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Evaluation of Feynman Integrals

(] / BN, e, z)dx

Behavior of particles

Feynman integrals
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expression in RISC Z (|' d)
special functions (Sigma-package) complicate

multi-sums



A warm-up example: simplify
ii( (25 +k+n+2)5K( + k+n)!
GHe+D)G+n+ )G +E+DIG +n+ DIk +n+ 1)
+j!k!(j+k+n)!(—51(j)+Sl(j+k)+51(j+n) —Sl(j—l—k—i-n)))
G+E+DIG+n+ DN k+n+1)!

f@)

k=05=0

where

Sitn) =25 (= Ho)

Arose in the context of

|. Bierenbaum, J. Bliimlein, and S. Klein, Evaluating two-loop massive operator matrix
elements with Mellin-Barnes integrals. 2006
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fG) =90 +1)—g(j)
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= Gk +n+ DG +E+DIG+n+ DIk +n+1)!

+j!k!(j +E+n)(=510)+ 51 +k) + 510 +n) = 5i(j+k+n)) )
G+ek+DG+n+ 1)1 k+n+1)!
f(G)
FIND ¢(j):

fG) =90 +1)—g(j)

1 summation package Sigma
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Summing the telescoping equation over j from 0 to a gives
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A warm-up example: simplify
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A warm-up example 7

Telescoping

GIVEN Z Sy (k) + Si(n) — Si(k + n)

il knk+n+1)

-~

= f(k)

FIND g(k) :

L9k +1)— g(k) | =| (k) |

forall0 <k <mnandalln>0.

no solution @
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Zeilberger's creative telescoping paradigm

GIVEN L : Sl(k') + Sl(n) — Sl(k‘ + TL)
Aln) = kz_;\ kn(k+n+1) '
= f@?k)
FIND g(n, k)

[g(n,k+1) — g(n. k)| =| f(n, k) |

forall0 <k <mnandalln>0.

no solution @
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Zeilberger's creative telescoping paradigm

GIVEN & Su(k) + Sa(n) — Su(k + )
Aln) = kz_;\ kn(k+n+1) '
—: f(n, k)

FIND g(n, k) and co(n), c1(n):

Lg(n,k+1) — g(n, k) |= |co(n)f(n,k) +c1(n) f(n+ 1, k) |

forall0 <k <mnandalln>0.
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Zeilberger's creative telescoping paradigm

GIVEN = Si(k) + Si(n) = Si(k +n)
Aln) = kz_;\ kn(k+n+1) '
—: f(n.k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

|Sigma computes: | co(n) = —n, c1(n) = (n+2) and

kSi(k) + (—n —1)S1(n) — kS1(k+n) — 2

gln, k) = Gtn+ DTl
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A warm-up example 7

Zeilberger's creative telescoping paradigm

GIVEN o Su(k) + Si(n) = Si(k +n)
Aln) = kz_;\ kn(k+n+1) '
= f(n, k)

FIND g(n, k) and co(n), c1(n):

[g(n,k+1) = g(n, k)| = [co(n)f(n, k) + ca(n) f(n+ 1,F) |

forall0 <k <mnandalln>0.

Summing this equation over k from 1 to a gives:

lg(n,a+1) — g(n,1) | =[co(n) A(n) + 1 (n) A(n + 1)

a S1(a)4+S1(n)—S1(a+n
e —nAm) + 2+ mAR )

+ a(a+1)
(n+1)3(a+n+1)(a+n+2)
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(n 4+ 1)Sy(n) + 1

(n+2)A(n+1) —nA(n) = nt1)

recurrence finder

kn(k +n+1)

k=1




A warm-up example 8

(n 4+ 1)Sy(n) + 1

(n+2)A(n+1) —nA(n) = nt1)

recurrence solver

I 1 l
ad Sl(k)+51(n)—5'1(k+n) {CX e
A(n) = nin+1
(n) s kn(k+n+1) € 51(7(1)2 —i—.;g(n) R
2n(n +1) e € R

n

Si(n) :Z% Sy(n) :lez



A warm-up example 8

(n+1)Si(n) +1
(n+1)3

(n+2)A(n+1) —nA(n) =

Summation package Sigma
(based on difference field/ring algorithms/theory
see, e.g., Karr 1981, Bronstein 2000, Schneider 2001/2004 /2005a—c/2007/2008,/2010a—c)

1 +
o) = o~ S1(k) + Si(n) = Si(k+n) | _ 0%
An) 2 kn(k+n+1) N ((n)ji)sg(n)
2n(n + 1)
where § -
S=Y:  Sm=)

=1 i=1



A warm-up example 9

n[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider (© RISC-Linz |

A

n2l:= mySum = Z
k=1

S[1,k] + S[1,n] — S[1,k +n] _
kn(k +n + 1) ’




A warm-up example 9

In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider (© RISC-Linz |

A

n2l:= mySum = Z
k=1

Compute a recurrence

In[3:= rec = GenerateRecurrence[mySum, n][[1]]

S[1,k] + S[1,n] — S[1,k +n] _
kn(k +n + 1) ’

a+1)(S[1,a]+S[1,n]—S[1l,a+n a(a+1
Out[3]=nSUM[n]+ (14n)(2+n)SUM[n+1] =={ ><(T[L+11)2(J+nlr2)7£! D4 (n+1)3(a+i+1)za+n+2)n!




A warm-up example 9
In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider (© RISC-Linz |

A
vt mySum — 3 S+ SlLon] = S[L k-],

)
= knk+n+1)
Compute a recurrence

In[3l:= rec = GenerateRecurrence[mySum, n][[1]]

a+1)(S[1,a]+S[1,n]—S[1l,a+n a(a+1
Out[3]=nSUM[n]+ (14n)(2+n)SUM[n+1] =={ ><(T[L+11)2(J+nlr2)rlb! D4 (n+1)3(a+i+1)za+n+2)n!

In[4]:= rec = LimitRec[rec, SUM[n], {n}, A]

_ (n+1)S[1,n] +1

outl4)= —nSUM[n] + (1 +1n)(2 4+ n)SUMn + 1] == gt 12



A warm-up example 9

In[1]:= << Sigma.m
| Sigma - A summation package by Carsten Schneider (© RISC-Linz |

A
S[1,k] 4+ S[1,n] — S[1,k + n]
In[2:= mySum = Z kn(k + n + 1) H

k=1
Compute a recurrence
In[3l:= rec = GenerateRecurrence[mySum, n][[1]]
aa+1)

a+1)(S[1,a]+S[1,n]—S[1l,a+n
Out[3]=nSUM[n] + (1+n)(2+n)SUM[n+1] == ¢ )<(T[L+1])2(a[+nlr2)i! ])+(n+1)3(a+n+1)(a+n+2)n!

In[4]:= rec = LimitRec[rec, SUM[n], {n}, A]
_ (n+1)S[1,n] +1

outl4)= —nSUM[n] + (1 +1n)(2 4+ n)SUMn + 1] == gt 12

Solve a recurrence
In[s]:= recSol = SolveRecurrence[rec, SUM|n]]

|
S[1,n]? + Z =
i=1

Out[5]= {{07 n(n+ 1) }7 {17 2n(n+ 1) }}
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In[1]:= << Sigma.m
‘ Sigma - A summation package by Carsten Schneider (© RISC-Linz ‘

A
S[1,k] 4+ S[1,n] — S[1,k + n]
In[2:= mySum = Z kn(k + n + 1) H

k=1
Compute a recurrence
In[3l:= rec = GenerateRecurrence[mySum, n][[1]]
aa+1)

a+1)(S[1,a]+S[1,n]—S[1l,a+n
Out[3]=nSUM[n] + (14n) (2+n)SUM[n+1] == ¢ )((T[L+1])2(a[+n-]¢_2)i! D (n+1)3(atn+1)(atnt2)n!

In[4]:= rec = LimitRec[rec, SUM[n], {n}, A]
_ (@4+1)s[1,n] +1

outl4)= —nSUM[n] + (1 +1n)(2 4+ n)SUMn + 1] == @t 1)?

Solve a recurrence
In[s]:= recSol = SolveRecurrence[rec, SUM|n]]

|
s[t,n]* + > o
i=1

Out[5]= {{07 n(n+ 1) }7 {17 2n(n+ 1) }}

Combine the solutions
inje]:= FindLinearCombination[recSol, {1, {1/2}, n, 2]
Slt,o* +35 .,
Outfp]l= —— ———
2n(n+1)



A warm-up example
A warm-up example: simplify
ZZ (2 +k+n+2)5k 3+ k+n)
GHe+D)G+n+ )G +E+DIG +n+ DIk +n+ 1)

L JEIG+Ek+n) (=S ()+Sl(j+k)+51(]+n)—Sl(j—i—/c-i-n)))
G+ek+DG+n+ 1)1 k+n+1)!

f@)

k=05=0

= Sl -I-Sl Sl(k-l-n)
;]Z:%f( n'z kn( k;+n—|—1)
_ 1.51(n)* + Sz(n)

n!  2n(n+1)

where



A warm-up example
A warm-up example: simplify

(2 + k+n—+2)7%( + &k +n)!
ZZ J+HE+D)G+n+D)G+E+DIG+n+ DIk+n+1)!

k=05=0
'k'(]—l—k—i—n) (=S1(5 )+S1(]+k)+51(]+n)—Sl(j—i—k—l-n)))
G+E+DG+n+DNk+n+1)
f(n,k,j)
e Sl( ) +3Sz(n)
kzzojgof(n k) = 2n(n +1)!
where



Crucial summation paradigms 13
1. Creative teleSCOplng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n: extra parameter

n
A(n) = Z f(n, k); f(n,k): indefinite nested product-sum in k;
k=0

FIND a recurrence for A(n)
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1. Creative teleSCOplng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n: extra parameter

n
A(n) = Z f(n, k); f(n,k): indefinite nested product-sum in k;
k=0

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), . ..,aaq(n), h(n):
indefinite nested product-sum expressions.

ap(n)A(n) + -+ 4+ ag(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums

(Abramov /Bronstein /Petkovdek /CS, in preparation)
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1. Creative teleSCOplng (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n: extra parameter

n
A(n) = Z f(n, k); f(n,k): indefinite nested product-sum in k;
k=0

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n), . ..,aaq(n), h(n):
indefinite nested product-sum expressions.

ao()A(n) + -+ ag(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums

(Abramov /Bronstein /Petkovdek /CS, in preparation)

3. Find a “closed form”

A(n)=combined solutions in terms of indefinite nested sums.
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n—2 j+1 n—j+r—2 1)r+s (J+1) (—j+"+T_2) (—=j+n—2)r!

ZZ Z —$)(s+1)(=j+n+r)!

j=0r=0 s=0

Simple sum
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n—2 j+1 n—j+r—2 1)7«+s (J+1) (—j+n+r—2) (=7 +n—=2)r

ZZ Z —s)(s+1)(=j+n+r)!

j=0r=0 s=0 H

n—=2j+1|n—jt+r—2 (_1)r+s (j—i—l) (—j+n+r—2) (—j in— 2)!7.!

ZZ Z (n—rs)(s—i-ls)(—j+n+r)!

j=0 r=0 s=0
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n—2j+1n—j+r—2 (_1)T+s (j+1) (—j+n+r—2) (_] in— 2)!7,!
r s

ZZ Z (n—=s)(s+1)(—j+n+r)!

j=0r=0 s=0 H

—2j+1|n—j+r—2 ] —j — .
n—27 n—j+r (_1)r+s(Jj:1)( J+n+r 2)(_j+n_2)!7.!

ZZ Z (n—s)(s+1s)(—j+n+r)!

7=0r=0 s=0
I

j+1 (—=1)"(—j +n — 2)lr!

( r )((n—l-l)(—j—i-n—i—r—1)(—j+n+r)!+
()" G+ DN (=F+n—2)(—j+n—1)7! )
(n = Dn(n+ 1)(—j + 7+ (=) = Dr@ )
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n—2j+1ln—j+r—2 (_1)T+s (j+1) (—j+n+r—2) (_] in— 2)!7.!

j;; ; (n—rs)(s—i-ls)(—j+n+r)!
I
J+1 . .
Jj+1 (=) (=j +n—2)r!
- ;0( r ><(n+1)( Jrntr—D(—j+n+nl
(=)™ + DU —j +n—2)(- J+n—1)r7"!>
(n=Dnn+1)(=j+n+r)(=j—1)r(2-n);

[ing




Crucial summation paradigms

n—2j+1ln—j+r—2

Yy oy Ge

§=0 r=0

[\

n—

s=0

(=1 (N (T (= + 0 - 2)!r!

s)(s +1)(=j+n+7)

J+1

%

J+1

(-1

—1)"(=j+n—2)r!

)t +
r )N+ 1)(=j+n+r—1)(=j+n+r)
W“U+¢M@j+n—2w—j+n—nw!)

m=Dnn+1)(—j+n+r)(-7—-1),2—-n

)j

J

—n);
n2—n4+1 ; z+n—1 )2(i+1)!
<(n—1)2n2(n+1)(2—n)j e -n),
(1) (=j = 2)(=j+n—2)!\ . 1
GontDn+ 1) JERRVE m+12(—j+n-1)
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n—2j+1ln—j+r—2 (_1)T+s (j+1) (—j+n+r—2) (_] in— 2)!7.!

ZZ Z (n—rs)(s—i-ls)(—j+n+r)!

j=0r=0 s=0 H

4 —n);
n—2 n2—mn+1 ; z-l—n—l )2(i 4 1)!
2 <<<n SR DE-n), | (D n);

(=17 (= = 2)(=j +n—2)!\ . 1
(j—n+1)(n+1)2n! >(‘7+1)!_ (n+1)2(—j+n—1))

+
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n—2j+1ln—j+r—2 (_1)T+s (j+1) (—j+n+r—2) (_] in— 2)!7,!

ZZ Z (n—rs)(s—i-ls)(—j+n+r)!

j=0r=0 s=0 H

J —n);
n—2 n2—mn+1 ; z-l—n—l )2(i 4 1)!
(Qn—n%%n+n@—n»+ (nrhE-n);

j=0
(=1)7*7(—j — 2)(—j +n —2)!\, . 1
G—nt D+ 12 >“+”“%n+n%ﬁ+n—n>

—n?2-n-1 n (=)™ (n®+n+1) _ 255(n) S1(n) Sa(n)
n?(n+1)3 n?(n+1)3 n+1 (n+1)?2 -n-1

Note: S,(n) = SN, &l ¢ 7\ {0}.

i=1 " glal




Crucial summation paradigms

In17):= << Sigma.m
| Sigma - A summation package by Carsten Schneider (© RISC-Linz |

In[18]:= << HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz

In[19]:= << EvaluateMultiSums.m
| EvaluateMultiSums by Carsten Schneider (© RISC-Linz |




Crucial summation paradigms

In[17]:=

In[18]:=

In[19]:=

In[20]:=

In[21]:=

<< Sigma.m
| Sigma - A summation package by Carsten Schneider (© RISC-Linz |

<< HarmonicSums.m

| HarmonicSums by Jakob Ablinger © RISC-Linz |

<< EvaluateMultiSums.m
| EvaluateMultiSums by Carsten Schneider (© RISC-Linz |

n—2j+1n—jtr—2 rs (i+1) (—intr—2y
(=1t (Jr ) ( . )(—J+n—2)!r!.
mySum= >, > 2, (n—s)(s+1)(—j +n+r)!

j=0 r=0 s=0

)

EvaluateMultiSum[mySum, {}, {n}, {1}]



Crucial summation paradigms

In17):= << Sigma.m
‘ Sigma - A summation package by Carsten Schneider (© RISC-Linz ‘

In[18]:= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger © RISC-Linz ‘

In[19]:= << EvaluateMultiSums.m
‘ EvaluateMultiSums by Carsten Schneider (© RISC-Linz

n—2 41 n—jtr—2 (_yrgs (1) (—i+ntr—2)
_ O =) (T (=i o = 2)et
In[20):= mySum = E E E m—s) Gt 1)(—jtnto)!

j=0 r=0 s=0

)

in21]:= EvaluateMultiSum[mySum, {}, {n}, {1}]

—n?-n—-1 (-1)*(n®+n+1) 28[-2,n]  S[i,1] S[2,n]
n2(n+ 1)3 n2(n+1)® n+1 m+1)2  —n-1

Out[21]=



Example 1: massive 3-loop ladder integrals

Example 1:

massive 3-loop ladder integrals



Example 1: massive 3-loop ladder integrals

Feynman integrals m@

a 3-loop massive ladder di-
N-3 Jj

agram [arXiv:1509.08324]
L2\ G+ 2 k+1

0 /0 /0 /01/01/019(1—965—xﬁ)(l—xg)(l_m)xz—e

(1-— 332)_6$i/2_1(1 — 934)6/2_193?1336_6”/2

<

X

[—1‘3(1 — .’1}4) — .’L‘4(1 — T5 — Te + TsT1 + l’ﬁ.%'g)]k

+ [563(1 - $4) - (1 - 1‘4)(1 — X5 — Tg + 501 + I6£C3)]k

X (1 —ax5 — 26+ x521 + $63§'3)j_k(1 — :UQ)N_?’_j

X w1 — (1 — 25 — 26) — T5T1 — wewg]N_3_j dxq dxo dxs dxy drs dag
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Example 1: massive 3-loop ladder integrals

j’s’ LR

Fo(N)

N-3 j k —j+N-3 —l+N—q-3 —l+N—q—s-3
222 2 X (1) RN

01 r=0
A% (’?)(?‘5)( NN YT )R (e N =g r—s=3) (s 1))
X N == EN=T) (N=q=r—5=2)(qFs+1)

4S1(—j + N —1) — 48y (—j + N — 2) — 28, (k)

—(S1(=l4+N—-q—2)+S1(-l+N—-q—r—s—3)—251(r+9))

+2S51(s —1) —251(r + s) | + 3 further 6-fold sums
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Fo(N) |=

7 (17N + 5)S1(N)3 35N2 —2N —5  13S2(N)  5(—1)V

PRl 3N(N +1) (2N2(N+1)2 Tt oz VS
_1\N

(= e + (e = 18 + (5 = ()Y ssv)

_1\N
M) S+ (§ (DY) a2
4(-1)N

+ (26 +4-DN) SN + )

8(—1)N(2N + 1)
N(N +1)

+ (=224 6(-1)N)S2(N) —

+ (24 2(=1)N)Sa,1(N) — 285 _2,1(N) +

A=)V S o (V)2 + S_a() (2B =D)

N(N +1)
—1)N(5—-3N 5
(% — 53)S2(N) + S_2(N) (1081(N)? + (

4(3N — 1) 8(—1)N (3N +1) 16
N TN NN+
_1\N
+ (a2 = 208 + (5 = A=) Sa() + (= 6+ 5(-DN)S_a()
_1\N
+ (- % - %)32,1(N) + (20 4+ 2(=1)N) Sz, —2(N) + ( = 17+ 13(=1)V) 53,1 (N)
8(—1)N(2N 4+ 1) +4(9N + 1)
B N(N +1)

3
+325_21,1(N) + <2

S-21(N) = (24 +4(=1)N)S-5,1(N) + (3 = 5(=1)") S2,1,1(N)

. 351(1\7)

s - 2 +§<—1>Ns_z<N)><<z>
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Fo(N) |=

7 (17N + 5)S1(N)3 35N2 —2N —5  13S2(N)  5(—1)V

o5 Gl 3N(N +1) ( NN+ 12 T 2 oz VS
N HN@eN+1) 13 29

+( N+ D —W)S2(N)+(§—(—1)N)S3(N)

Si(N) =) =

i hss o) + 2D 6 4 (G (c)M) s

N2(N +1) 4

(= 1)NS_a(NY? + S,g,(N)(%?JJ\\;; f)) + (26 +4(—1)N)SL(N) + 41(v_41r)iv)
(G2 2 s + s 08 (7 + (BN LD
iﬁ’j\\: 1)) )S1(N) + —8(;22(?17; D) + (=224 6(-1)N)S2(N) — 1\7(1\];711))
+ (EDENED 2500 + (5 = 2-DM)Si) + (=64 51N Sa(N)
+ (- % - %)smw) + (20 4+ 2(=1)N) Sz, —2(N) + (= 17+ 13(-1)V) S5 1 (N)
- 8(_1)N(2]]:’,(J;V13:1”)4(9N +1) S_21(N)— (24 +4(-1)M)S_3,1(N) + (3 = 5(=1)N)S2,1,1(V)

+32572,1,1(N) + (251(1\02 - 353\(,]\[) + 2(—1)N5—2(N)>C(2)



Example 1: massive 3-loop ladder integrals

Fo(N) |=

7 (17N + 5)S1(N)3 35N2 —2N —5  13S2(N)  5(—1)V

o5 Gl 3N(N +1) ( NN+ 12 T 2 oz VS
HN@eN+1) 13 29

+( N+ D —W)S2(N)+(§—(—1)N)S3(N)

+(2 i=1 " 28521 (N) + 2 ‘ M) Sa2(N)?

2(3N — 5)
N(N +1)

)S2(N) + S—2(N)(10S1(N)? + (=

—2(-1)VS_a(N)? + S_s(N)(

(=N (5 - 3N) 5
( 2N2(N +1)  2N2

N(N +1)

L]l\gz()’]]\\: 1)) )S1(N) + —S(;zg(i]\ll; D) + (=224 6(-1)N)S2(N) — 1\7(1\1/711))
+ (EDENED 2500 + (5 = 2-DM)Si) + (=64 51N Sa(N)
+ (- % - %)smw) + (20 4+ 2(=1)N) Sz, —2(N) + ( = 17+ 13(=1)V) 53,1 (N)
- 8(_1)N(2]]:’,(J;V13:1”)4(9N +1 S_21(N)— (24 +4(-1)M)S_3,1(N) + (3 = 5(=1)N)S2,1,1(V)
+325_511(N) + (251(1\02 - 351T(N) + 2(—1)NS—2(N)><(2)



Example 1: massive 3-loop ladder integrals

Fo(N) |=

7 (17N + 5)S1(N)3 35N2 —2N —5  13S2(N)  5(—1)V

o5 Gl 3N(N +1) (2N2(N+1)2 Tt ave )5
N

+( SENED B gm0+ (2 - M

+(2 =1 ! 28521 (N) + 2 M) Sa(N)?

A=)V S o (V)2 + S_a() (2B =D)

N(N +1) ;
(-1)N(5-3N) 5 o v+ 1)
+ (W — —=)S5(N) +572(N>(1Jpsl<N)2 +C Ny
4(3N 4 1 16
TN Z = [~DY)S2(N) - N(N + 1))
ARV
n (( 1) N k=1 —6+5(—1)N)S_4(N)
+ (P9 S_a11(N) = Z i2 )S2,-2(N) + (= 17+ 13(~1)V) 53,1 (N)
8(\ = N N
_ NN D) StV = (ZaFa(—1)")S_31(N) + (3= 5(—=1)")S2,1,1(N)

+ 32:9'_'2,1,1(N) + <251(N)2 - SslT(N) + Z(—l)Ns_z(N)><(2)
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2-mass 3-loop Feynman integrals
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element Aqq o)

All diagrams are produced with axodraw (J. Vermaseren).
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(m o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fy-technologies

~
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(m o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fi-tech nologies\

Typical triple sum:

N j i —k 3.
DD (4+€)(_2+N)(51§N)N"(_1>2 x 2m2te = STk
j=0i=0k=0
F(1— £ —itj+k)(—1-§)F(2+ 5)T(1+N)T(1e+i—k)T (= 32 +K)F(1—c+k)T(3—c+k)T (-1 - £ +k)
(=3 —5)I(3+5)r @+ (1+K) T (2—i+))T(2—e+k)T(F —e+k) T (= 5+K)T(+5+N)
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(N o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fi-tech nologies\

Typical triple sum:

N j i —k 3.
DD (4+€)(_2+N)(51§N)N"(_1)2 x 2m2te = STk
j=0i=0k=0
F(1— £ —itj+k)(—1-§)F(2+ 5)T(1+N)T(1e+i—k)T (= 32 +K)F(1—c+k)T(3—c+k)T (-1 - £ +k)
(=3 —5)I(3+5)r @+ (1+K) T (2—i+))T(2—e+k)T(F —e+k) T (= 5+K)T(+5+N)

6 hours for this sum

~ 10 years of calculation time for full expression
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(m o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fi-tech nologies\

lSumProduction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(m o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fi-tech nologies\

lSumProduction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums

lEvaIuateMuItiSums.m
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element AQQ)Q)

i1=3

sum | size of sum | summand size of time of number of
(with €) constant term | calculation indef. sums
N_3i12-2 i3 oo
33 3 17.7 MB 266.3 MB 177529 s (2.1 days) 1188
i4=21i3=0i5=0i1=0
N-4iz—1 oo
S>3 232 MB 1646.4 MB 980756 s (11.4 days) 747
i3=31i5=01i1=0
N-4 oo
3 67.7 MB 458 MB 524485 s (6.1 days) 557
in=31i1=0
> 38.2 MB 90.5 MB 689100 s (8.0 days) 44
i1=0
N_3i4-2 i3 i
3 >3 1.3 MB 6.5 MB 305718 s (3.5 days) 1933
ig=21i3=0ip=0141=0
N—4iz—1 ip
S>3 11.6 MB 32.4 MB 710576 s (8.2 days) 621
i3=31i9=0i1=0
N—4 ig
3 4.5 MB 5.5 MB 435640 s (5.0 days) 536
in=31i1=0
N—4
> 0.7 MB 1.3 MB 9017s (2.5 hours) 68
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(N o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fi-tech nologies\

lSumProduction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums

lEvaIuateMuItiSums.m
(3 month)

expression (154 MB)
consisting of 4110 indefinite sums
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element Ayg)Q)

Most complicated objects: generalized binomial sums, like

i=1

(20

i
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Example: a 2-mass 3-loop Feynman mtegral [arXiv:1804.02226]

(arose in the calculation of the gluonic operator matrix element A(N o)

expression (95 MB) with
e 150 single sums

e 1000 double sums

e 12160 triple sums

e 1555 quadruple sums

Mellin-Barnes-
and , Fi-tech nologies\

lSumProduction.m (2 hours)

expression (377 MB)
consisting of 8 multi-sums

lEvaIuateMuItiSums.m
(3 month)

expression (8.3 MB)
consisting of
74 indefinite sums

Sigma.m (32 days) | expression (154 MB)
consisting of 4110 indefinite sums
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Conclusion

Evaluation of Feynman Integrals

- / BN, e, z)dx

Behavior of particles

Feynman integrals

DESY
LHC at CERN (J. Bliimlein)
a
applicable
N,e, k
expression in RISC Z I . )
special functions (Sigma-package) complicated

multi-sums
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(in average triple-sums)
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(some needed more than 50 days of calculation time)

I

‘over 1 million multiple-sums have been simplified ‘

(in average triple-sums)

Tools/equipement

> 9 researchers of RISC/DESY are heavily involved: J. Biimiein, c. Schneider
with third party funds: J. Ablinger, A. Behring, A. de Freitas, A. Hasselhuhn, C. Raab, M. Round, K. Schénwald

» advanced algorithms for summation/integration and special functions

> DESY donated 8 strong compute servers to RISC



Conclusion

qftquadl—qftquad8:

4.5 TB RAM and 112 TB fast disk memory




Conclusion

Challenges

‘ More than 10000 difficult Feynman integrale have been cracked ‘

(some needed more than 50 days of calculation time)

I

‘over 1 million multiple-sums have been simplified ‘

(in average triple-sums)

Tools/equipement

> 9 researchers of RISC/DESY are heavily involved: J. Biimiein, c. Schneider
with third party funds: J. Ablinger, A. Behring, A. de Freitas, A. Hasselhuhn, C. Raab, M. Round, K. Schénwald

» advanced algorithms for summation/integration and special functions
> DESY donated 8 strong compute servers to RISC

> new efficient Mathematica packages for the mass production



Conclusion

Our software packages (in Mathematica):

o N O~ =

the Sigma difference ring package of CS for symbolic summation.

the HarmonicSums package of J. Ablinger for special functions

the EvaluateMultiSums package of CS

the FSums package von F. Stan for symbolic summation.

the pSum Package of M. Round for holonomic summation.

the MultiIntegrate package J. Ablinger

the SumProduction Paket CS for compactifying huge sum expressions.

the SolveCoupledSystem package of CS for solving coupled systems
of differential equations.

the ANCONT package of J. Bliimlein for numerical evaluation.



