Tan[$yl -> Sin[$x-Syl/(Cos[Sxl Cos [$yl > 

XTr29 
'** Elementary trancendentc:I functions - 2.9 **' 

I• 2.9 Squares of Sines and Cosines •/ 

STr_;Ldist 

STrC2,9,1J: 

STrC2,9,2l: 

STrC2,9,3l: 

XTr2a 

STr.....:Ldist 

S i n [ Sx l -2 -S i n [ $ y l -2 - > S i n [ S x +Sy l S i n [ $x - Sy l 

Cos[Sxl-2-Cos[Syl-2 -> -Sin[$x+Syl Sin[$x-$~l 

Cos CSxl -2-S in CSyJ -2 -> Cos CSx+Syl Cos [$x-$yl 

I•• Elementary transcendental functions - 2.18 **/ 

I• 2.18 Relations to Other Functions *' 

STrC2,18,ll: SinCSxl ->-I <Exp Cl Sxl-ExpC-1 SxJ)/2 

STrC2,18,2l: SinrI Sxl ->I SinhCSxl 

STr [2, 18, 31: Cos [$xl -> <Exp [I Sxl +Exp [-1 Sxl > /2 

STr C2, 18, 41: Cos [I Sxl -> Co sh CSxl 

STr C2, 18, 51: Tan CSxJ -> I Cl-Exp CI Sxl) I Cl+Exp CI $xl l 

STrC2,18,6l: TanCI Sxl ->I TanhCSxl 
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XTr311 
I•• Ele•entary transcendental functions - 3.1.l ••I 

I• 3. Inverse Circular Functions •/ 

I• 3.1 Functional Relations •/ 

I• 3.1.l Complex Argu•ent •/ 

STr_;Ldist 

STrC3,l,ll1 Asin[Szl -> Pi/2-Acos[Szl 

STr£3,l,21: Acos[Szl -> Pi /2-As in [Sz] 

StrC3,l,3l1 A tan CSzl -> Pi/2-AtanCl/Szl 

STrC3,l,4l 1 A tan CSzl -> -Pi/2-Atan[l/Szl 

XTr312 
I•• Elementary transcendental functions - 3.1.2 ••/ 

I• 3 . 1.2 Real Argument between -1 and 1 •/ 

STr_;Ldist 

ST r C 3 , 1 , S l 1 As i n [ S x J - > P i I 2 -As i n [Sq r t Cl - Sx .... 2 l l 

ST r [ 3 , 1 , 6 l : A s I n C S x l - > A s l n [ S q r t [ 1 - Sx -2 l l - P I I 2 

ST r [ 3 , l, 71 : As I n [ S x J - > Ac o s CS qr t Cl - $ x -2 l l 

ST r C 3 , 1 , 8 l : P. a i n [ S x l - > -Ac o s CS qr t [ 1-S x -21 l 

ST r C 3 , 1 , 91 : A a I n [ S x l - > A t an [ $ x IS qr t Cl -S x -2 l l 

STrC3,l,18l: Acos[Sxl -> Pi/2-Acos[Sqrt[l-Sx-211 

ST r C 3 , 1 , 11 l : A c o a [ S x l - > P i / 2 + A c o s [ S q r t [ 1-S x -2 l l 

STrC3,l,1211 Acos(Sxl -> RsinCSqrtCl-Sx-211 

ST r ( 3 , l , 13 l : Ac o s [ S x l - > P i -As i n [Sq r t [ 1-S x -2 l l 

STr [3, 1, 141: A cos CSxl -> PI /2-R tan [Sx/Sqr t C l-Sx-21 l 

ST r C 3, 1, 1 S l : A tan [ S x l - > P I I 2 - A tan CS qr t Cl- Sx -2 l l 

ST r [ 3, 1, 16 l : At an [ S x l - > -P i I 2 -A tan CS qr t C 1-$ x -2 l l 

S Tr [ 3 , 1 , 1 7 l 1 P. ta n C S x J - > A s i n [ $ x IS q r t [ 1 + S x -2 l J 

ST r C 3 , 1 , 18 l : A tan CS x l - > P i I 2 -A cos C $ x IS qr t C 1 + S x -2 l l 
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XTr32 
I•• Elementary transcendental functions - 3.2 ••/ 

I• 3.2 Addition Relations •I 

STr....:Ldist 

STrC3,2,1l: Asin[Sxl+AsinCSyl -> RsinCSx Sqrt Cl-Sy""'2l +Sy Sq r t [ 1- Sx ""'2 l l 

STrC3,2,2J1 Rsin[Sxl-Asin[Syl -> Rsin[Sx S q r t [ 1 - Sy ""'2 l - $ y S q r t [ 1 - Sx ""'2 l l 

STrC3,2,3l: RcosCSxl+AcosCSyl -> Rcos[Sx Sy+SqrtCC1-Sx""'2) C 1-Sy ""'2 > l l 

STrC3,2,4l: RcosCSxl-RcoaCSyl -> RcosCSx Sy - S q r t C C 1 - Sx ""'2 > C 1-Sy ""'2) l l 

STrC3,2,Sl1 RtanCSxl+RtanCSyl -> AtanCCSx+Syl/Cl-Sx Sy> 1-

STrC3,2,6l: RtanCSxl-RtanCSyl -> RtanCCSx-Sy>ICl+Sx Sy>l 

STrC3,2,7l1 RsinCSxl+AcosCSyl -> RslnCSx Sy+ Sq r t [ ( 1- Sx ""'2 > ( 1-Sy ""'2) l l 

STrC3,2,8l1 Asin[Sxl+AcosCSyl -> Rcos[Sy Sqrt Cl-Sx-21 -Sx Sq r t [ 1- $ y ""'2 l J 

STrC3,2,9l1 Rsin[Sxl-RcosCSyl -> Rsin[Sx Sy-Sq r t C < 1-Sx ""'2 > (1-$y""'2)]] 

STrC3,2,18J: Rsin[Sxl-RcosCSyl -> RcosCSy Sq r t [1 - S x ""'2 l + $ x Sq r t [ 1- $ y ""'2 l l 

XTr33 
I•• Elementary transcendental functions - 3.3 ••I 

I• 3.3 Relations to Other Functions •/ 

STr....:Ldlst 

STrt3,3,ll: Rsln[Sxl -> -I RsinhCI Sxl 

STrC3,3,2J: Reos CSxl -> I RcoshCI Sxl 

STrt3,3,3l1 RtanCSxl -> -I RtanhCI Sxl 

STrC3,1,4l: RsinCSxl -> -I Log t C 1-Sx ""'2 > +I Sxl 

STrC3,1,5l1 Reos CSxl -> -I LogCSx+I C1-Sx""'2) l 

STrC3,1,6J: RtanCSxl -> I/2LogCC1-I Sx)/(l+I Sx)l 
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XTr4 
'** Elementary transcendental functions - 4 **/ 

/t:;. 4.1 Relations to Other Functions */ 

STr_;Ldist 

STrC4,1,ll: Sinh[$xJ -> <Exp [$x] -Exp [-$xl) /2 

STrC4,1,2l: Sinh[Sxl -> -I Sin [I Sx J 

STrC4,1,3l: Cosh[Sxl -> <Exp ($xl +Exp [-$x]) /2 

5TrC4,1,4l: Cosh[Sxl -> Cos [I $ x] 

STrC4,1,5l: Tanh[Sxl -> (Exp [$xl -Exp [-Sxl) I <Exp [$xl +Exp [-Sxl) 

5Tr[4,1,6l: Tanh[Sxl -> -I Tan [I Sxl 

I• All other relations may be obtained by using (4,1,ll - C4,1,6l to convert 
to circular functions and using the relations in Sec 2. •I 

XTrS 
'** Elementary transcendental h:nctions - 5 **/ 

I• 5. Inverse Hyperbolic F;.inctiors *' 
I• 5.1 Relations to Other Functions •/ 

STr.-JLdist 

STrCS,1,ll: RsinhCSzl -> -1 RsinCI Szl 

STrCS,1,2l: RcoshCSzl -> I Reos[! Szl 

STrCS,1,31: R tanh [$zl -> -I Rtan[I Szl 

STrCS,1,41: Rsinh[Sxl -> Log C $ x +Sq r t [ 1 + $ x ~2 l l 

STrCS,1,511 Rcosh[Sxl -> Log[$x+Sqrt[Sx~2-lll 

STrCS,1,61: Rt anh [$xl -> 1/2Log[(l+Sxl/Cl-Sxll 

I• All other relations tnay be obtained by using [5,1,11 - CS,1,61 to convert 
to circular functions and using the relations in Sec 3. •/ 
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XTup 

/* Tupo[tot,nl 
yields a I ist of al I possible ordered n-tuples of tot e l ements. */ 
Tupo[Stot.....rNatpCStotJ ,Sn.....rNatp[Snll :: TupoCStot,$nJ : \ 
Cat CT up o [$to t -1, $ n l , Map [Ca t [ $ l , l $to t !J , Tu po C $to t -1 , $ n - ll l l 
TupoCStot,81 : !!II 
Tupo [$tot,$n....; CSn>Stot)] : l ! 

/* Tup[tot,nl 
yields a I ist of al I possible unordered n-tuples of tot elements. •/ 
Jup[lnitl :: <XList8 
Tup[Stot.....rNatp[Stotl,Sn....rNatpCSnll :: Tup[Stot,Snl : \ 

Cat[Tup[Stot-1,Snl,Flat[MapCAr[$n,Ins[$tot,S l ,$2ll, \ 

TupCStot,81 : !!II 
TupCStot,Sn.....r CSn>Stot)] : 

I• TupaCtot,nl 

Tup [$tot-l, $n-ll l, ll J 

l I 

yields a I ist of unordered n-tuples of tot elemen t s, al lowing 
repetitions of an element.*/ 
TupaCStot,$nJ •• FlatCArCRrCSn,Stotl ,List] ,Sn-ll 

I• PairsCtotl 
yields a I ist of al I possible partitionings of tot elements 
Into pairs. */ 
_pairs~Initl :: <XSets 
Pai rs [$n....;Na tp CSn/21 l : : \ 

Un ion CMap CSort, Trans [ iTupo [Sn,Sn/21, \ 
Map CC mp I [Sl, Rr CSnl l, Tuoo [$n, $n/2l l l, $n/2l, 21 l 

#I Cll:: <XTup 

#I [ 2] I : Tu p 0 [ 3 ' 21 

#CC21: !fl,21,!1,3!,!2,311 

#I C 31 : : Tu p C 3 , 2 J 

#IJC31: !f2,lj, !1,2!, !3,lj, !1,3j, !3,2j, !2,3!j 

#I C4J:: Tupa C3, 21 

#D c 4 1 : !f 1 , q, ! 1 , 2 1. p , 3 l. ! 2 . 1 !. ! 2 , 2 l. ! 2 , 3 l. ! 3 , 1 L ! 3 , 2 1. ! 3 , 3 1 l 
#I C 5 J : : Pa i rs [ 4 J 

#OCSJ: llfl,2 j, !3,4j!, ffl,3j, !2,4j!, f!l,4j, f2,3jlj 
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XTuring 
'** Turing machine simulatio~ * *' 

'* Tape[il 
is the ith symbol on the data tape. 
<Tape [ $il:l defines a tape consisting solely of l's) *' 

'* Spec[stl,symbll 
is of the form !symb2,st2 land specifies that when the machine 
Is in state stl and reads the symbol symbl from the tape, it 

/'II Left 

I'll Right 

writes symb2 in place of symbl on the tape, and makes a transition 
to state st2. The machine halts when no applicable Spec exists.*' 

Is a special symbol which when read causes the tape to advance under 
the read i ng head one symbo I to the I e ft. *' 

Is a special symbol causing the tape to advance to the right. *' 

I'll The symbol Null represents a blank position on the tape. 'Ill 

I'll Start[pos,st0l 

'* 

starts the Turing machine in state ste and at position pos on 
the tape; if the operation of the machine te r m i nates, it yields 
the final position and state. *' 
Start[$pos,$st0l :: <Lei [ %pos, %stl; %pos:$pos; %st:$st0\ \ 

Rpt[Next[Spec[ %st,Tape[ %poslll,Infl; ! %pos,%st1l 
Next[$x...;"'\/alp[Sxll :: Rat[] 
NextCiLaft,$st!l :: (%st:$st; Dec[ %poslJ 
Next[ Right,SstjJ :: ( %st:$st; ~ncC%posll 
Next[ $symb,SstJl :: (Tape[ %posJ:$symb; %st:$stl 

#ICll:: <XTuring 

#I [ 2 l : : Tap a [ $ i __; S i <S l : 1 

#OC21: 1 

#IC3l:: SpecC1,0l:!Right,lj 

f/-OC3l: !R i ght,lj 

#I [ 41 : : Spec [ 1, 1 J ' ! 0, 2 I 
#0£41 : 10 , 2j 

#I C 5 l : : Spec C 2 , 0 l : IR i g h t , 2 l 

#OCSl: !Right,2j 

#ICSJ:: Spec C2,ll:fR i ght,lj 

/µJC6l: IRight,lj 

#I C7J:: Start (1, 1l 

#OC7l: f S , lj 

#I C 81 : : 

#-0 (8]: 

*' 

Tape 

fc3J: 0, Cll: 0, CSi __;CS> Sill: 1j 
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XUnFlat 
'** List unflattening **' 

'* UnFJatClist,nl 

'* 

collects successive sets of n entries in list into sublists.*' 
UnFlat[$1ist_rContp[$1istl,$n...;Natp[Len[$1istl/Snll :: \ 

Cat CRr C ! !1, Len[$ Ii s tl, Sn I!, Ar [$n, $Ii st [$1+$2-11 J J J 
UnFlat[Slist--"ContpC$1 i stl,Sn_rNatpC$nll :: \ 

CatCRrC!!l,LenC$1istl,Snll,CatCArCSn,SlistCSl+S2-ll, \ 
$1+$2 <=Len CS Ii s tl +ll] l l 

#ICll:: <XUnFlat 

#I C 2 J : : t : Ar C 1 8 l 

#OC2l: fl,2,3,4,5,6,7,8,9,18j 

#I C 3 l : : Un F I a t C t , 2 l 

#<JC3J: lf1,2!, f3,4j, {5,6!, p,s!, fs,1011 

#I C 4 l : : Un F I a t C t , 3 l 

lfOC4l: !f1,2,3j, {4,5,6!, p,s,s!, f1011 

*' 

XUnmark 
/c* Remo v e Marks ** ' 

/c Unmark[exprl 

XVecan 

'* co SF 

removes al I ma r ks in expr. *' 
Unmark [$exprl : : S C$expr, '$->SJ 

I•• Three-dimensional v ector analysis **' 
I ist of orthonormal coordinates 
I ist of scale factors associated with each coordinate 

(diagonal components of metric). *' 
'* Vecp[vl 

yields 1 if v is a contiguou:; l i st of three elements, representing 
a 3-dimensional vector, and 0 otherwise. *' 
Veep [Svl •. Con tp [$vl & Len [$vl =3 

/:t; VAbsCvecl 
yields the norm (modulus) of the vector v ec. *' 
VA b s C $ I i s t ..r C o n t p [ $ I i s t l J • • S q r t [ R p [ P I u s , $ I i s t -2 J l 

'*Default Cartesian coordinate system: *' 
CO: !x,y,zl 
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SF: fl,1,lj 

I• Assignments for other coordinate systems: *' 
I• Cartesian:*' CRR :: fCO: fx,y,zj,SF: fl,1,ljl 
I• Circu!ar cylindrical:*' CYL :: fco:lr,phi,z ,SF: _fl,r· ,ljj 
I• Spherical:*' SPH :: fCO: !r,th,ph1 ,SF: fl,r,r S1n[thl 
I• Further coordinate systems given in Morse & Feshbach, sect. 5 *' 

I• Scf[cartl 

'* Rrc 

I• Vol 

computes the scale factors SF for the coordinates CO 
from the I ist cart of values for the Cartesian coordinates 
x,y,z in t erms of the curvilinear coordinates CO[ll,C0[2J,C0[3]. *' 
ScfCScartl •• CSF:RrC3,VRbs[O[$cart,COC$llllll 

a r c I e n g t h d s ~z w i t h r e s p e c t t o c o o r d i n a t e s C 0 . * I 
R r c : : s u m c s F c % 1 l ~z D t c co c % 11 l ~z , % 1 , l , 3 l 

volume element dV in coordinates CO. * / 
Vol •• ProdCSF[%1l DtCCOC%lll,%1,l,3l 

'* Grad[fl 

I• Ovg[fl 

gradient of scalar expression f with respect to coordinates CO . .,,; 
Grad[$'] •• Rrl3,0[$f,CO[Slll/SF[$lll 

dlvergenc 9 of vector (list) f wi~h respect to CO.*' 
D v g [ $ f _;tF V e c p [ $ f l l : : S u 111 [ 0 [ $ f [ % l l < S F [ l l S F [ 2 l S F [ 3 l l I S F [ % 1 l ~z , \ 

COC%1ll, %1, 1, 3 1 /( :'F[ll ~F[2l 5F[3Jl 

I* Cur I [fl 

I• Lap Cfl 

'* 
#I C 1 l : : 

#I [ 21 I : 

#0 [21: 

#I C 31 : : 

#0 [31: 

#I C 41 : : 

#0 [4]: 

curl of ve c tor expression f with res ~e ct to CO. */ 
Curl[$f_;FVecp[$fll :: \ 

f<DCSFC3l $f[3J, COC2ll - 0[5FC2l $f[2l, C0[3Jll/(5F[2l5F[3ll\ 
(O[SFCll SHll, COC3ll - 0[5 F [3l $f[3J, CO[lll l/ CSFC3JSFC1ll,\ 

CDCSFC2l $f[2J, COClll - DCSF[ll $f[ll C0[2lll/CSF[1J5F[2Jl j 

Lap I ac : an of sea I ar expression f ~1 i th respe-: t to CO. * I 
Lap [ $ fl . • s u m CD [ ( s F [ 1l s F [ 2 l s F [ 3 l ) Is F [ % 1l ~z D [ $ f ' c 0 [ % 1l l , \ 

COC%lll, %1, 1, 3J /( 5F[ll SF[2J 5F[3ll 

<XVecan 

t : ! x ~2 +a y ~z , )( y ~3 , )( y z l 
2 3 2 

fa y +x,xy,xyzj 

DvgC%1 

2 
2x + x y + 3x y 

Grad[ Xl 

2 
f2 + y + 3 y ,x + 6x y,9j 

#ICSJ:: Vol 

#0 [SJ: 

#1 [6 l : : 

#0 [6]: 

#I C7 l : : 

DtCxl Dt[yJ Ot(zl 

SPH 

!!r,th,pn i l, fl,r,r Sin[thl jj 

Vol 



#0 [7]: 

#I [ 8 J : : 

#0 [8]: 

#I [91 : : 

#0 [9]: 

#1[181:: 

#DC18J: 

tt-1 

XWarn 

SMP IJBP..ARY 

2 
r Ot[phil Ot[rJ Ot[thJ Sin[thJ 

r -2 S i n C t h l -3 Cos C p h i J 

2 3 
r Cos[phil SinCthJ 

Lap C%J 

2 2 2 4 
- r CosCphiJ Sin[thl + 3 r Cos[phil SinCthl 

2 2 2 
+ 9 r Cos[phi] Cos[thl S i n[thl 

2 
r Sin[thl 

Ex C%J 

3 2 
3Cos[phil Sin[thl - Cos[phil Sin[thl + 9Cos[phil Cos[thl Sin[thl 

'** ~arning messages **' 
Sx/8 :: <Prh[Sx/8,"generated"l;l 
8 -s x --"' < S x <e > • • < P r h [ e -s x , "g e n e r a t e d "J ; > 
Log [81 •• CPrh ["Log [8] generated "l; l 
Gamma [Sn.....rNa tp C-Snl l .. <Prh [Gamma [$nl, "generated "l; l 

(Sf:: <Prh[$f,"file unavailable"];) 

(Sa : Sb) 
(Sa :: Sb) 

C Pr h [Sa : $ b, "i mp o s s i b I e ass i g nm en t "l ; ) 
(Pr h [Sa : : Sb, "i mp o s s i b I e ass i g nm en t "J ; > 

II i n v [ $ rn....; L i s t p [Sm J J : : (Pr h [Sm, "i n v er s i on i rn poss i b I e "J ; l 

#IC 1l : : <X~arn 

#I [ 2] I : 2/& 

2 
generated 

8 

2 
#0 C2J: 

8 

*' 
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XWatch 
,.,,.,, Uatching external file input **' 

'* Uatch[filel 
inputs the specified external file, printing each assignment 
in the file before it is made.*' . 
~latch[$filel •• <Set_;Setd_;Trace; <Stile; ....Setnracel:....SetdCTracel:) 

XLJhi 
'** Uhittaker function .,,.,,, 

SUhi _. Ldist 

S IJ h i C 1l : Uh i M [ $ I , $ m , $z l - > Exp [ -S z / 2 l $ z - < l / 2 + $ m > ~J h i tl Cl/ 2 + $ m - $ I , l + 2 $ m , $ z l 

SIJ hi C 21 : 

SUhiC3J: 

SUhiC4l: 

XLJron 

IJh i U [$I, Sm, $zl -> Gamma C-2$ml /Gamma Cl/2-Sm-$1 l Wh i M C$zl \ 
+Gam:na C2$ml /Gamma Cl/2+$m-$ I l >Jh i Vi[$ I, -Sm, $zl 

l~h i M [$k, $m, $zl -> Exp C-Sz/21 Sz-<Sm+l/2) Chg [l/2+$m-Sk, 1+2$m, $zl 

Uh i U [$I, Sm, Szl -> Exp C-$z/2J $z-(1/2+$m) KumU [1/2+$m-$ I, 1.,.2$m, $zl 

'* for special cases, see XChg and XKumU *' 

'** llronsk i an and Jacobi an **' 

/ft. 1Jronefyl,y2, ••• !,xl 
forms the Uronskian of !yl,y2, ••• J with respect to x, which 
must vanish if the yi are linearly dependent.*' 
1Jron[$1ist,$xl :: DetCArCLen[$1istl,DC$1ist, !$x,$1-ljlll 

I* Jact!xl,x2, •• !, !ul,u2, •• jl 
forms the Jacobian of the transformation from !xl,x2, ••• 

'* 
#IC 1l:: 

#I C 2 J : : 

#fJC2J: 

#I C 3 l : : 

#0 [3]: 

to !ul,u2, ••• l· *' 
Jae [Sx, $u_rLen [$u] =Len [Sxl l : : De t CAr [Len CSxl, D [$x, $u CSll 111 

<XI.Iron 

Ur o n C ! x ~z , E x p [ x l ! , x l 

2 
-2x Exp Cxl + x Exp Cxl 

Jacqx~2+y~2,x<y-ll !, !x,yjl 

2 
-2y (-1 + yl + 2 x 
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XVear 
'* Year[month,dayl 

gives the number of each day in a non-leap year *' 

Month: !CJanl:31, CFebl:28, Cl1arl:31, [Rprl:39, Cl1ayl:31, [Junl:39, \ 
[Jull:31, CRugl:31, [Sep]:39, COctl:31, CN o v l:33, [Oe c l:31j 

Ya a r : ( l c I [ % t l ; % t : 8 ; R r [ l ! ! J a n , F e b , 11 a r , R p r , 11 a y , J u n , J u I , R u g , S e p , 0 c t , ~! o v , :J e c l ! l , \ 
Xt+RrCinc[%t,11onth[$%lllll) 

'* 
/II C 1 l : : 

#<JCll: 

*' 

XVoung 

YearCRug,29] 

241 

'** Young graphs **' 
/* !il,i2, ••• J represents a Young graph with il bo x es in the top r ow, 

i2 in the second, ••••• *' 
/$ POim[I istl 

yields the dimensionality of the repres'3ritation of t h e s~n me tr ic 

group corresponding to the young graph specified by list. * ' 
PDiRICSI istl •• RpCPlus,SI istl !*Prod[Prod[SI ist[il- SI i st[jl+j-i , \ 

lo-. YGl1u: t Cygl , yg2l 

j,i+l,Len[$1istll,i , 1,Len[$1ist l l I \ 
Prod[($! ist[il+len[SI istJ-i) !, i,l,Len[ S i i st]] 

y i elds a list of Young graphs occuring in the product of the 
representations of the symmetric group correspondin g to ygl 
and yg2. *' 
YGl1ultCSll,S12l • • Clc1[%11,%12l; \ 
%11: fRr[lan[$11l ,Rr[$1l[Sll ,8ll j;\ 
%12:FlatCRr[len[$12l ,RrCSl2[Sll ,Sllll; \ 
0 o [ % i , le n [ % I 2 J , % I 1: F I at [ 11 a p [ Y Gadd [ $ % 1 , % I 2 [ % i l l , % I 1 J , 1l ; \ 
%1l:CatCRrClenC%11l,%1l[Sll,,YGt8CSll&YGtlCS1,%12[ %ill& \ 

YGt2CS1, %12C%illlll; 11apCLen,%11, ! 2!J> 

YGadd[$1ist,Snl :: \ 
Cat[Rr[len[Slistl,YGaddl[Slist,Sl,Snll,!CatCSl i st, ! !$ nj ! J jl 
YGaddl[Slist,Spos,Snl :: \ 
Cat CRrCSpos + -1,SI ist], !Cat [$1 ist [$posl, !Sn jl !, \ 

Rrc!!Spos + 1,Len[Slist] jj,Slistll 

'*Test for legal graphs *' 
YGt9[$1istl :: RpCGe,11ap[len,Slistll 
Y G t 1 [ S I i s t , $ n] : : R p CU n e q , 11 a p [ $ l [ 2 l , Po s [ $ n , $ I i s t] ] J 
YGt2[$1 ist,Snl : : YGt2pCOel [9 , F l atCMapCRe v ,SI istlll ,Snl 
YGt2p[Slist,Snl : : \ 
( l c I [ % t , % r l ; % r : R r [ $ n , 8 l ; F o r [ % t : 1 ; % c : 1 , % c <= L e n [ $ I i s t l ti ti p [ G e , % r l , \ 
Inc [%cl , % I [ $ I i s t [%cl l : % I [ $ I i s t [ %cl l + l l ; I f [ % c >Len [ $ I i s t l , 1 , 9 l ) 
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YGt3[$1 ist,Ssunl •• $sun >= Len[$1 istl 

'* #I C 1l : : <X Youn g 

#IC 2] I : y GM u I t cf 1' 1 L I 1' 1 p 
#OC2l: 112,2!, !2,1,lj, i2,1,1j, 11,1,1,ljJ 

#IC3l:: Map[PDim,%1 

#OC3J1 !3,2,3,3,1j 

#I C 4 l : : PD i m C I 5 , 3 , 2 , 2 , 1 j l 

#0 [4]: 21458 

XZeta 

SZeta _; Ldist 

SZetaCll : 

ZetaC8l: -112 

5Zeta[2l : 

SZetaC3l : 

SZe ta C4l: 

SZeta[SJ: 

5Zeta[6l: 

I** Rie~ann zeta function **/ 

Zeta[$zl -> 2(2 Pil-C$z-l> SinCPi/2 J:zl Gamma[l-$zl Zeta[l-$}: 
I• l'iOS p. 19 *' 

I* Special values */ 

Zeta[$m _; Natp[-$mll -> -Ber[-$m+ll/C-$m+ll 
/:If. MOS p. 19 *I 

Zeta[Sm - Natp [-$m/2l l -> 8 
/:~ MOS p. 19 *I 

Zsta[$m - Natp[-$m/2+1/2ll -> B e r [ - $ m + 1 l I ( $ m -· 1l 

'* llOS p. 19 •I 

Zeta[$m.....;. Natp[$m/2ll -> C-ll-C$rn/2+1l <2 Fil-Sm/2/(2 $ml!*\ 
Ber[Sml 

I* MOS p. l!l */ 

Z e t a [ $ m ...; N a t p [ $ m 12 l l - > ( 2 P i l -$ m I 2 I ( 2 $ m l ! * A b s [ B e r [ $ m l l 
1-:r. MOS p. 19 */ 

I• The generalized zeta function*/ 

I• Special values for the argument and parameter*/ 

SZe ta [7]: ZetaCSz,ll -> Zeta[$zl 
It.: MOS p. 23 */ 

SZe ta C8l: Zeta[Sz,U -> 11 C2-$z-ll Zeta[$z,1/2l 

'* MOS p. 23 :'[./ 

SZe ta C9l: Zeta[0,$al -> 1/2 - Sa 
/* MOS p. 23 *' 

SZetaC18l: Zeta [$m...;Na tp Cl-$ml, Sal -> Ber [-$m+l, $al I CSm-ll 

'* MOS p. 23 */ 
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